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Abstract

The article deals with the synthesis problem of control
system regulator for non-affine multivariable dynamic
plant with state delay. The plant operates in periodic
modes and also in the presence of external disturbances
and parametric uncertainty. As a solution methods the
hyperstability criterion, the fast-acting dynamic correc-
tor, and L-dissipativity conditions are used. The key
step of the system synthesis is the receipt for V. M.
Popov’s integral inequality special estimates that en-
sure the fulfillment of the control goals. In final article
part with the help of simulation the dynamic processes
taking place in the proposed control system, are being
visually illustrated.
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1 Introduction

Nowadays the problems of developing control sys-
tems for various dynamic plants, which are operates
in periodic modes, are still remaining relevant and in-
demand for modern control theory. This circumstance
is due to the fact that similar automatic systems are
very increasingly used on various practical solutions.
For example, control of periodic modes may be occur-
ring in: systems for manipulation robots [De Oliveira
and Lages, 2016], some aircraft tracking systems [He,
Guo, and Leang, 2017], systems for voltage converters
[Li and Ye, 2018] and others.

It should be noted that often control plants are com-
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plex multiply connected systems, the development of
regulators for which requires special approaches. One
such approach is the decentralized control method, in
which the original plant is decomposed into several in-
terconnected subsystems. And then for each local sub-
system synthesis of control algorithms is carried out
[Zhu and Pagilla, 2007], [Dragicevic, Wu, Shafiee, and
Meng, 2017], [Shukla and Mili, 2017].

Many of modern publications are devoted to develop-
ment of control laws for linear in control (affine) dy-
namic plants [Eilsen, Teo, and Fleming, 2017], [Shao
and Xiang, 2017], [Yao, 2017]. At the same time,
there are practically no works that are related to de-
signing control systems for non-affine plants. How-
ever, plants mathematical models which contain non-
linear dependencies with respect to the input signal
are encountered in a number of applied problems,
such as: electromagnetic suspension control [Cho,
Kato, and Spilman, 1993], underwater robots control
[Pshikhopov and Medvedev, 2011] and aircraft control
[Tavakol and Binazadeh, 2017]. In this regard, the anal-
ysis and synthesis problems of control algorithms for
non-affine systems (including periodic ones) are very
relevant and require careful consideration.

In this article, with the help of results obtained in
[Eremin and Shelenok, 2017a], [Eremin and Shelenok,
2017b], [Eremin, 2013], [Eremin and Shelenok, 2015],
the synthesis of periodic action decentralized control
system for a stationary non-affine plant with state de-
lay and maximum relative orders of local subsystems
is being considered.

2 Mathematical Description of the Control System

We consider a control non-affine multi-loop dynamic
plant which local subsystems mathematical model has
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the following form:

dt

= Aii(t) + By [ui(t) fi(wi(t), ui(t)) + (1)
+di zi(t — ) + i(ui(t)) + oi(t)],

yi(t) = = z1,(b),
k
ai(t) = pi(t) + Y 0i(t), i = 1,2, ki # j,

j=1

where z;(t) = [x1,(t), 2, (t), ..., xn,(t)]T € R™ is
the state vector of the i-th local subsystem; A; is some
matrix in the Frobenius form; B; = [0,...,0,b,,] €
€ R™,b,, = const > 0 is the stationary vector;
u;(t) € R and y;(t) € R are respectively the scalar
control signal and output; d}" = [dy,,da,, ..., d(,,),] €
€ R™ is unknown constant vector; 7; is the known con-
stant delay; f;(x;(t),u;(t)) and ¢;(u;(t)) are smooth
nonlinear scalar functions; o;(¢) € R is the equivalent
disturbance; 1;(t) € R is the periodic signal of con-
stantly acting external disturbance; 0;;(t) € R is the
cross couplings output signal acting on the i-th subsys-
tem from the j-th subsystem side with dynamics

dxij (t)

= Ayjwij(t) + Bijy;(t), (2)

0;;(t) = L?}xij(t% i # J,

where z;;(t) = [21,, (£), Z2,, (£), .., T(ny,),, (1] is the
cross coupling state vector; A;;, B;; = [0,...,0,1]7,
LZ-Tj are stationary matrix and vector respectively.

