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Abstract

This paper deals with mathematical modelling of non-
linear vibration of multi-stage large rotating shaft sys-
tems with gears and rolling-element bearings. Gearing
and bearing couplings bring into the system nonlinear
phenomena like impact motions due to the possibility
of the mesh interruption. The motion of the system is
then influenced by the internal kinematic excitation in
gearing, by the parametric excitation caused by peri-
odic change of number of teeth in gear meshing and
can be further influenced by impacts of freely rotating
gears which transmit no static torque. The developed o

methodology is tested for gear drive vibration of a two- B ﬂ I B 5
stage gearbox. o ] AR A
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1 Introduction

Large rotating systems, especially gear drives and
gearboxes occur as parts of many mechanical devices
transmitting the torque with relatively small loss of
power. But they represent main internal excitation
sources of these systems. Their vibration analyses areby geometrical and material properties and by corre-
commonly performed with the assumption of the small sponding coupling force characteristics. The main con-
deformations and linearized coupling forces. But this tribution of the modal synthesis method consists in the
assumption is not correct for certain operational statesdegrees of freedom number (DOF) reduction, which
when the influence of coupling nonlinearities is dom- is based on the transformation described by a trans-
inant. Therefore, the nonlinear models of gear and formation matrix assembled from chosen eigenmode
bearing couplings are developed and the influence ofshapes of subsystems. The selection of suitable eigen-
coupling nonlinearities is investigated. In last years mode shapes is mostly governed by the range of ex-
the subject of large rotating system modelling has beenciting force frequency spectrum. The final condensed
studied in our department. The result of this effort is a mathematical model has then significantly lower num-
creation of modal synthesis method allowing to model ber of DOF than the original mathematical model and
systems with complicated structures. The advantage ofcan be advantageously used for numerical investiga-
this method is the separated modelling of subsystemstion of nonlinear effects caused by nonlinear coupling
using different modelling tools and separated mod- characteristics or by parametric excitation in couplings.
elling of discrete couplings. Each coupling is described This contribution is focused on modelling of a model

Figure 1. Scheme of two-stage gearbox.



gearbox vibration (figure 1) which is supposed to be 2.2 Bearing model

included into a drive between two wheels by means of The bearing model, used here, respects real number
discrete torsional couplings characterized by torsional of rolling elements uniformly distributed between the
stiffnesses:. The driving and driven wheels rotate by inner and outer race (see figure 2).

the constant angular speeds andw,; and the static Then the vectof? in equation (1) (model of rotating
loading of rotating parts of the gearbox is defined by the parts) can be expressed in following form [Byrtus and
initial static torsional drive deformatioy between Zeman, 2005]

wheels. The gearbox vibrations are excited by kine-

matic transmission errors of gear pairs transmitting the B _ ~ oz Tax

power and by their time dependent meshing stiffnesses. E=- Z(ti’jﬂ’j D, 2)

]
2 Modelling of gearboxes where vectorg; ;, E;{? describe the bearing geometry.
. Among bearing indices belong only these which
Presented approgch to the gearbox quelllng usescorrespond to bearings coupled with the subsystem
the modal synthesis method based on suitable system s = 1,...,5 — 1. Similarly, the vectorf? in

L . S,
de_composmor_l into subsystems and on separate mOd'equation (1) (model of a stator — housing) can be
elling of couplings among subsystems.

expressed in following form

. £f = € ;F;;+ellF'y), 3
2.1 Modelling of subsystems o izj( wibig + EGE) 3

Generally, the subsystems rotating with angular ve- \yhere vectors; ;, €¢% describe the geometry of con-
locity w, are described in local generalized coordinates tact points at the stator. Bearing indidesre governed
q;(t) with system ofn, ordinary differential equations  py the same conditions as above.

