PHYSCON 2017, Florence, Italy, 17-19 July, 2017

THE STABILITY OF DISCONTINUOUS SOLUTIONS OF
BILINEAR SYSTEMS WITH DELAY

Alexander Sesekin
Department of Optimal Control

Institute of Mathematics and Mechanics of UB RAS

Department of Applied Mathematics
Ural federal University
Russia
sesekin @list.ru

Abstract

The paper is devoted to the research of the properties
of stability and asymptotic stability solutions for bilin-
ear system of the differential equations with impulse
actions in the right part of system with delay. The suf-
ficient conditions are received for stability and asymp-
totic stability solutions for system of such differential
equations.
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1 Introduction

The article is dedicated to investigation of nonlin-
ear systems of differential equations with delay and
impulse effects. Such systems having discontinuous
trajectories are found in various technical systems, in
biology and economics [Zavalishchin, Sesekin, 1997,
Miller, Rubinovich, 2013]. Properties of asymptotic
stability for such systems were considered in [Sesekin,
Zhelonkina, 2016]. In this paper the bilinear system
was examined. In this systems right part there is a com-
ponent which contains delay and impulse action which
plays a role of disturbance of the right part. The prop-
erty of asymptotic stability was provided due to asymp-
totic stability of linear part of the system without an
impulse component and without a term containing de-
lay. In this work we assume that the uniform system
with delay without impulse is unstable and property of
stability and asymptotic stability are reached due to im-
pulse effects. Unlike [Sesekin, Zhelonkina, 2016] in
the given paper the generalized effects do not contain a
regular component and are a generalized derivative of
the step function. In the right part of the system there
are incorrect operations of multiplication of discontinu-
ous functions on the generalized function. The decision
is understood also as in [Zavalishchin, Sesekin, 1997,
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Sesekin, Fetisova, 2010], pointwise limit of a sequence
of smooth solutions which is generated by a smooth
approximation of the generalized impact if this limit
does not depend on the sequence approximation selec-
tion. Related problems in the formalization of impulse
systems, proposed by A.M. Samoilenko, for systems
without delay were considered in [Samoilenko, Per-
estyuk, 1995] and for systems with delay were stud-
ied in [Cheng, Deng, Wang, 2013]. We note that the
formalization of the solution, which is used in this ar-
ticle, does not allow the dependence of the jump of the
trajectory from the delay [Sesekin, Fetisova, 2010]. In
this case, the dependence on the delay leads to an am-
biguous definition of the jump of the trajectory.

2 The stability of bilinear system with impulse ac-
tions in a system matrix
Consider the system of the differential equations

B(t) = (A+ > Divy(t))a(t) + Ara(t —7), (1)
i=1

where A, A, D; (i € 1,m) — n X n- constant
matrix, v;(t) — vector function components of a
piecewise constant continuous at the left v(t) =
(01 (), v2(t) e, v ()T, {tx}, & = 1,2,...,n,... un-
limited sequence of function v(t) points of discontinu-
ity.

In this case the equation (1) will take a form

#(t) = (A + f: Em: DA (t)6(t — ti))a(t)

k=11i=1

+A;x(t — 7). 2)



Let the matrices D; (i € 1, m) be mutually commuta-
tive. Then there exists an approximable solution x(t) of
the equation (2), which will satisfy the integral equa-
tion

£(t) = plto) + / Aw(€)de + / Aya(e — r)de

to to

n Z S(ts, x(t;), Av(t; +0)),

t; <t

and discontinuity functions are defined by the follow-
ing equations

S(tka x(tk)7 Av(tk + O)) = Z(l) - Z(O)’ 3)

H6) =Y D)oy (t), 2(0) = 5. (&)

=1
where
A’Ui(tk) = ’Ui(tk + 0) — Ui(tk).

We assume that functions of bounded variation x(t)
and v(t) are left continuous functions. We note that
the function x(¢) on the set (¢, tx1] is continuous and
satisfies the differential equation

z(t) = Ax(t) + Arx(t — 7). 3)

Theorem. We will assume that there exists a positive
definite dimensional n X n the matrix P, the matrix

(6)

PA+ ATP — aP PA,
ATP —BP )"

where o and 8 > 0 are some positive constants, is neg-
ative definite. In addition, we assume that the deriva-
tive, in view of the system (4) of the Lyapunov function

V(x(t) = 2" () Px(t), M
satisfies the inequality
V(@(§) < -V (a(§), v>0 @®)

tht1 — tp > 7 Vk = 1,2,.... Let us introduce the

following notation

9k = ]43111(67’y + ﬂT) + (a + ﬁ)(tk - to). (9)

It

Or < Q, (10)

where () is same constant, then the trivial solution of
the system (2) will be stabile and if

lim 6 = —oc, (1)

k—> o0

then the trivial solution of the system (2) will be asymp-
totic stabile.