The control plant (??), (2) operates while the follow-
ing assumptions are executed:

1. Parameters of the matrix A;, vectors B;, d; and the
signals f;(:(t), ui (1)), ps(ui(t)) and v;(t) are
priori unknowns and are determined by the rela-
tions:

A = Ai(§), Bi = Bi(§), di = di(§), (3)
filwi(t),ui(t)) = fe, (w:(t), ui(t)),
(Pz(t) = ¥¢; (t)v %(t) = dJEi (t)v

where £ is unknown set of parameters belonging to
a known bounded numerical set =;

2. The subsystems (??) relative orders are exceed a
single value.

3. The subsystems (??) relative orders are known and
equal to n;.

4. The internal states of the plant subsystems (??) are
not available for measurement.

5. For direct measurement only signals y;(t) are
available.
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6. The nonlinear  functions  f;(z;(t),u;(t)),
©i(u;(t)), and the signal v;(t) are satisfy the
following expressions:

1, < fi(wi(t),ui(t)) < ez, “4)
lpi(u(t))| < es,, [i(t)] = |[Yi(t + T)| < eq,,

where €1, = const > 0, €5, = const > 0, €3, =
= const > 0 and €4, = const > 0 are known
numbers;

7. Matrix A;; and vectors B;;, L;; are determined in
such a way that the transfer function of the cross
couplings (2) corresponds to the stable dynamic
unit like

- bij(s)
Wij(s) = LE(sEij — Aij) "' By = Cij@, 6))

where s is a complex variable; b;;(s) and c;;(s)
are Hurwitz polynomials; £;; is an identity matrix
of the corresponding dimension.

8. The signals 6;,(t) corresponding to the outputs of
the dynamic cross couplings (2) and with regard
for (4) the equivalents perturbations o ,,,), (t) are
bounded and satisfy the conditions

k
Zaij(t) < 0o,;, fo,; = const >0,  (6)

j=1

loi(t)| < Ea,, €4, = const > 0.

To define the desired dynamics of the plant at hand
(??)—(6), we introduce in each its subsystem, similar
[Eremin and Shelenok, 2017a] and [Eremin and She-
lenok, 2017b], explicit local reference models

Ym; (t) =TM1, (t)a ZM; (t) = giTxMi (t)a

where 27, (£) = [zar1, (1), T2, (£)s s Tai(ns): (0] €
€ R™ is the reference state variables; A, is the
Hurwitz matrix, last row of which has the form
larr,, ang2,s s Gpg(ny);)s @ari; are known numbers;
By, is the known vector, r;(t) = r;(t + T) is the
scalar periodic command signal; ypz,(t) € R is the
main local reference output (to define the required
motion of the local subsystem); zps,(¢) € R is the
auxiliary local reference model output (to specify
the dynamics for the local main control contour);
gl =1[1,91,, 92, 9(n,—1),] is the given vector.
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For control plant (??)—(6) and reference model (7),
following structural matching conditions

Ay, = Ai+ By, Cj., Bu, Ko, =B, (8)

where C§. = [Cor,, Coz,, -, Co(n,):) € R™, Ko, are
unknown constant vector and number respectively; are
fulfilled.

Since only the outputs signals y;(t) are measured, we
introduce in the each local main control loop a filter-
corrector (see [Eremin and Shelenok, 2017b]) that has
following mathematical description:

ZF; (t) = C}’l‘:lez (t) + DFiyi(t)7

where TF; (t) = [xFli (t), ...7$F(ni,1)i (t)}T S
€ R~ is the filter state variables vector; zp, (t) €
€ R is the filter output; Ap,, Br,, CF,, Dp, are matri-
ces and vector defined in such a way that transfer func-
tion of the filter can be represented as follows:

o gi(s) _
Wr,(s) = W = (10)

= C’%l_ (sE(n;—1) — Ar,)' Bp, + Dp,,

where g;(s) is the polynomial which composed with
respect to coefficients of vector g;; 7T; is a small time
constant.

