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Abstract

In this paper we examine the localization problem of compact invariant sets of
nonlinear time-varying systems with the di®erentiable right-side. We extend our results
respecting the localization problem obtained earlier for time-invariant systems and
apply them to a viral infection model.

Dynamical properties of the viral infection model is nowadays an intensively studied
topic, see e.g. in [1] and references therein. In this paper we examine equations of the viral
infection model

_x = ¸ ¡ dx ¡ ¯xy; (1)

_y = ¯xy ¡ ay ¡ p(t)yz;

_z = cy ¡ bz;

x(0) > 0; y(0) > 0; z(0) > 0;

see [1]. Here x(t) describes susceptible host cells, y(t) is the virus population and z(t) is a
CTL response. The coe±cient p(t) expresses the strength of the lytic component, which is
a general continuous positive periodic nonzero function of time. The main purpose of this
paper is to extend previous results of authors on the localization of all compact invariant sets
of nonlinear time-invariant systems and apply them to a viral infection model. Here by a
localization we mean a description of a set containing all compact invariant sets of the system
(1) in terms of equalities and inequalities de¯ned in the state space R3 = f (x1; x2; x3)T g :
Our approach is based on using the ¯rst order extremum conditions.
Consider the nonlinear C1 ¡ di®erentiable time-varying system

_x = f (x; t); f (x; t) = (f1(x; t); : : : ; fn(x; t))
T ; (2)
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where x 2 Rn is a state vector. Let Ã(t; t0; x) be a solution of the system (2), Ã(t0; t0; x) = x:
We de¯ne a (locally) invariant set G ½ Rn of the system (2) as a family of sets fG(t) j

t 2 Rg ½ Rn; G = [ t2 RG(t); such that for any t0 and any x 2 G(t0) exists ± > 0 such that:
Ã(t; t0; x) ½ G(t); with t 2 (t0 ¡ ±; t0 + ±) for some ± = ±(x; t0) > 0:
Our goal is to obtain results on localizing of compact invariant sets of the system (2).

We talk that we get a localization set K ½ Rn if it contains all compact invariant sets of the
system (2). We introduce a C1 ¡ di®erentiable function h(x); x 2 Rn; which is considered
as a function de¯ned on the space Rn £ R = f (x; t)g as well. We assume that h(x) is not the
¯rst integral of (2). The function h(x) is called localizing. By hjM we denote the restriction
of the function h(x) on a set M: By L fh we denote the Lie derivative of the function h with
respect to the vector ¯eld f;

L fhj (x;t) =
n

X

i=1

fi(x; t)
@h(x)

@xi
:

By Sh we denote the set f (x; t) 2 Rn£ Rj L fhj (x;t) = 0g : Let ¼ : Rn£ R ! Rn be the
projection ¼(x; t) = x; and sh = ¼(Sh): It means that x 2 sh i® exists t 2 R such that
(x; t) 2 Sh: We ¯x any function h(x) and propose to use numbers hinf := inff h(x)j x 2 shg ;
hsup := supf h(x)j x 2 shg for studying a location of compact invariant sets of the system
(2). Namely, we have

Theorem 1 Each compact invariant set of (2) is contained in the set

K(h) := f x 2 Rn
j hinf · h(x) · hsupg :

Suppose that we are interested in the localization of all compact invariant sets located
in some subset Q of the state space Rn: We state

Theorem 2 Each compact invariant set of (2) from the set Q ½ Rn is contained in the set

K(h;Q) := f x 2 Rnj hinf(Q) · h(x) · hsup(Q)g \ Q;

where hinf(Q) := inff h(x)j x 2 sh \ Qg ; hsup(Q) := supf h(x)j x 2 sh \ Qg :

Proposition 3 If Q \ s(h) = ; then the system (2) has no compact invariant sets located
in Q.

Our results are obtained by using these results. It was established in [1] the following
assertion:

Theorem 4 All solutions of (1) are positive for t > 0 and there exists constantM such that
all solutions satisfy for all large t the inequality x(t) < M ;y(t) < M ; z(t) < M

This result can be re¯ned for compact invariant sets in the following way.
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Theorem 5 All compact invariant sets of (1) are located in the set

K1 = f (x;y; z) 2 R3
+ j x+ y +

a

2c
z ·

¸

m
g ;

with m := min(d; a
2
; b):

Theorem 6 All compact invariant sets of (1) are located in the set

K2 = f (x; y; z) 2 R3
+j x ·

¸

d
;z ·

c¸

bm
g :

Theorem 7 Let a ¸ d: All compact invariant sets of (1) are located in the set

K3 = f (x; y; z) 2 R3
+j x + y ·

¸

2b
g :

Finally we establish localizing bounds depended on bounds for the function p(t):

Theorem 8 1. Suppose that max(a;d) < 2b. Then all compact invariant sets are contained
in

K4a(») = f (x; y; z) 2 R3
+j »z2 + x+ y ¸

¸

2b
g

with a parameter » satisfying the inequality

» >
max p(t)

2c
=
p¤

2c
:

2. Suppose that min(a; d) > 2b. Then all compact invariant sets are contained in

K4b(») = f (x;y; z) 2 R3
+ j »z2 + x + y ·

¸

2b
g

with a positive parameter » satisfying the inequality

» <
min p(t)

2c
=
p¤
2c
:

Calculating intersection of the sets K4a(») we obtain the localizing set

K4a = \ K4a(») = f (x; y; z) 2 R3
+ j

p¤

2c
z2 + x+ y ¸

¸

2b
g

in the case max(a; d) < 2b and the localizing set

K4b = \ K4b(») = f (x; y; z) 2 R3
+ j x + y ·

¸

2b
;

p¤
2c
z2 + x+ y ·

¸

2b
g

that is the intersection of the sets K4b(») in the case max(a;d) > 2b:
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