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Abstract
In this paper we try the problem to provide a set of

invariants for pointwise feedback equivalence of linear
systems. This relation has sense in the case of rings of
real continuous functions defined on a compact topolo-
gical space.
We study, in general, the n-dimensional case.
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1 Introduction
Let consider the family systems:

Σ(λ) =

{
ẋ = A(λ)x(t) +B(λ)u(t)
y(t) = C(λ)x(t)

(1)

where A(λ), B(λ) and C(λ) are matrices with ele-
ments in the set of continuous functions of a compact
topological space Λ in R, denoted by C (Λ,R) .
It is well known that if the matrices have constant

coefficients then there is a canonical form for Σ (Bru-
novsky’s canonical form [Brunovsky, 1970]).

2 Feedback classification problem
Throughout this paper R denotes a commutative ring

with unit element. We consider an m-input, n-
dimensional linear dynamical system Σ = (A,B) over
R, where A and B are n× n and n×m matrices with
entries in R respectively. Let’s assume the system is
reachable ( i. e. the columns of the n × nm block
matrix A ∗ B = (B,AB, . . . , An−1B) generates Rn).
Σ

′
= (A

′
, B

′
) is feedback equivalent to Σ when Σ can

be transformed to Σ
′

by one element of the feedback
group Fnm(R) and we will note this by Σ ∼ Σ. For
the reader’s convenience we recall that Fnm(R) is the
generated group by the following three types of trans-
formations:

(1) A −→ A′ = PAP−1 , B −→ B′ = PB for
some invertible matrix P. The transformation is a
consequence of a change of base in Rn, the state
module.

(2) A −→ A , B −→ B′ = BQ for some invertible
matrix Q. The transformation is a consequence of
change of base in Rm, the input module.

(3) A −→ A′ = A+BK , B −→ B for some m× n
matrix K which is called a feedback matrix.

The feedback classification problem is what is known
as a wild problem and is open in the general case. Ho-
wever in some cases it is posible to obtain a solution.
When R is a field the problem is known as classical
case and a classical result of Brunovsky [Brunovsky,
1970] characterizes the class of equivalence of Σ by
the action of the feedback group as follows.

Theorem 1. Let Σ = (A,B) be a reachable linear
dynamical system of size (m,n) (i.e. m-input, n-
dimensional) over a field R = K. Then there exist
positive integers κ1 ≥ κ2 ≥ · · · ≥ κs uniquely deter-
mined by Σ with n = κ1 + κ2 + · · · + κs, such that
Σ is feedback equivalent to the system Σκ = (Aκ, Bκ)
where Aκ is the block matrix

Aκ =


Aκ1

0 · · · 0
0 Aκ2

· · · 0
...

...
. . .

...
0 0 · · · Aκs

 ,

with Aκi the κi × κi matrix

Aκi =



0 1 0 0 · · · 0
0 0 1 0 · · · 0
0 0 0 1 · · · 0
...

...
...

...
. . .

...
0 0 0 0 · · · 1
0 0 0 0 0 0





and

Bκ =

s︷ ︸︸ ︷ m−s︷ ︸︸ ︷

0 0 · · · 0
... 0 · · · 0
1 0 · · · 0

0 0 · · · 0

0 ... · · · 0
1 0 · · · 0

...
...

. . .
...

...
0 0 · · · 0

0 0 · · ·
...
1 0 · · · 0



κ1κ2

κs

The integers κ = {κ1, κ2, . . . , κs} are called the Kro-
necker indices of Σ. They are a complete set of inva-
riants for Σ by the action of the feedback group.

Proof. See [Brunovsky, 1970].

Information over the feedback classification theorem
can be found in [Kalman, 1972; Wonham and Morse,
1972]. Σκ = (Aκ, Bκ) is called Brunovsky’s form as-
sociated to κ. In general, if R is an arbitrary commuta-
tive ring and Σ = (A,B) is an m-input n-dimensional
system over R, Σ is not feedback equivalent to a sys-
tem Σκ = (Aκ, Bκ) when Aκ and Bκ are matrices
as in the above theorem. An example it is shown in [
Hermida-Alonso, Pérez and Sánchez-Giralda, 1995].

3 Sets of invariants over a ring
Let Σ = (A,B) be a linear dynamical system of size

(m,n) over R. We introduce some notation. NΣ
i de-

notes the submodule of R generated by the columns of
the n× im matrix

(A ∗B)i = (B,AB, . . . , Ai−1B)

and we denote by MΣ
i the submodule

MΣ
i = Rn/NΣ

i

for 1 ≤ i ≤ n.
The following result contains the main properties of

these modules.

Proposition 1. Let Σ = (A,B) be a linear dynamical
system of size (m,n) over a ring R. Then

(i) (0) ⊆ NΣ
0 ⊆ NΣ

1 ⊆ . . . ⊆ NΣ
n .