3 Problem Statement

For the non-affine plant (??)—(6) which operates under
the uncertainty conditions (3), it is required to synthe-
size a control law

Ul(t) :ul(l‘l(t),l‘l(t—Tl),l‘pl(t),’l”l(t)), (11)

which for any initial conditions z;(0) and any level of
parametric uncertainty £ € = will provides the fulfill-
ment of the following condition

Ay, = const > 0,

where A, is a small value.
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4 Synthesis of the Control Law

Construction of the control system we will carry out
in accordance with the two-stage methodology which
is described in [Eremin and Shelenok, 2015], [Eremin
and Shelenok, 2017a], and [Eremin and Shelenok,
2017b]. At the first stage, we will obtain an explicit
form of the control law (11) in assumption of availabil-
ity the internal states x;(¢) of the subsystems (??), (2).
To determine the explicit form of control law (11), it is
used the standard scheme of V. M. Popov’s hypersta-
bility criterion. In the second stage, we will ensure the
L-dissipativity of the synthesized system with the help
of estimates x, (t) of the variables x;(¢) and special
conditions.

Using equations (8) and also the concept of mismatch
the state variables of local reference models (7) and
subsystems of the plant (??) (e;(t) = x s, () — z;(¢)),
we represent the equivalent mathematical description
of the studied system as follows

de;it) = Apg,ei(t) + Bag, jui(t), (13)

vi(t) = 2, (t) — gf @i(t),

pi(t) = =[ui(t) = 6;(t) — Cgs(t)+

+ Kod? zi(t — 73) + (Ko, fi(z:(t), ui(t)) —
+ Ko, i (ui(t))],

where §;(t) = r;(t) — Ko,0;(t) is a periodic signal.
For the linear stationary part (LSP) of an equivalent
system (13), it is necessary to ensure the validity of
condition

Re [Wirsp,(jw)] > 0, Yw > 0, (14)

where W, p, (jw) is the appropriate frequency transfer
function; j 2 = —1. Tt can be shown (see [Eremin and
Shelenok, 2017a] and [Eremin and Shelenok, 2017b])
that, the choice of values of the vector g; elements,
based on following relation

™+ aM(ni).s(”i_l) + ...+ ap2,s+ap, =

i

= (5 + a*’i) <S(”i—1) + MS(W,—Q) +o+
9(n;—1);
91, 1
+ S+ )g(nll)iv
g(ni—l)i g(ni—l)i
where a,, = const is an any root of the polynomial

apz, ($) which is written with respect to the coefficients
am;, © = 1,2,...,n,; it is possible to ensure the exis-
tence of transfer function
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Wisp, (jw) = g] (jwE; — Ap,) ™' B, =
O,

= K0i7~7
Ay, + Jw

for which inequality (14) is always feasible.
Let us define the control signal w;(¢) as a sum of five
components:

+ G, (8) + G5, ()

In this case the expression corresponding to nonlin-
ear non-stationary part of the equivalent system (13)
is converted to the following form:

pi(t) = —[(Cr, (t) — 0:(t))+ (16)
+ (G2, () = Cg i)+

+ (G, (t) + Ko, dl mi(t — 7))+

+ (Ca; (1) + (Ko, fi(wi(t), ui(t)) — Du;(t))+

+ (Cs; + Ko, p(ui(t)))]-

Let’s satisfy the requirements of V. M. Popov’s inte-

gral inequality

t
ni(0,1) = —/ pi($)vi(s)ds > —np,, (17)
0

Mo, = const, ¥Vt > 0,

the left side of which, taking into account (16), we
write as follows:

(0,8) = Zn (0.4) = (18)
-/ T (6) - (s un(s)ds
#1600 - (s
#1600 + KodFts = roluhat
1160000+ (o, i), (9) — D)}

x vi(s)ds + /0 (G5, (s) + Ko, pi(ui(s))]vi(s)ds.
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In accordance with the results were obtained in
[Eremin and Shelenok, 2015], we synthesize compo-
nent (1, (¢) of the control law (15) in the form

