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Abstract lag of response delay in man-machine systems. De-
Problems concerned with an analysis of stochastic lays in systems induce new effects, for example, self-
differential equations with various forms of delays excitation of oscillations, increased readjustment, and
and fluctuations are considered. There are nonlinearinstability of objects, etc.
difference-differential and linear neutral delay differ- As developments of methods for deterministic sys-
ential equations with multiple constant lags and lin- tems have become important for theory and practice
ear equations with a variable delay perturbed by con- as nowadays significant interest is paid to stochastic
tinuous fluctuations and linear parametric system un- DDEgs (SDDEgs) of various types.
der white noise and Poisson excitations among them. Our scheme for study of such systems is based on an
The main idea of study consists of an extension of the extension of the phase space [Poloskov, 2002]. We
phase space. Chains of deterministic equations with-apply this scheme to nonlinear stochastic difference-
out delays satisfied by moments of phase vectors with differential equations with multiple constant delays
increasing length are presented. At the end of paper[Poloskov, 2006] (Section 2). An example (Section 3)
the technique is applied to study a sensitivity of lin- shows the scheme afoot. A tool in our calculations is
ear stochastic system response to deterministic paramthe computer algebra systeMiathematica]Wolfram,

eters. 2003], a well-known powerful instrument for different
sciences. Some other recent results are examined in
Section 4.
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' Let us consider a system of the Stratonovich SDDEgs
1 Introduction z(t) = f,(x(t), z-(t), 20 (1), ..., T (1), 1) +
Difference-differential equations (DDEqgs) [Bellman, Gy (2(t), Tr (1), Tor (1), ooy @ur (£),1) €(F), (L)

Cooke, 1962; Hale, 1977] have been attracting an

increased interest both from theoretical and practical t>t,=tg+vrT.

viewpoints since the middle of the last century. Such

equations are encountered in those areas where théderex € R" is the phase vectog ¢ R™ is a vector
properties of an object depend on the hereditary effect, of independent Gaussian white noisdd[€(t)] = 0,
and serve as models for different processes, viz., au-M[¢(t)¢7 (/)] = E - 6(t — t')), T is a constant delay,
tomatic control for technical devices and engineering v > 0 is an integerf = {f;}7 : R" x [ty,00) — R"
procedures, development of economic and social sys-and G = {g;;} : R™ x [tg,00) — R™ x R™ are
tems, combustion in liquid jet engines, neutron moder- deterministic vector- and matrix-function respectively,
ation, effects of radiations, a radio-location, radar and z,, = z,.(t) = x(t — ¢7), T is a symbol of the trans-
radio-navigation, autonomous vessel course stabiliza-position,M stands for the mathematical expectatién,
tion, oscillations in vacuum-tube generators, struggle is the identity matrix.

for existence in biology, etc. We suppose that the phase vecigt) being char-
Such phenomena arise as a result of transport, tech-acterized by the probability density function (PDF)
nological, information, and inertial delays (in long- p(x,t) on the interval&o, t1], (t1,t2], ..., (t—1,ts]

distance transmission of matter, energy, signals, infor- satisfies the following systems of stochastic differential
mation), finiteness of speed of charge carriers, and aequations (SDEQs)



3:3 :fo(w>t)+G0(w>t)£(t)7 (2) % = Lopo, (6)
CIZ:fl(w,il:.,—,t)+G1(£B,$T7t)€(t), (3)

where

¢:fyfl(wam‘rvw?rv"'7w(u—1)7'7t)+ (4)

1 < 82(53@'1’0) - d(ag;po)
Lopo—ﬁigl Ep _g ’

+Gy 1 (T, T2rs o, T(—1)7s ) E(1), 0i0z0 Ozo;
_ T _
fq = {fqi} , Gg= {gqij}a W= fr 12”: m 398“69*‘
g=1,2,...v—1. T 2 e O Y
Let's assume that the PDF af is equal top® () at G %
=t q p(@) bgij = Zga}k%jk,
’ k=1

