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Abstract Note thatM € C2"*2" is skew-Hamiltonian if and
Structure-preserving numerical techniques for com- only if M is Hamiltonian, where denotes the purely
putation of eigenvalues and stable deflating sub- imaginary unit. A matrix pencihM — N is skew-
spaces of complex skew-Hamiltonian/Hamiltonian ma- Hamiltonian/Hamiltonianif M is skew-Hamiltonian,
trix pencils, with applications in control systems analy- and N is Hamiltonian. These pencils have spectra
sis and design, are presented. The techniques use spavhich are symmetric with respect to the imaginary
cialized algorithms to exploit the structure of such ma- axis. Such pencils arrise in various domains of applied
trix pencils: the skew-Hamiltonian/Hamiltonian Schur mathematics, computational physics, chemistry, opti-
form decomposition and the periodic QZ algorithm. mal control, etc.

The structure-preserving approach has the potential to The skew-Hamiltonian/Hamiltonian Schur forof a
avoid the numerical difficulties which are encountered skew-Hamiltonian/Hamiltonian pencild — N is

for an unstructured solution, implemented by the cur-

rently available software tools.
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C_:omputauonal method;, Control_ sy_stems des'g”'whereQ is unitary, M1, N;1 € C"*™" are upper
Elgenvalue proplems, Linear multivariable systems, triangular, M, is skew-Hermitian and N, is Her-
Numerical algorithms. mitian, i.e., M1, = —M%, andN;, = NJ. This
form displays the pencil eigenvalues. Some pencils

1 Introduction which lack this form can be embedded in pencils which

Several basic computational problems in optimal and always have a skew-Hamiltonian/Hamiltonian Schur

robust systems analysis and design involve structured,’orm- For a matrix, the definition above can be spe-
e.g., Hamiltonian and symplectic, matrix pencils. Two cialized to (skew-)Hamiltonian Schur form. Real skew-
important problems, with many applications, are dis- Hamiltonian matrices, and Hamiltonian matrices with-

cussed below. out purely imaginary eigenvalues have Hamiltonian

Some definitions are first recalled. A matrix pencil Schur forms.
AM — N is Hamiltonianif N7MH? = —MJNH, One basic computation in optimal and robust control
and it issymplectidf NI N = MM, where systems analysis and design is the evaluation of the
Lo.-norm. An example is specifying upper bounds on
0 I the weighted and/or mixed sensitivity transfer-function
J = {—I 0"] , Jr=-g=701, matrices in theH., design problems. More gener-
" ally, L..-norms are used to quantify the trade-off be-
tween performance and robust stability. Consider a
the superscriptsH and 7" denote the conjugate- linear time-invariant generalized system, described by
transpose and transpose, respectively, Bndenotes  its state-space matrices and the associated transfer-
the identity matrix of ordem. If M = I5,, defini- function matrix
tions for Hamiltonian and symplectic matrices are ob-
tained; for instancelN is Hamiltonianif (NJ)? =
NJ, and it isskew-Hamiltonianf (NJ)% = —N 7. G\)=CM\E—-A)"'B+D, 2



where A, E € C"*", B € C"™, C € (Crxm,

D e CP*™ and)\ is a complex variable replacing the
Laplace variables, for a continuous-time system, and
the Z-transform variablez, for a discrete-time system.
For convenience, assume thais nonsingular. Briefly
speaking, the...-norm for (2) is defined as the peak
gain of the frequency response®@ft)). This is finite if
and only if the matrix penci(A4, E) has no eigenvalue
on the boundary of the stability domai#,, where
B; = {s|*®(s) = 0}, for a continuous-time system,
By = {z]||z]]2 = 1}, for a discrete-time system, and
R () denotes the real part of a complex number. In this
case, which includes standard systerfis= I,,) with

A stable, thd...-norm, also then calleff ..-norm, can
be expressed by the least upper bound,

[Glloo := SUP Omax(G(N)),

AEB,

where o,,.x (M) denotes the largest singular value
of the matrix M. Quadratically convergent algo-
rithms [Bruinsma and Steinbuch, 1990] for the com-
putation of theL..,/H..,-norm use the purely imagi-
nary eigenvalues of a structured, Hamiltonian or sym-
plectic, matrix or matrix pencil at each iteration. (Ac-

are using the standard QZ algorithm for reordering
the eigenvalues, to determine the stable deflating sub-
spaces. The special structure of the matrix pen-
cils involved is not exploited, but it should be ex-
ploited in order to improve the numerical properties
of the Riccati solvers. Recently, structure-exploiting
techniques have been investigated for solving skew-
Hamiltonian/Hamiltonian eigenproblems, see, e.g.,
[Benner et al., 2002; Benner et al., 2007], and the ref-
erences therein. These techniques can be employed
for CARE solvers. For solving DARES, it is possi-
ble to preprocess the pencils by an extended Cayley
transformation, which only involves matrix additions
and subtractions [Xu, 2006], to obtain equivalent skew-
Hamiltonian/Hamiltonian pencils.