Cli(t) = Cli(t - Tl) + ’Ylivi(t)7 (19)

where 71, = const > 0, T; = const > 0. Then for the
integral summand 7y, (0, t) it will be fair the following
estimate:

Thi(07t) =
= %/O (<) {/Oc wo(s — h)vi(h)dh — d;(c) |ds >

> fngli, No1, = const, ¥Vt > 0,

where wp(-) is the weight function of periodic
signals generator with transfer function W(s) =

= 177’6 = const > 1.
_e*S

Considering the second integral term from (18):

12, (0,1) = / (Ca, () — CF :(6)un(<)ds =

B /ot {@f () - 2 Cop, p, (t>] vi(s)ds,

we define the component (5, (¢) like

Uz

t
()= Y2 (1) [ (ulo)ds, @0
p=1 0
Yop, = const > 0.

Then, taking into account the identity

2

/Otx(c) /ng(h)dhd<=0~5(/otx(<)d<> :

where signal x(t) is bounded, it can be written follow-
ing estimate:

w00 = [ t [Zwm © [ ()i

t
0

- Z Cop: Tp, (<)] vi(S)ds = ivzpi / p, (S)vi(6)x
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t

X /ngw(ﬂ)vi(ﬁ)dﬁdgicopi /O zp, (S)vi(s)ds =

p=1

—0527217(/ Tp, (s )vi(g)d§)2—

iCOpi/t S)vi(s dCiZ Opl
0

p=1 721)1

Noz, = const, Yt > 0.

Let us define the component (3, (¢) as follows

n;g

t) = Z’y?)mxpi (t - Ti)x (21)
=1

t
X / xp, (¢ — 1)v(s)ds, v3p, = const > 0.
0

Then for summand 73, (0, t) we obtain following esti-
mate:

7731015
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2731% / Tp, (¢ — 7)vi(s)

S
></ Zp, (O — 73)v; (¥)ddds—
0

+ZK01 pz/ Tp, (¢ — T)vi(s)ds =
—0 5273}% </ 2y, (s Ti)vi(g)dg>2+
+ZK(% Pl/ Ty, (s — Ti)vi(S)dsE

p=1

2v3p,

j:Z (Ko, dp.) l0.5§:73pi><
p=1

x (/Ot:z:p,-(g Ti)vi(g)dg>2+

+ZK01 Pz/ Ty, (s — Ti)vi(S)ds+

p=1

> -3 Eodh):

p=1

i (Koldpl) ‘| _ Z (Koidpi)2 >

273101'

p=1 2731)1

2
= —N)g3,, No3; = const, ¥Vt > 0.
2731% 03;

Let’s transform the term 74, (0, t) as follows:

N4, (0’ t) =

x ui(s)]

/0 (€, () + (o, fi(s(s), uils)) — 1)

vi(s)ds = /O Ca, (s)vi(s)ds+

+ / (Ko, f (2:(6), ui(5)) — s (6)vs(s)ds+
0

t S
i27z217;'~74i/ Ui(C)W(Q/ u; (9)v; () ddds+
0 0

1
+ —
4’741-

t
> /O [C4i(<)2viﬂ4iui(<)x
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Ui(g)d< + 5/41' X

« /0 " s (901 (9

2

(] (Ko filan(6)us(6)) — Dus(ou(s)de) +

+ / (Eo, fi(xi(s), ui(s)) — Dyus(s)vi(s)ds+
0

N
Y| $4)
where 7, = max|Ko, fi(z:(t),ui(t)) -1 =

= const > 0; 74, = const > 0. If now we synthesized
the component (4, () in the form

Car(t) = 7a,u(t) / w(QuQ)ds, (22

Y4, = 2@211_&41. = const > 0,

for summand 74, (0, t) we will have a fair estimate

1
74,(0,1) > e —No4, Toa; = const, Vt > 0.