If to look at Egs (1)-(4) from the point of view of
general theory for stochastic processes, one can draw fo(zo0,5) = fo(20,50), Gp(20,8) = Go(20, 50)-
a conclusion that the random vectatswhich satisfy
these Egs, aren't the Markovian vector random pro- 10 | et's consider the intervald, andA, . It is pos-

cesses due to presence of delay. Hence to calculatgjpie o present the system of SDEqs for calculation of
probabilistic characteristics of the vectarssuch as ¢ vectoreol(z1, o) as follows

the mean value vector, the matrix of covariances etc.,

the well-known analytical apparatus of the Markovian

processes [Dimentberg, 1980; Gardiner, 1985; Risken, @o(s) = fol@o(s), s0) + Go(xo(s), 50) &o(s),
1996] based on the Fokker—Planck—Kolmogorov Eqs . o

(FPK Egs) [Malanin and Poloskov, 2001; Malanin and 1(s) = fr(@(s), @o(s), 1) + )
Poloskov, 2005] can not be applied. +G1(z1(8), xo(5),51) &1 (5).
To study a random change of the vecteft) for

t > tg, we use our scheme for analysis of different SD-
Eqgs with delay which is based on the idea of a transfor-
mation of the non-Markov vector process to a Marko-

vian one. For this purpose, we expand the phase space

Therefore the PDF for the vectey satisfies the FPK
Eq

of the system and introduce the following notation: % — Lip,, ®)
S
se0,7], ty=to+q-7, ¢=0,1,2,..,
with
8¢ = 8t g, wQ(S) = :E(Sq)ﬂ ‘fq(s) = E(Sq)ﬂ
L 2n 2 (1% 2n %
Pa(@q: 5) = p(@q 59), Po(@o, 0) =7 (o), Lip = L 5 20 5= Olaipy)
2 — azuazlj 8217;
Ay =Ttg-1,t4), 2zo=mo, 21 = col(z1,zo), b=l
2n 2m
z9 = col(xo, @1, 20),..., &,(0)=E&, 1(7), . L 1 OGin «
( 0) q(0) = &1 (7) TR 8;1{69”’“’
Yq = 2q(0) = z4-1(7), pg(2q,0) = pg—1(xq, 7), j=lk=1 /

1 o 2m
CcO (wvaN717"'7m0) _{leaxN27“~7an7 b* o * %

- 1ij — Zglikgljlm
$N71,1,$N71,2,~~~,$N71,n,~~,$0179€02,~~,£U0n} . k=1

Using this notation, we construct a chain of FPK-like Fi(z1,5) = col(fo(o, 50), f1 (@1, 0,51)),

Eqgs for the PDFs of the vectoes, 21, 22, ..., 2N, Gi(z1,8) = diag(GO(wm50),G1(a;1,w0751)),

... belonging to the family of embedded phase spaces
R c R c R c ... c R*(N+D .

Let's consider a sequence of segmejnls }.

0°. Let’s start from the segmewr,. The random vec- 2. Now let's pay attention to the time intervals,
tor x(s) defined onA,, satisfies the system A4, ...,A, and construct the set of SDEgs for the vector

z, by the way
xo(s) = folxo(s), s0) + Go(xo(s),50) &o(s). (5)

Lo(s) = ,80) + G ; ,
The PDFpy (2o, t) of the vectorz,(t) is governed by 20(8) = Fo(@o(s), 50) + Co(®o(s), 50)o(s)
the equation x1(s) = fi(xz1(s),2o(s), s1)+



+G1(x1(s), o (s), 51)€1(5),
)
®y—1(s) = f,1(@y-1(5), ... To(5), 50-1) +
+Gy—1(@y-1(5), ., @0 (s), 5v-1)€,1(5),
&, (s) = f,(@u(5), Tv1(s), - ( )s su) +
)-