in matrix form [Zeman and HlaVaC, 1995] In the genera' coordinate space
s
_ T T 1T n _
M,() + (By + w,Gy)a (1) + Koa, (1) = a=lal ol . ai]" R n=D o ()
E B G (1) . S= .
=f£7(t) + 17 + 17, s=1,2,...,5, of the whole system the bearing model is éescrlbed by
the global coupling vector in the form

whereM;, B; andK are symmetrical mass, damping P
and stiffness matrices of the uncoupled subsystems 7

of order ny and G, is skew symmetrical matrix £7 =
of the gyroscopic effects of the same order for

s =1,2,...,5 — 1 only. These matrices are usually

created by means of finite element method combined Vectorsc; ; andc{? describe global geometrical prop-
with discrete parameters representing masses of rigiderties of each bearing contact pojhin bearing: and
gear discs. External forced excitation is described by have this structure

vectorfZ(t). Vectorf? expresses the coupling forces

= Z(Ci,sz‘.,j +cii ). (5)
: >
f&

in rolling-element bearings and vectff represents o [ _iT. ... &7, ]T

the forces in spur helical gear couplings. All force e O S S (°)
effects described in vectors above are acting on the Cij = [ = (495)7 - (&) ] :
subsystens.

To stabilize the numerical simulation of the nonlinear
model it is efficient to separate the linear part of
nonlinear bearing force characteristic. The linear part
is described by stiffness and damping matrices in the
general coordinate space (4) and the bearing force
vector (5) can be then rewritten in following form

£ = —Kpq—Bpq+ Y (ci;fij+cfe), (7)
3

whereK g and Bp are global stiffness and damping
bearing matrices. Their structure depends on the num-
ber of rolling elements and on the nodal points to which
they are fixed on the shafts (for details see [Zeman and
Hajzman, 2005]). The bearing damping matrix is sup-
posed to be proportional to the stiffness matrix

Figure 2. Scheme of a bearing coupling

Bg = 35K5B (8)



and functionsf; ;(A; ;) andf7 (A7%) respectthe pos-  contact point of teeth on the gear mesh line. Vectors
sibility of contact loss between the rolling-element — q;(¢) = [...u; v; w; ;9 ...]7 and q;(t) having
and the outer race in the bearin@nd depend on lin-  similar form describe displacements of nodal points
earized rolling-elements stiffness that is calculated in ¢ and j. The function A.(¢), defining kinematic
dependence on an external static torsional load of driv- transmission error of gearing can be expressed by

ing and driven shafts [Byrtus and Zeman, 2005]. Fourier series
K
2.3 Gearing model AL(t) = Z(Azc,k coskw.t + A2 sinkw.t), (12)

The force effect of the spur helical gear coupliig

k=1
wherew, are meshing frequencies.
(figure 1) in (1) is expressed by vector “ g1red

Analogous to the bearing model, we can express the
< ; lobal gear coupling vector in general coordinate space

£6 =+ 56, ,F.(t,d., d. g) ~ govbagearcoupling 9 P

s ; F=(t dz, d), ©) (4) in following way

where sign ”-" (minus) corresponds to driving gear and £

sign "+” (plus) corresponds to driven gear (figure 3). 5 z

Vectord.; = [...,87,,...]7 is the n,-dimensional f9=1 1 | =D c.Futqaq) +1fa(t), (13)
extended vector given by geometrical parameters fGl o

(normal pressure angle), (angle of inclination of the 50‘1

teeth),y (angle of position vector); (rolling radius of ~ \yheref, () is Vector of internal kinematic excitation

the gear). The driving (driven) gear is fixed on the shaft generated in gear meshing that can be expressed in
at the nodal point (j). Details are shown in [Zeman ¢4,

and Hlavac, 1995]. The resultant forég transmitted 7
by gearingz can be approximately expressed in the fa(t) = Z (k: (DAL(E) + b A (t)) c..  (14)

form —~
. . The global vector of geometrical parameters of the
Fo(t,dz, dz) = ke (t)d: + bods + f2(8,d2), (10) gearingz in general coordinate space (4) has following
wherek. (t) is time dependent meshing stiffness and Structure
b, is coefficient of viscous damping of gearing on gear co= [ 6L, 8, OT]T_ (15)
mesh line. Nonlinear functiof. (¢, d) of gearing de- o =4