Y 4,

Let us define the explicit form of the component (s, (¢)
in the following form:

G () = 75, /0 vi(¢)ds. (23)

where 5, = 2’7516%1, = const > 0.
In this case for the summand 7, (0, t) it will be fair
the following estimate:

n5,(0,1) = /0 (G5, (s) + Ko, i (ui(s))]vi(s)ds £
+ 2’751.531 /t v; (<) /€ v;(9)ddds >
0 0

Z /0 [C51 (() — 2:}/57557 /0g 'UZ(’[?)d'l?‘| Ui(g)dg‘i’

t 2
wsi( / w(w(c))m(c)dc) n
0
t 2 2
Koy, i\Uj 3 ds + — Z —— = -y
Ko, [ iu@lds £ T > ~Fh < o,

Nos, = const, Vi > 0.

Thus, mathematical description of the regulator (11),
which does not contradict the validity of (17), in accor-
dance with (19), (20), (21), (22) and (23), will take the
form
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wi(t) = (G, (t = T4) +y,0i(t)) + 24)

3 o () / £, ()i 6)ds+
p=1 0

n;

t
S gt (= 7) / 9. (6 — To)ui(S)do+
p=1 0
t t
i) / wi()oi(s)ds + 7, / vi(6)de
0 0

where v;(t) = zp, (t) — g xi(t). Since the frequency
condition (14) is satisfied, and also the valid integral
inequality (17) exists, the equivalent system (13), (15),
(19)—(24) and, consequently, the control system (??),
(2), (4)—(7), (9)—(11), (24) will be hyperstable, and for
this system an auxiliary tl{l_rgo v, (t)] < A, A, =
= const > 0 and, the main (12) functioning targets are
going to be fair.

S L-dissipativity of the Control System

The control law synthesis was carried out on the as-
sumption of the full availability of the local state vec-
tors x;(¢). But for direct measurements, only the out-
puts signals of the plant local subsystems y;(t) are
available. So, for technical realization of the obtained
nonlinear-periodic algorithm (24), it is necessary to use
the estimations of the variables x;(t), which are the
state variables of the filter-corrector (9), (10). It should
be noted that the filter parameters must be specified in
a certain way [Eremin, 2013]. In particular, values of
the time constants 7; (see (10)) we should choose with
the help of special conditions:

T<Ty, = 09
(n; — 2)anr,

465 - )

Ti < T2,i _ 0.465 api,

(ni — Danra,”

Thus, replacing in (24) the plant’s subsystems state
variables x,,, (¢) by their estimates, we obtain following
technically realizable control law:

ui(t) = (Co,(t = Ti) +,wi(t)+  (25)

n;—1

t
+ Z 72pi5z(p+1)i(t)/0 T (p+1), (Q)Vi(s)ds+
p=0

n;—1

+ ) Yapidipen), (t— Ti) X
p=0



CYBERNETICS AND PHYSICS, VOL. 7, NO. 4

t
X/ jj(p+1)1(<*Ti)@(g)chr
0

o us(t) / i (S)Ta(s)ds + s, / 7<) ds,

(1) = 2a1,(t) — 25, (1) = 201, (8) — 9] R, (1),

where Z;(t) = [zp1,(t), zp2, (1), ..., Tpn,—1) (t)] €
€ R™

In this case, the control system (??), (2), (4)—(7), (9)—
(11), (25) is going to be L-dissipative and will preserve
operability in a given class of uncertainty £ € =.