Proof. The derivative Lyapunov function (7) along to
system (5) on [tg, t1] has an appearance form

V(z(t) = (Az(t) + Ayx(t — 7)) T Pa(t)

T
+2" () P(Ax(t) + Ara(t — 7)) = <x(f(_t)7)>

PA+ ATP PA, z(t)
X( ATP 0 )(x(t—7)) (12)

Adding and subtracting in the right part (12)
ax® (t)Px(t) and 27 (t — 7)Qu(t — ) we receive

V(x(t))—( Y )>T(PA+Q;§_C“P fﬁ;)

x(t—7

X (I(f(_t)ﬂ> + ax” (t)Px(t)

+B2T(t — 7)Px(t — 7) (13)

Considering that the matrix (6) is negative, from (13)
we have:

V(z(t) < aV(z@) + BV (z(t—7)).  (14)
Increasing the right part in (14), we obtain

V(z(t)) <aV(a(®) +8 sup V(z(E)) 15

EE[t—,1]

Applying an assessment of differential inequality from
[Alwan, Liu, 2013] to (15) we receive the inequality

Viz(t)) <  sup
CE[to—T,t0]

V(z(¢))elaTA0=t) - (16)



Then (16) leads to the following inequality

V(a(t)) < MeletRnt), (17)
where
M= suip V(@)= sup ¢ (()Pp(C).
C€lto—T,to] C€lto—T,t0]

Let the value of V() ) be known. Then after the action
of the impulse according to (8) we will to have

V(x(tr +0)) < V(x(tr))e . (18)

Now we will estimate V' (¢) on the interval (¢, tx + 7).
On this interval the differential inequality (14) is also
satisfied.

After the integration procedure we receive

V(x(t)) < V(x(ty +0))

—Hx/ V(x(s))ds—kﬁ/t Viz(s—1))ds. (19)

ty

The value V(z(s — 7)) does not exceed V(1) with
$ € [tg, tp+7] (see Figure 1). Then from the inequality

i 4

(19) we obtain

Viz(t)) < V(x(ty +0)) + 87V (x(tg))

+a | V(z(s))ds.

tr
Considering (18), from the last inequality we have

Viz(t)) < V(x(te))(e™ 7 +871)+a [ V(x(s))ds.

ti

Applying Gronwall’s inequality [Bellman, 1963] to this
inequality we receive

V(z(t)) < V(x(ty))(e™ + Br)et=t),
Hence
V(l’(tk + T)) < V(;c(tk))(e—’Y =+ ﬂT)e‘”, (20)

Now we will estimate V' (x(t)) on the interval [t +
T, tk+1]. For this purpose we will use inequality (15)
again. Applying Lemma 1 from [Alwan, Liu, 2013] to
(15) on the interval [t + T, t1] we receive

Vie®) < sup  V(x(C))el@tAl—te—)

CE[tr tr+T]

Considering that V' (z(t)) increases on the interval
[tr, ti + 7], the previous inequality can be written as

V(x(t)) < V(z(ty +7))eletDE=t=r)  (a1)
Considering (20) from (21) we get

Vi (trr1)) < V(z(te)) (e + f7)

w et B) g1 —ty) =BT (22)

In accordance with (17) and (22) the following inequal-
ity holds

V(x(tk)) < M(e—7+57)k—1e(a+5)(tk+1—f/k)—ﬁf(k—l).
The last inequality can be written as follows

V(.Z‘(tk)) < Melk—D(An(e™7+57)=B7)+(a+8)(tk—to)

From this inequality follow statements of the theorem
(10) and (11) .

Example.

Consider the differential equation

z(t) = x(t) + bx(t — 1)

+3 cAogz(t)d(t — k). ty=k.  (23)
k=1

Let V(x(t)) = px?(t). Then for the system

z(t) = x(t) + bx(t — 1)



v = (,00) (7 )

X (x(f(t)T)) +pa®(t) + Bpa’(t—71)  (24)

The matrix

(3" %)

will be negative definite according to the Hurwitz crite-
rionif Ay =2—a <0, Ay =af—28—0% > 0. Let
a=21, g=7=0.1, b= 0.05. Then the Hurwitz
criterion will be satisfied. The derivative in view of the
system (4) of the Lyapunov function V' = pxz? will be

V(z(s)) = 2c.AvpV (x(s)), —v = 2ciAvg.  (25)
The expression (9) for this example has the form
0 = kIn(e™ 4 0,01) + 2, 2k.

So when —y < 1In 0, 1 the trivial solution of the system
(23) will be asymptotic stabile. The last inequality can
always be ensured by the choice of Awy, (see (25)).
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