formationd. corrects the linear elastic part of the force S
F, in the phases of the gear mesh interruption. For the same reason as above, it is efficient to separate

up the linear part of nonlinear gearing force charac-
teristic. Equation (13) can be then rewritten to this form
Z

f9 = -Keqa-Baa+ ) _c.f.(t,q) +fa(t), (16)

whereKs andBg are gzlgéal linearized stiffness and
damping matrices of gear couplings whose structure is
described in detail in [Zeman and Hajzman, 2005].

driven gear

2.4 Parametric excitation in gear coupling

The behaviour of the gearing is moreover influenced
by the periodic time-varying meshing stiffness whose
mathematical model has come through a longtime
progress. In the first contributions published in the
fifties the meshing stiffness was considered to be con-
stant equal to the mean meshing stiffness. Because of
the change of tooth pair stiffness during the mesh, dif-
ferent gearing models were developed. The stiffness of
a particular tooth pair is considered to be periodic. The
period depends on the duration of one tooth pair mesh.
Figure 3. Scheme of a gearing coupling It is influenced by the tooth profile, profile error, gear
contact ratio and lubricant properties in gearing.

Particular courses of the mesh stiffness can be ex-
pressed in a analytical way. Authors [Cai and Hayashi,
1994] proposed the gear mesh stiffndsgt) for a
d.(t) = =61 ,qi(t) + 8. ;q;(t) + A(t)  (11)  tooth pairp in the form

sssss

Gearing deformation

of gears in mesh fixed on shafts at nodal points kp(t) = kn Kp(t) for te (tp,t,+e,T),

and j expresses the relative motion of theoretical kp(t) = 0 otherwise (17)



s 3 are introduced for this purpose. Matrices

sl Ey = 1-8k sl Ey =22 my, € R"™s are modal submatrices obtained
2 ool At Ho from modal analysis of the mutually uncoupled,
*5 ‘ ‘ 1 os undamped and non-rotating subsystems, wheneas
! ! (ms < ng) is the number of the chosen master modes
o° o° of vibration. The new configuration space of the
S % i > s % IRE 3 dimensionm is defined by vector
~ ¢ (path of contact point) s
=2
2: Z:NW X = [X/{" Xg’ o Xg]T’ mzzms' (21)
- -~ s=1
1: e, =2.8 12 &y =3 The model (1) can be then rewritten using terms (7) and
'1 1 (16) in the global condensed form
% 1 2 3 % 1 2 3 X(t) + (B + woG + v7T (BB + Bg) V)X(t)-i-
Figure 4. Relative gear mesh stifiness for different vabfesontact + (A + VT (Kp +Kg) V)x(t) =
ratio €.
= VT (3D (i fusla) + e fi5(a) +
where z 7
oy s + Y cufilta) + folt) +E2(1))
Ky(t) = | —=s(t —t,)? + —=(t — t,) +0.55 z=1
/0= (ot =t + 2= 1) +0.55) .
(18)
depending on the contact ratig and on the period of BT eB T B T
the gear mesh. The parametgy represents maximal ~ Wherefp(t) = [(£7(2))", (£°(1)", ..., (f5'(1)" ]
value of the gear mesh stiffness of one tooth pair on the IS the global vector of external excitation,
assumption that at time = ¢, teeth enter into mesh
and att = ¢, + ¢, get out of the mesh. The gear B = diag (szBSmVS) ,
mesh period is then equal © = (27)/(p.w), where w
parametep, indicates the number of the teeth of the G = diag ( it mVSTGSmVS) , (23)
drive gear mounted on a shaft rotating with angular ve- “o
locity w. V = diag ("V,)