In the sequel, the pencilsM — N will be represented

in the numerically better forraM — N, with A =

a/ B (possiblyco).

2 Computation of Eigenvalues and Stable
Deflating Subspaces of complex skew-
Hamiltonian/Hamiltonian matrix pencils

Let oS — fH be a skew-Hamiltonian/Hamiltonian

pencil, i.e.,(ST)? = -87, (HT)¥ = HJ. By

definition, these pencils have even si2e, Therefore,

tually, the pencils arising in the continuous-time case odd-order pencils, which can appear, e.g., in optimal
are skew-Hamiltonian/Hamiltonian.) The detection of control, should be extended to an even size, to apply the
purely imaginary eigenvalues is a delicate numerical techniques summarized below. Moreover, sometimes,
problem if an unstructured algorithm is used. Several permutation and scaling are needed to transform the
simple examples are given in Section 3. original pencils to the skew-Hamiltonian/Hamiltonian
Another fundamental computation in control sys- form.

tems design is the solution of continuous-time and For some problems, including linear-quadratic opti-
discrete-time algebraic Riccati equations (CAREs and mization applicationsS can be given in a factored
DAREs). CAREs and DAREs arise in many applica- form, the so-calledkew-Hamiltonian Cholesky factor-
tions, such as, stabilization and linear-quadratic regula- ization, defined byS = 72 77 Z. Such a matrixS

tor problems, Kalman filtering, LQG—linear-quadratic is said to be7-semidefinite For instance, for a block-
Gaussiank{,-) optimal control problems, computation  diagonal matrixS = diag £, E*'), a factorZ can be

of (sub)optimalf,, controllers, model reduction tech-  written asZ = diag(1,,, E7).

niques based on stochastic, positive or bounded real Some properties of skew-Hamiltonian/Hamiltonian
LQG balancing, factorization procedures for transfer pencils are proven, e.g., in [Benner et al., 2002]. Let
functions. Usually, thetabilizing solutioris required, aS — fH be a skew-Hamiltonian/Hamiltonian pen-
which can be used to stabilize the closed-loop sys- cil with nonsingular.7-semidefinite skew-Hamiltonian
tem matrix or matrix pencil. A very important class part S JzZH g7z, Under certain conditions

of CARE/DARE solvers makes use of stable invari- (see [Benner et al., 2002]), then there are a unitary ma-

utizo = {

ant or deflating subspaces of some structured, Hamil-trix Q and a unitary symplectic matriX, such that
tonian or symplectic matrices or pencils, assuming cer-

tain nonsingularity and eigenvalue dichotomy proper- 711 s

ties [Laub, 1979]. The explicit need of matrix in- 0 Zgg] )

version in the CARE/DARE solvers (for instance, of

the system matrix, for symplectic DARE solvers) can JOHEITTHO = {Hll Hl?j{} , (3)
ruin the accuracy of the results, if the matrix to be 0 —Hi

inverted is ill-conditioned. Better results can be ob-

tained using stable deflating subspaces of extended mawhere 7, Z1,, and H,; aren x n upper triangular.
trix pencils, with no inversion involved [Bender and Similarly, if :H is also nonsingulaf -semidefinite, i.e.,
Laub, 198%; Bender and Laub, 1987 Lancaster and  +H = JW 77W, then there are a unitary matri3
Rodman, 1995; Mehrmann, 1991; Van Dooren, 1981]. and unitary symplectic matricésand), such that
The solvers currently available, e.g., MATLAB®

Control System Toolbox [MATLAB, 2010], and Z11 Z1o
SLICOT [Benner et al., 1999; Benner et al., 2010], 0 Zoo ] ’