+G (2, (5), Ty_1(8), ..., o (), 51, )€, (s

The PDF ofz, is governed by the equation

0w g, (10)
0s

where

7L(I/+1) aQ(b* ) n(v+1) a( - )
_ 1/2] V _ y'L v
Lopy = Z 02,10z, ; 0zy;

n(u+1 m(v+1)

zi: I;kl—"_i Z Z

'rn 1/+1

UZ] § gmkgujka

f;(zvv S) = COl(fO(w(b 80)7 fl(w17w07 81)7

gwk *
l/jk?’

co fo(@u, @1, ..., xo, sl,)),

Gz(zu, 5) = diag(G’o(:co, 50), Gl(ml, o, Sl),

Gy, @y_1, ..., xp, sy))

NC. At this stage we consider the segmenig A1,
..,Ax and obtain the set of SDEqs for the vectoy

o (s) = fo(xo(s), s0) + Go(wo(s), 50)€0(5),
©1(s) = f(x1(s), To(s), s1) +
+G(1(s), 2o (s), 51)81(s),
&y-1(s) = fr,_1(@v-1(5), -,
FGu—1(®y—1(8),..; To($), 5v-1)€,_1(5),
@, (s) = f,(@u(s), Tv-1(5), ..., To(s), v) + (11)
+Go(@y(5), By-1(5), ... )

xo(s), 5p—1) +

1 20(s), 1), (s),
:tl/Jrl(s) = fu(qurl(s)ku(s)v ey 21?1(8), sl/Jrl) +

+G,,(IBV+1(S), LB,,(S), ey :Bl(S), sl/+1)£u+1<s)v

En-1(8) = f (en—1(8), 0 ®N—p—_1,SN-1) +
—I—Gy(:IEN_l(S),...,
fu(wN(S)va—l(s)a'"a

(8),xn-1(8)..., EN—0(8),sN)EN(S).

TN—v-1(5),sn-1)&Nn_1(5)s
N (s) = TN (5),sN) +
+G, (N

In this case the PDF of the random vectgy satisfies
the equation

0
—gN = Lypy. (12)
S

This Eq includes the FPK operator

GRS M n(gl) as[])

L [
NPN 62’]\[%82:]\7]' el 82’]\@
with coefficients of drift
n(N+1)m N+1) 8g
an; = fai + Z Z le N]k
j=1
and diffusion

m(N+1)
Nz_] = E glegNJk’

where

f?\](z]\ﬁ S) = COl(f0(£B07 50)? .fl(wh Zo, Sl)a

sy fz/(wNﬂ LTN—-1yy TN—v, SN))7

Gy(zn,s) = diag(Go((E07 s+to),Gi(x1, 0, 51),

) Gl,(wN7:I}N_1, oy TN —vy SN)). D

To solve our task, let's define the following case for a
classic method of steps [Bellman, Cooke, 1962] that is
based on the obtained FPK Egs.

Step 0. The PDFpg;(xo,s) for the vectorax(t)
and the PDFpg2 (o, s; ¥, 0) for the extended vector
z§ = col(zo, y,) satisfy the equation (6) with the ini-
tial conditions

po1 (0, 0) = p°(z0),

(13)

Po2(x0, 05 Yy, 0) = po1(x0,0) d(xo — yo)

correspondingly. Then to obtain moments), (s) =
M zf %= M[z5" 2552 .25 52" ] of the vectorzy
( = {aq,a9,...,0n}, a; > 0, || = a1 + as +



..+ as, < K) of different orders, it is possible to
derive the following ordinary DEgs (ODEQs):

ma., (s ZaMaOZ g+

4= Zaz a; — DM [b528 2+ (14)
2n—1 2n

+ Z Z Oti()éj bOU 0T eJ]v
i=1 j=i+1

where the initial conditions are defined by such rela-
tions as

mg, (0) = //%mpoz(-’ﬂoao;ymo) dxo dy, =
R R™

_ / QO pantaz g0 0) day. (15)
Rn

Here the required momentss(t) = Mlz’] (8 =
{B1, B2, ., Bn}) att € Aq are equal tong, (t — o).
Step 1. The PDFSpH(acl, xo, 8) andplg(ml, To, S;
Yo, 0) of the vectorsz; andz]” = col(z1,y,) are the
solutions of Eq (8) under the initial conditions

p11(x1,®0,0) = poz(x1, T; 20, 0) (16)
and

p12(T1, %0, 0; Yo, 0) = p11(T1,%0,0) §(x0 — Yo)