Figure 4 shows the dependance of the relative mesh-

ing stiffnessk. /k,, on the path of the contact pointin  are plock diagonal matrices)¢ = 0 holds for the sta-
the front plane of the gearing for different values of tor subsystem) and = diag (™A, ) is diagonal ma-

contact ratios,. The parametek. o corresponds to  trix assembled of spectral submatriced, € R™sm:
the mean meshing stiffness. The bold lines display the of the subsystems.

resulting gear mesh stiffness, which is given as a sum
of the stiffnesses of teeth being in the gear mesh for _ o
a given time. The resulting meshing stiffness can be 3 Analysis of two-stage gearbox vibration

expressed in following form The mathematical model of gear drive is strongly
nonlinear due to the possibility of gear mesh interrup-
k(t) = Z kp (1), (19) tion and in consequence of nonlinear bearing couplings

respecting loss of contact in some contact points in
dependance on position of journal centre. To perform
the dynamical analysis the condensed mathematical
model (22) has to be transformed into the state space to
2.5 Condensed mathematical model use the time integration method. The time integration
It is advantageous to assemble condensed matheis started from the initial state
matical model of the system with reduced degrees of
freedom (DOF) number, because, in particular, the X(0) = (A + VT (Kp +Kg)V) 'VI{5(0), (24)
housing subsystem could have too large DOF number %(0) = wyg
and this can hinder from consecutive performing of o minimize the startup transient motions. Vectay
various dynamical analyses. The modal transforma- expresses the initial angular speed of shafts. In gen-
tions eral, the vectof(0) can describe an arbitrary external
m excitation at the start of numerical integration.

qs(t) =" Vaxs (1), s=12...5 (20 The presented methodology was applied to the two-
stage gearbox (figure 1) which can be disassembled
into three subsystems — drive shaft with gears-=(1),

p
where indexp is restricted to the tooth pairs being in
gear mesh for the given time



driven shaft with gearss(= 2) and housing{ = 3)

wired in selected nodal points with the fixed fram:
Subsystems are joined by discrete couplings — g
meshings&, (z = 1,2) and rolling-element bearings
(B to By4) considering twenty rolling-elements in eac
bearing. The initial number of DOF of the uncouple
subsystems after discretization by FEM using MA
LAB code for rotating subsystems and software pac
age ANSYS for housing wag; = 90 (drive shaft),

ne = 91 (driven shaft) anchs ~ 15000 (housing).
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Numerical experiments show that the reduced (cc revolutions per minute
densed) model (22) of the complete system of the or-
derm = 160 (m; = 30, mo = 30, mg = 100) is Figure 5. Map of constant gear mesh of first geafing.

acceptable in the frequency range upd60 Hz.

The gearbox vibration was investigated for the first

transmission degree, when gearifg transmits the  many peaks corresponding to resonance states of the
power. The second gear pair rotates freely about thegearbox on the boundary between constant and inter-
deformed shaft axles. The vibration is caused by rupted gear mesh. The gear box shows greater dis-
the internal kinematic excitation in the form (14) for placements and thence greater gearing deformations
z = 1 and by the time-varying change of meshing and greater tendency towards gear mesh interruption in
stiffnessk; (¢) in the form (18) and (19). Only three all resonance states.

first amplitudes of the Fourier series (12) were taken

into account and have following values 3.2 Nonlinear two-stage gearbox vibration

A1S1 —5.10"m, AfQ _ A_ls.,l’ Further, we are concerned wit.h the q_ualitgtive an_aly§is

’ ’ 2 (25) _of the two-stage gearbox_nonllnea_lr V|brat|qn, whlch_ is

AS. Afyl AC. — AC. — AC. — 0 mflue_nced py gear mesh |nte_zrrupt|0n and_ time-varying

1,3 3’ 11 1,2 1,3 : meshing stiffness. The nonlinear model includes such
nonlinear phenomena like impacts in gearing and non-

3.1 Constant gear mesh linear contact forces transmitted by rolling-elements
The linearized condensed model (22) for zero nonlin- of bearings. These phenomena, which are shown
ear functions f; ;(q) =0, f7(q) = 0andf.(t,q) = for systems with several DOF number in [Thomson,