6 Illustrative Example

To illustrate the quality of synthesized system, let us
consider the control problem of multi-loop plant, which
consist of two subsystems with the following structure:

0 1 0 0
Ai=lo o 1 ].B=]0], (26)
ai, a2, az, b31

d’{ _ (dll dgl d31 ) ’
fi(@1(t),ui(t)) = 1+ |Z(1(t)

2 +1.5(1+ 23, (),
p1(u1(t)) = o, sin(0.5u1(t)), ¥1(t) = o, sin(0.3¢);

0 1 0 0
A= 0 0 1 |.B=| 0 |, 27)
a1, a2, a3, b32

dy = (dy, d, ds, ),

fa(za(t), ua(t)) = 025+ 2(0)

pa(ua(t)) = po, sin(0-4us(t)), ¥a(t) = o, sin(0.4¢);

+1.1(1 + 0.123 (1)),

s24+2s+1
= 28
Wels) = S a1 1 (28)
s+1
Wai(s) = s24+25+1°

The class of a priori uncertainty of the plant (??), (26),
(27) is determined by following inequalities:
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—32<a;, <21, —15<ay, <1,
—12<as, <52, 1<by, <55, 1.2<dy < 3.2,

0<d, <20, 05<ds, <55, 0.5<ds, <10.2
0.02 < g, <1, 0< g, <0.8;

—10<ay, <5,-5<as, <5.7,—1< as, <15,

0.1 <bs, <3,22<dy, <18,0.1 <dy, < 7.3,

0<ds, <254, 0.02< @, <25, 0< 1, <12,

The structure of the matrix and vectors of the local ref-
erence models we define in the following form:

0 1 0
A= 0 0o 1 |, (29)
anpr; Apm2; M3,
0 1
By, = 0 J.9i=1{91 |
b, 92;
ami; = —20,an2, = —41,apm3, = —22,

bM3i = 237gli = 2)92i = 172 = 1521

wherein the local filter-correctors (9) are formed as fol-
lows:

0 1 0
Ap = ,Bp. = , 30
Fs (CLFL- GF21> Fs (bF2i> 30
1
Cp = ,Dp, = ga.,
F; (gh) F, = 92;

api, = —10% apy, = —2- 103,

bra, = 10% g1, = 2,92, = 1,i = 1,2.

The command signals of the subsystem were specified
using following periodic functions:

r1(t) = 0.9sin®(0.1t) - (2 — sin(0.05t)),  (31)
ro(t) = 0.5sin?(0.1t) - (sin(0.05¢) — 1)

Simulation of the control system (??)—(9), (26)—(31)
was performed at the following plant coefficients:

a1, = 0.2, ay, = —1, az, = —6, (32)
di, =2, dy, =0.5, d3, =1,

do =2, po, = 0.2, g, = 0.5, 71 =2;

di, =3, dy, = 0.1, d3, =1,

ay, = —1.1, az, =2, a3z, = —0.5,

wo, = 0.4, Yo, =0.2, 79 = 1.
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Figure 2. Dynamics of main outputs of the reference models
YM; (ﬁ), outputs of the subsystems ¥; (t) and the external pertur-
bations 1 (t) (¢ = 1,2)

0 10 20 30 40 50 60 70 80
Time, s

Figure 3. Local control signals

In the course of simulation parameters of the
nonlinear-periodic regulator (25) in order to increase
the system performance were selected as follows:

Y1, = Y1, = 100, v21, = 721, = 500, (33)
V22, = Y22, = 600,723, = 723, = 400,

Y31, = V31, = 300, ¥32, = Y32, = 200,

V33, = V33, = 400,74, = 74, = 200,

5. = 75, = 200, Ty = 12,5 = 10.

The results of the system simulation are shown at
Fig. 1-3.
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o 10°
O OR

Figure 1. Mismatch signal between main outputs of the local ref-
erence models (29), and outputs of control plant subsystems (??),
(26), (27)

The presented results make it possible to conclude that
proposed control system (??)—(9), (26)—(33) has a quite
high quality: the magnitude of control error from the
start of operation does not exceed 0.16% to the both
subsystems(Fig. 1). It means that the signals yay, (t)
and y; (t) are almost coincide (Fig. 2).

7 Conclusion

The synthesis method of the control system for one
class of non-affine MIMO dynamic plants with delay is
proposed. With the help of simulation it is shown that
the resulting control law allows to achieve high qual-
ity of control system operation. The obtained results
can be useful for construction the decentralized control
systems for non-affine periodic action plants.
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