17)
correspondingly. Therefore we can obtain the follow-
ing ODEQs for the moments, (s) = M[z{“] of the
expanded phase vecte} (o« = {ay,as, ..., a3,}) and
the initial conditions

+a—e;
ml()/ E :al alzzl ]+
+a—2e;
+ E :al Q; [biu }—’— (18)
3n—1 3n
* +Of—ei_ej
+§:§:aiaj 11]1 ]7
=1 j=i+1
+ _ +a
m1a(0)—///z1 x
R"LR’VL R’ﬂ

><P12(w1,$0»0§1/070) dzxy dxo dy, =
7//1,11 s xan+l+a2n+l « (19)
= 11+ L1y Lol -

R” R™

Qantaszn

X Zop p11(x1, o, 0) dq dxg.

Then the required momentsg(¢) are calculated as
m; B( t1) fort € A;.

Step N. The main characteristics of the vecters(s)
and Zj\} = COI(ZN,yO), i.e. the F)DFSle(wN7
TN_1, ..., o, S) @NdpN2 (@0, X1, ..., TN, S; Yo, 0), SAL-
isfy Eq (12) under the initial conditions

le(mNa LTN—1y- m070) =

:pN—l,Z(xNamN—la"'amlyT;w()aO) (20)
and

PN2(TN, TN—1, --.; T0, 05 Y, 0) =

= le(OEN, LN—1y - 35070)5(930 - yo)- (21)

Then at this step, the moments}; (s) = M|[z}"]

of the vectorz}j (o = {1, a2, ..., (n+2)}) can be
found from ODEqgs and the initial conditions in the
form

(N+2)n
Mva(s) = > aMlaiiz" ]+
i=1
1 (N+2)n
ty D, ailos = DM[bRa ]+ (22)

i=1

(N+2)n—1 (N+2)n

+ Y > @ MbyyEy Y,
=1

j=it+1
mt (0) = /(N+2)/ZN y
R R
XpN2 (TN, ..oy o, 0;Yg, 0) dx N ...dxody, =
= /(N+ 1)/2:?\,11 ST e X (23)
R"l Rn

ONn+1+A(N41)n+1 xa(N+1)1z+0‘(N+2)n

XT Lo1 . Oon X

X le(a:N, veny wo,O) d:I)N dilio.

As the result, the required momeniss(t) are calcu-
lated asn} 4(t —tn) fort € Ay,

3 Example
The scheme was applied to study a system in the form
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Figure 1. Time evolution of the mean value. Figure 3. Time evolution of the mean valuea=-3,b=-2,¢c=0.1.
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Figure 2. Time evolution of the covariance. Figure 4. Time evolution of the mean value fora=-5,b=2,c =
0.1.
Behavior of the mean valuer and covarianceD for
i(t) + k1 x(t) = go&(t), te(0,7], x(0)= o, the displacement is shown in Figs.1 and 2.