0) was used for determination of the constant gear mesh2002], are sources of nonlinear effects in solution of
regions. Using the linearization we neglect the possi- the model. The time response of such a system is ac-
bility of gear mesh interruption and we consider con- companied by bifurcation of solution in dependence on
stant stiffness given by static loading of each rolling- chosen operational parameters. Vibro-impact systems
element in all bearings. Supposing the internal kine- are characterized by period doubling scenario, when
matic excitation in gearing defined by (12), (14) and the period number of the time response increases un-
(25), we can investigate for which operational parame- expectedly twice for a certain values of operational pa-
ters — revolutions per minute and static load — the gearrameters. This scenario could repeat till the motion be-
mesh is constant and we can find a boundary of inter- comes chaotic. Moreover, the time response of non-
rupted gear mesh. linear model is influenced by impacts in gear mesh-
From knowledge of the time response of the system ings with one freely rotating gear. Here, we investigate
in configuration spacex(t) we can formulate the the influence of the phase shift between the kinematic
condition of constant gear mesh and parametric excitation in gearigg . All results in-
. . T troduced here are gained for the condensation level of
ter d-(t) = ?élzp{_cz Vx(t) + Ax(1)} > 0. (26) the gearbox and for kinematic transmission errors men-
This condition generally holds for both linearized and tioned in the chapter before.
full nonlinear model of the gearbox. Figure 6 shows bifurcation diagrams of gearing de-
Figure 5 shows area of interrupted gear mesh (white formation of gearing~; for a chosen revolution range
area) and of constant gear mesh (grey area) of the firstof the gearbox, which is inscribed with the bold black
gear mesh transmitting the power in dependence on twoline in figure 5. The corresponding statical exter-
operational parameters — on revolutions per minute of nal preload is characterized by torsional doformation
the driving shaft and on external static preload acting Ay = 0.03 rad. In each bifurcation diagram a line des-
on rotating disks mounted to drive and driven shafts. ignating the zero gearing deformation is plotted. Each
Results were gained from the linearized model for dot plotted under this line corresponds to gear mesh
steady state motion. The steady gearing deformationsinterruption during one period of motion. Grey dots
are then expressed by Fourier series with above men-agree with local maxima of gearing deformation and
tioned harmonic components with the fundamental fre- the black ones agree with local minima, respectively.
quency equal to the meshing frequency. There arelnthe chosen operational area exist periodical solutions
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Figure 6. Bifurcation diagrams of the gearing deformati@n.
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Figure 7. Gearing deformation of the freely rotating geagéar
meshGo.

which follow the period doubling scenario. This non-

kinematic excitation (in the middle) and time-varying
meshing stiffness with a phase shift equakt@® be-
tween the parametric and kinematic excitation (below).

Figure 7 shows gearing deformation in gear mesh
G4, with the freely rotating gear for the three above
mentioned states and for 2000 rpm (above, charac-
terized by periodical response) and 3000 rpm (below,
characterized by chaotic response). The deformations
are bounded by the gearing clearance showed by the
two bold lines.

4 Conclusion

The paper describes the methodology of the large cou-
pled rotating systems modelling and the analysis of
their nonlinear vibrations. The models of these sys-
tems suppose a flexible shafts and stator and nonlinear
gear couplings between rotor subsystems and nonlinear
rolling-element bearings. The whole system model is
created by means of the modal synthesis method which
allows to reduce number of degrees of freedom of
the mathematical model. The methodology is applied
to the two-stage gearbox to simulate the dynamic re-
sponse caused by kinematic transmission error of gears
and by time-varying meshing stiffnesses. Vibration is
accompanied by nonlinear phenomena like bifurcation,
periodic and quasi-periodic solutions and chaos. These
modes of motions are very interesting from the theo-
retical point of view and for gearbox design from the
dynamic loading and noise point of view.
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