(ii) The canonical homomorphism

ϕi : NΣ
i /N

Σ
i−1 → NΣ

i+1/N
Σ
i

x+NΣ
i−1 → Fx+NΣ

i

is surjective for 1 ≤ i ≤ n− 1.
(iii) If Σ is feedback equivalent to Σ′ thenNΣ

i andMΣ
i

are isomorphic toNΣ′

i andMΣ′

i respectly, for 1 ≤
i ≤ n.

(iv) If Σ is a reachable system of simple input n-
dimensional then the modules

{
NΣ
i

}
1≤i≤n and{

MΣ
i

}
1≤i≤n are free.

(v) If Σ is a brunovsky system then the modules{
NΣ
i

}
1≤i≤n and

{
MΣ
i

}
1≤i≤n are free.

Proof. See [Hermida-Alonso, Pérez and Sánchez-
Giralda, 1996].

As consequence when R = R we have the following
result.

Corollary 1. Let Σ = (A,B) be a reachable linear
dynamical system of size (m,n) over R. Then the feed-
back equivalence class of Σ is characterized for each
one of the following sets:

(i) The Kronecker’s indices {κi}1≤i≤s .
(ii)

{
rankRN

Σ
i

}
1≤i≤n .

(iii)
{
rankRN

Σ
i /N

Σ
i−1

}
1≤i≤n .

Proof. See [Hermida-Alonso, Pérez and Sánchez-
Giralda, 1996].

Let M = (aij) be an n ×m matrix with entries in R
and let i be a nonnegative integer. The i−th determi-
nantal ideal ofM, denoted by Ui (M) , is the ideal ofR
generated by all the i× i minors of M. By construction
we have

R = U0 (M) ⊇ U1 (M) ⊇ . . . ⊇ Ui (M) ⊇ . . .

and Ui (M) = 0 for i > min {m,n} . The rank of
M, denoted by rankR(M), is the largest i such
that Ui (M) 6= 0. Then Σ is reachable if and only if
Un (A ∗B) =R.

Proposition 2. Let R = K be a field and Σ = (A,B)
a reachable linear dynamical system of size (m,n)
over R. We put σΣ

i = dimKM
Σ
i for 1 ≤ i ≤ n. Then

{σΣ
i }1≤i≤n is a complete set of invariants of the class

of equivalence of Σ (i.e. Σ is feedback equivalent to Σ
′

if and only if σΣ
i = σΣ

′

i for all i with 1 ≤ i ≤ n).

Proof. See [Carriegos, Hermida-Alonso and Sánchez-
Giralda, 1998].

Denote by

ψM : Rm−→Rn

the homomorphism of free R-modules defined respect
to the standard basis by the matrix M . Consider
CokerψM and the following exact sequence



Rm
M−→ Rn

ψM−→ CokerψM −→ 0.

We have the following property:

Lemma 1. If R = K is a field then

dimR(CokerψM ) = n− sup{j : Uj (M) 6= 0}

Proof. See [Northcott, 1976], ch. 1,3.

By Proposition 2 and Lemma 1 feedback relation is
characterized by the determinantal ideals of the matrix
A ∗B in the following form.

Corollary 2. Let Σ = (A,B) and Σ
′

= (A′, B′) be
two linear dynamical systems of size (m,n) over R. If
Σ is reachable, then following conditions are equiva-
lent.

(i) Σ is feedback equivalent Σ
′
.

(ii) Uj ((A ∗B)i) = Uj
(

(A
′ ∗B′

)i

)
for 1 ≤ i ≤

n, 1 ≤ j ≤ n where

(A ∗B)i = (B,AB, . . . , Ai−1B)

(A
′ ∗B′

)i =
(
B′, A′B′, . . . , A′i−1B′

)
.

Proof. See [Carriegos, Hermida-Alonso and Sánchez-
Giralda, 1998].

The importance of these invariants is that they behave
well for base change, something that it does not happen
with the set

{
rankRN

Σ
i

}
1≤i≤n .

4 Continuous families of linear systems
Let Λ a compact topological space and let R =
C (Λ,R) be the continuous real functions defined over
Λ. Let Σ = (A,B) and Σ

′
= (A

′
, B

′
) be two li-

near dynamical systems over R = C (Λ,R) . We de-
note Σ(λ) = (A(λ), B(λ)) the valuation at λ of the
Σ. We say Σ and Σ

′
are pointwise feedback equiva-

lents if the systems Σ(λ) = (A(λ), B(λ)) and Σ
′
(λ) =

(A
′
(λ), B

′
(λ)) over R are feedback equivalents for all

λ ∈ Λ.
Reachability in the ring R = C (Λ,R) is shown in the

following result.

Theorem 2. Let Λ a compact topological space and
Σ = (A,B) be a reachable linear dynamical system
of size (m,n) over R = C (Λ,R). Then the following
conditions are equivalents.

(i) Σ is reachable over C (Λ,R) .
(ii) Σ(λ)is reachable over R, for all λ ∈ Λ.

Proof. See [Garcı́a-Fernández, 2005] p. 56.