Wi1 Wha
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whereZ,, Z1,, W11, andWJ, aren x n upper trian-  where Z,,, Z1,, are upper triangular;; is upper
gular. quasi-triangular, and;, = —7,5. Transform the2 x 2
Another property refers toeal skew-Hamiltonian/  real diagonal blocks intd x 1 complex blocks.
skew-Hamiltonianpencils, in factored form. Let 2. Find a unitary matribx@ and a unitary symplectic
a8 — BN be a real regular skew-Hamiltonian/skew- matrixi/, such that

Hamiltonian pencil withS = 727 77 Z. Then, there

are a real orthogonal matriQ and a real orthogonal o 3 3
symplectic matrix/, such that Bz :=U"BzQ = |71t 212 |
0 Za
T | Zn Zae2 5 23HAT( _ 3G | Hin Hiz
N1 N
JO'ITINQ = | R @
0 Np;

whereZ,,, Z%,, andH,, are upper triangular, such that
where Z,;, ZL, are upper triangularNy; is upper A*(BH ’ JngTBZ)_'S _contamed m_the szeCNtrum of
quasi-triangular, andVy, = —N7%. Moreover, the theleadingp x 2p principal subpencil 0t 23} 21 -
Schur form fHi1. The notatiom_(V, M) denotes the stable finite
spectrum of the pencitM — SN, andp is the number
TOTTT (a8 — AN)Q = o;eisg;nvalues im_(H,S).
ZEQZH ZQTQZlQ - Z,1TQZQ2:| _ ﬁ |:N11 N12:|
0 7L Zy9 0 N I
V =[l,0]YPQO { gp] ,
is a.7-congruent skew-Hamiltonian/skew-Hamiltonian
matrix pencil. Consequently, the spectra of such pen- U= [I2n 0] YPUU [121»} 7
cils have eigenvalues with multiplicity at least 2. 0
An algorithm for computing the eigenvalues and
bases for the stable deflating subspace (correspondand compute an orthonormal basis of the stable deflat-
ing to the eigenvalues with strictly negative real part), ing subspace, and an orthonormal basis of the compan-
and for a companion subspace, of a complex skew-ion subspaceas;;, [Benner et al., 2002], as a basis of
Hamiltonian/Hamiltonian pencil is summarized below, rangel” and rangé/, respectively.

based on Algorithm 1 in [Benner et al., 2002]: Step 1 of the algorithm uses an RQ decomposition

Algorithm 1. Let aS — fH be a complex regu-  with changed elimination order (compared to the clas-
lar skew-Hamiltonian/Hamiltonian pencil witly = sical RQ decomposition), to triangularizgz in the
JZHITZ. form stated forBz. (Actually, both QR and RQ de-

1. Let7 = «H, which is skew-Hamiltonian. Define compositions are used.) Skew-symmetric updates of
the “embedded” matrice8z = diag 2, 2), By = the off-diagonal blocks of ordetn of By are made,
diag(7,7), and the real matrices of ordén and the (1,1) diagonal block is also updated for the

transformations applied to thi#: part. Then, the trans-

Bs = VP)HB(VP), By = YP)IBr (VP), formed B part is reduced to the skew-Hamiltonian

Hessenberg form, using real plane rotations (i.e., the
(1,1) block is upper Hessenberg, and the (2,1) block is

where zero), andBz is updated while maintaining its form.
1000 Finally, the real periodic QZ algorithm [Bojanczyk
V3T I 6‘ 07 0 et al., 1992; Sreedhar and Van Dooren, 1994], applied
y=-= LQ” ! ;’”’ } P=10r 0o to the pencila 2% Z,, — 37;, is used, to reduce the
2 [f2n —ti2n 0 67 Y obtained upper Hessenberg matfix to upper quasi-

" triangular form, while preserving the other factors up-

_ . per triangular. The x 2 diagonal blocks are trans-
Compute the corresponding decompositions (4), for formed to equivalent complek x 1 blocks using the
the real skew-Hamiltonian/skew-Hamiltonian pencil complex periodic QZ algorithm fd x 2 pencils.