Since the system Σ(λ) is a system s over the field R
is necessary to know what a set of invariants. In this
line, we give the following result. But first we recall
some definitions. Let n a positive integer and κ =
{κ1, κ2, . . . , κs} a partition of n (n = κ1+κ2+· · ·+κs
with κ1 ≥ κ2 ≥ · · · ≥ κs). We’ll call conjugate par-
tition of κ to the partition η = {n1, n2, . . . , np} (with
n1 ≥ n2 ≥ · · · ≥ np) of n where ni, is the number
of κj bigger or equal than i. We denote Pn the set of
partitions of n. The application κ→ η is a biyection in
the set of partitions of n, see [Biggs, 2002].

Theorem 3. Let Σ = (A,B) and Σ
′

= (A
′
, B

′
) be

two reachable linear dynamical systems of size (m,n)
over R = C (Λ,R) . For λ0 ∈ Λ, the following condi-
tions are equivalent.

(i) Σ(λ0) ∼ Σκ where Σκ = (Aκ, Bκ) is the Bru-
novsky’s linear form associated to the Kronecker’s
indices κ = {κ1, κ2, . . . , κs} .

(ii) Let η = {n1, n2, . . . , np} be the conjugate parti-
tion of κ. Then

dimR

(
N

Σ(λ0)
i

)
= n1+n2+. . .+ni; 1 ≤ i ≤ p.

Proof. See [Garcı́a-Fernández, 2005].

In order to prove our main result we need to remark
usual notation of ideal of zeros of a function. Let a be
an ideal of R = C (Λ,R) . We denote by Z(a) the set

Z(a) = {λ ∈ Λ / f(λ) = 0 for all f ∈ a} .

Lemma 2. Let be a and b two finite generated ideals
of C (Λ,R). Then

(i) There is a ∈ a with

Z(a) = Z(a).

(ii) If a ⊆ b then we can choose a ∈ a and b ∈ b with
a = λb where

Z(a) = Z(a) ⊇ Z(b) = Z(b).

Proof. See [Garcı́a-Fernández, 2005] p. 54.

If R = C (Λ,R) is a ring continuous functions of a
compact topological space Λ in R, then the pointwise
feedback relation is characterized by the invariant sets

{Z (Uj ((A ∗B)i))}1≤i≤n,1≤j≤n

in the following form.

Theorem 4. Let beΣ = (A,B) and Σ
′

= (A
′
, B

′
)

two reachable linear dynamical systems of size (m,n)
overR = C (Λ,R) . Then the following statements are
equivalent.



(i) Σ(λ) is feedback equivalent to Σ
′
(λ) for all λ ∈

Λ.
(ii) Z (Uj ((A ∗B)i)) = Z (Uj ((A′ ∗B′)i)) for 1 ≤

i ≤ n, 1 ≤ j ≤ n.

Proof. (i)⇒ (ii) As Σ(λ) ∼ Σ
′
(λ) for all λ ∈ Λ, we

have by Corollary 2

Uj ((A (λ) ∗B (λ))i) = Uj
(

(A
′
(λ) ∗B

′
(λ))i

)
for 1 ≤ i ≤ n, 1 ≤ j ≤ n and for all λ ∈ Λ. It follows
that

Z(Uj ((A ∗B)i)) = Z (Uj ((A′ ∗B′)i)) .

(ii)⇒(i) Conversely if

Z(Uj ((A ∗B)i)) = Z (Uj ((A′ ∗B′)i))

for 1 ≤ i ≤ n, 1 ≤ j ≤ n we have

rankR (Uj ((A(λ) ∗B(λ))i)) =

rankR
(
Uj
(

(A
′
(λ) ∗B

′
(λ))i

))
for 1 ≤ i ≤ n and for all λ ∈ Λ or equivalent

dimR

(
N

Σ(λ)
i

)
= dimR

(
N

Σ
′
(λ)

i

)

for 1 ≤ i ≤ n and for all λ ∈ Λ. by Corollary 1

{
dimR

(
N

Σ(λ)
i

)}
1≤i≤n

is a complete set of invariants for the feedback equiva-
lence over R, then

Σ(λ) ∼ Σ
′
(λ)

for all λ of Λ.

For general reading on the subject, see [Carriegos,
Hermida-Alonso and Sánchez-Giralda, 1998].

5 Conclusion
The problem of obtain a set of invariants for poinwise

feedback equivalence overR = C(Λ,R) has been con-
sidered. Some questions must be the subject of future
research.

Question 1. The question of reducing the number of
invariants

{Z (Uj ((A ∗B)i))}1≤i≤n,1≤j≤n

Question 2. Given a set of closed sets over a compact
Λ,

F1 ⊇ F2 ⊇ . . . ⊇ Fs

Is it possible to find a system Σ over C(Λ,R) where

Z(Uj((A ∗B)Σ
i )) = Fk?

Question 3. To extend results to the ring Ck(Λ,R)
where Λ is a differentiable manifold.

Question 4. To extend results to the ring of holomorp-
hic functions H(Ω) where Ω ⊆ C.
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