T -~ -~ . . .
aoBZJy Bz — BBt (whereJ; is the matrix7 with Note that if only the eigenvalues are desired, then they
blocks of order2n), using a real orthogonal matrig are returned by the periodic QZ algorithm called in
and a real orthogonal symplectic matix Step 1 of the algorithm, and the transformations should

not be accumulated.
5 TR A | 21 212 Step 2 needs to reorder the eigenvalues of the pen-
Bz =U BzQ = ; ) i - . .
0 Zo cil. A special strategy is used. First, the eigenval-
~ PRSPN Ti1 Tio ues in the subpencivZ2 2, — 37, are reordered,
Br=JQ J BrQ= 0 77|~ in two substeps: reorder the eigenvalues with negative



real parts to the top; then, reorder the eigenvalues with Ss

positive real parts to the bottom. Second, the remain-
ing eigenvalues with negative real parts are reordered
also in two substeps: the eigenvalue of the last diag-
onal block in the current subpencilZ{Z,, — fH 1,

is interchanged with the eigenvalue of the last diagonal
block in the current pencih 7oBY 75 Bz — 3By; fi-
nally, the eigenvalue in th2n-th place is moved to the

(p + 1)-th place, where denotes the current number
of eigenvalues with negative real parts in the subpencil
aZB Z,, — BH,;. All these exchanges essentially in-
volve 2 x 2 pencils and are performed using complex
plane rotations.

The structure can be exploited in the all steps of the
algorithm. For instancel,, = H7i,, and so, only

its upper triangular part should be computed. Also, as

mentioned, skew-symmetric updates are used, when-

ever possible.

A similar algorithm can be written for an unfac-
tored matrix S, based on Algorithm 2 in [Benner
et al., 2002], and the called algorithms. Extended em-
bedded matnceBs (instead ofBz), andBy are used.
Both have the same structure.

Below is a summary about the related software:

e Fortran andMATLAB software for eigenvalues and
deflating subspaces have just been developed.

e Both real and complex cases are considered.

e Factored or unfactored versions are covered.

e Auxiliary routines for problems (of even order) with
(quasi-)triangular structure are included.

e Optimized kernels for problems of order 2, 3, or 4,
called by the general solvers, are available.

3 Numerical Results

This section presents some preliminary numerical re-
sults, based on Fortran implementation of the algo-
rithms and correspondingl ATLAB MEX-files. These
results have been obtained on a portable Intel Dual
Core computer at 2 GHz, with 2 GB RAM, and rela-
tive machine precision ~ 1.11 x 10~!¢, using Win-
dows XP (Service Pack 2) operating system, Intel Vi-
sual Fortran 11.1 compiler, arldATLAB 7.11.0.584
(R2010Db).

3.1 Computation of Eigenvalues

sym( S ); Hs = sym( H);
= double( eig( Ss \ Hs ) );

evs

'Based on the symmetry properties of the eigenvalues

of complex (H,S) pencils, for every eigenvalug,

—\ is also an eigenvalue. (This does not mean that
a purely imaginary eigenvalue is necessarily multiple,
but that—\ = X\ in this case.) Consequently, a qual-
ity measure which has been used was the (relatiee)
viation from symmetrpf the eigenvalues, defined as
(A = P(X, =) ||2, where P(v,w) is a permutation
which makes the vectar be as close as possible to the
vectorv. (Therelative deviationis obtained by divid-
ing the deviation to the norm of.) Let

ERARE

The structured algorithm found the eigenvalues
—2.526134862339483¢, 74.02613486233942¢ ,

k7
2+ 3

—19 — 3
-1

—4

8= 19— 3

theMATLAB functioneig returned
—2.5261348623394831,
3.22768506974576 - 10~ + 74.026134862339551
and the symbolidMATLAB functioneig computed
—2.5261348623394841, 74.02613486233949: .

The relative error norms of the first two solvers, com-
pared to the symbolic solver, have the val@es9 -
10716 and4.42 - 10~ 15, respectively. The first value is
about 5 times smaller than the second one. The eigen-
values are plotted in Fig. 1.

Eigenvalues found by eig and structured algorithm
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Many numerical tests have been performed, to assessg e 1. Eigenvalue scatter plot for an example of order 2.

the correct behavior of the developed solvers.
Several small skew-Hamiltonian/Hamiltonian exam-
ples are used below to illustrate the limitations of

The smallest eigenvalue computeddig coincides to that
computed by the structured solver.

the standard, unstructured approach. The generalized

eigenvalues computed by a structure-preserving algo-

rithm and the standard QZ algorithm, optimally imple-
mented in theVlATLAB functioneig , have been com-
pared with those delivered by symbolic calculations,
using the followingMATLAB commands

LUnfortunately, there is nMATLAB generalized symbolic eigen-
solver, so thenldivide (or mrdivide ) operator has been used,
but the condition numbers of the tried skew-Hamiltonian matrices

Several similar examples have been built. The stan-
dard solver gives possible large errors in the real parts
for problems with purely imaginary eigenvalues. Fig. 2
shows another eigenvalue comparison for an example
of order 4.

were small.



Eigenvalues found by eig and structured algorithm solver. The current implementation is significanly im-

300 ‘ ‘ proved, being over 2.5 times faster than the previous
250¢ one, but it still does not outperformig for pencils
w 200} of order larger than, say, 400. It is planned to investi-
?_i 150l gate the bottlenecks and further speed-up the structured
3 solvers, e.g., by a better use of block algorithms. Note
2 100¢ * eig thateig recorded many improvements during its long
£ e str-alg .
50t life.
ol . Fig. 3 presents the CPU times needed by the structured
and unstructured solvers for computing the eigenvalues
—50; 0 1 2 3 4 5 in the unfactored case. Fig. 4 presents the ratios of the

Real axis x 10 CPU times needed by the structured and unstructured
solvers for computing the eigenvalues. The structured
solver is about 20% faster thaig for pencils of order
less than 300.

a Similarly, Fig. 5 and Fig. 6 show the same parameters
when computing both the eigenvalues and a basis for
the stable deflating subspace. The structured solver is
about 10% faster thagig for orders less than 300.

In a set of 60 test problems (with 20 problems for each 1pe timing values are mean values: five problems of
valuem := n/2 € {1,2,3}), the sum of the relative  gach order were solved. The list of problem orders has
errors for the structured and standard solver (comparedyp, increment 10. The factored solver needed about
to the symbolic solver) had the value29 - 10"** and  yyice as much CPU time compared to the unfactored
1.67-10~'%, respectively. The important factis thatthe sgjver, but can offer better accuracy, by avoiding the
symmetry of the spectrum is ensured by the structured computation of7 2 77 2. The CPU ratios behaved
solver. similarly on a computer at 3 GHz, with 1 GB RAM, but

It was not possible to symbolically solve problems the CPU times were over 2.5 fold larger for all solvers.
with m > 5. For larger matrices, the differences be-
tween the results produced by the structured solver and

Figure 2. Eigenvalue scatter plot for an example of order 4.
Three eigenvalue computed leyg are very close to those
computed by the structured solver, but one eigenvalue has
large real part.

by eig were more pronounced. CPU time: MATLAB eig and structured algorithm
The deviation from symmetry is usually nonzero, but 14 ' [—suuctured algo;’ithm ‘
small, even for structured solvers, due to the complex 12¢ - - - MATLAB eig
eigenvalue calculation. For one example, the deviation 10!
was 6.28 - 10715, for the structured solver, but4 - )
10719, for eig . £ 8
In a set of 1200 test problems (with 20 problems 2 6
for each valuen € {1,...,30}, and matrices gener- A
ated randomly using both uniform and normal distrib-
utions), the maximum relative deviation was10~16, 2
fqr the structured solver, arid4 - 10~11, for MATLAB % Too 200 300 400 500 800
eig . 2n

Figure 3. CPU times needed by the structured and unstruc-
3.2 Computation of Right Deflating Subspaces tured solvers for computing the eigenvalues.
Thousands of tests have been performed with ran-
dom matrices for computing the eigenvalues and right
deflating subspaces of skew-Hamiltonian/Hamiltonian
matrix pencils. The results computed by the structured
solvers have been in good agreement to those obtainedt Conclusion
by the standard, unstructured solveig . As men- Main issues related to the structure-preserving algo-
tioned before, the structured solvers return better com-rithms for computing the eigenvalues and stable deflat-
puted eigenvalues, satisfying the symmetry property. ing subspaces of complex skew-Hamiltonian/Hamil-
This might come with a greater cost, due to the in- tonian matrix pencils, with applications in control sys-
creased complexity of the implementations, compared tems analysis and design, are presented. The tech-
to the standard solver. Note that some initial perfor- niques use specialized algorithms to exploit the struc-
mance results for eigenvalue computations using theture of such matrix pencils. The structured solvers en-
unfactored version of the solver, in comparison with sure the symmetry of the spectra, while the standard
eig , have been reported in [Sima, 2010]. Unfortu- algorithm can deliver eigenvalues with large deviation
nately, the speed-up values were wrong. Actualig, from symmetry, even for problems of order 2. The cur-
was about two to over six fold faster than the structured rent implementations are slower than the standard, un-
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Figure 4. Ratios of the CPU times needed by the structured
and unstructured solvers for computing the eigenvalues.
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Figure 5. CPU times needed by the structured and unstruc-
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