T(t) + kox(t) + ksax (t) = t), tel(r 27|
®) 22(?) 2 (f) = 91£(1) ( } 4 Additional Models

B(t) + k a(t) + ks . (t) + ka3, (t) = g2 £(1), The scheme considered above was applied to analyze
a number of systems with single and multiple constant
delays. Moreover this scheme is extendable for study
of new classes of stochastic equations.

t > 2T,

wherek; (i =1,2,3,4), g; (j = 0,1, 2) are constants.
Moments until the forth order were calculated to take

into account nonlinearity of the system. As it is known

[Dimentberg, 1980], a finite subset of ODE(s satisfied

by moments of the phase vectors of such objects aren’t

closed ones. To generate and to close these Eqs at each

step, the cumulant closure was applied with the help of z(t)=Pt)xt)+ Q) x(t — 1)+ (24)

our Mathematicacode packagProbRel An algorithm o

of task solution has been implemented with the help of +e(t) +RER), t>to, @(to) =2,

4.1 Linear SDEgs with a Single Variable Delay
In our research, systems of such equations had the fol-
lowing form

packagdMathematicaoo. _ () =Po()y () +eot) +Ro(1) €D, (25)
Calculations were produced in assumption that the ini- - - -
tial displacement, has the Gaussian distribution with t e (to,to), to <min(t —7), y(lo) = y’,
Zto

the mean valueyy, and the covarianc®,. Parameters

were as follows:
wherex € R™; P(t), Q(t), R(t), Po(t), Ro(t) ande(t),

Ned k=2 k=125 ks=—15 ¢o(t) are known matrix- and vector-functions(t) >

0.
ky=1/3, go=g1=¢2=0.1, 7=0.5, The scheme presented in Section 2 was applied for
Egs (24)-(25) after some maodification. This modifi-
a =2, Do=0.25. cation is based on replacementrgf) by a piecewise

constant functiorr(t) with steps of an equal length
Notice that 209 nonlinear ODEqs were generated andwhich is selected to get a necessary accuracy. This re-
integrated at the last step. placement allows to transform the source system to the



Time evolution of the covariance fora=-3,b=-2,c=
0.3.

Figure 6. Time evolution of the covariance fora=-5,b=2,¢c=0.3.

other one with constant multiple delays but without any
regular structure.

w
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Figure 7. Time evolution of the mean value for neutral system.

+Cy—1(t) + Ry—l(t) E(t)7 tl/—l <t S tl/;
x(t) = P1(t) x(t) + (28)
+Qu1(t) - (t) + Hua (t) - (¢) +
—|—Cl(t)+R1(f)£(t)7 tl <t§t2;
(t) = Po(t) (t) + co(t) + Ro(t) £(1),  (29)

to <t<ty, x(ty)==x".
As before, herec € R” is the phase vectoR;;(t),
Q;; (%), Ri(t) andc;(t) are known matrix- and vector-
functions;r = const > 0.

An application of our technique has allowed to obtain

As an example, a random transient behaviour de- ODEQs for all necessary momentsaf Notice that a

scribed by SDEq of a pantograph in the form

@(t) = ax(t) + ba(qt) + cE(t), 0<t<T,

z(0) = Zp, a,b,c,g=-const, 0<g<1
(r=t—qt=(1-¢q)t>0)was considered. The first
moments ofr are shown in Fig.3-6.

It is easy to see that the initial set for this equation
consists of one point = 0. 3004 linear ODE(s were

numerically integrated at the last step.

4.2 Stochastic Neutral Differential Equations
We consider a full system of equations in the form

x(t) =P, (1) z(t) + (26)
+Qui(t) T () +Hpr (t) () + ... +
+Quu(t) Tr () + Hyw (t) &7 (1) +
+eu(t) + Ry (1) €(1), t>1y;

&(t) = Py_1(t) z(t) + (27)

+Quo11(t) () + Homi 1 (B) 2 (2) +
.+ Qvfl,ufl(t) w(u—l)‘r(t) +

+Hu—1,u—1(t) a.j(u—l)T(t)—'—

+

system of these equations isn't in a normal form.
To demonstrate the scheme, the simple system

z(t)=—-prz@t) —qat—7)—hzt—7)+
+r &(t), t>0; (30)
i(t) =0, t<0; (31)

is under consideration. A form of(¢) for the system
is shown in Fig.7 :° = 5, D’ = 0.25, 7 = 0.5,
P1=q1 = hl = 1, r = 04)

4.3 Stochastic Systems under Continuous and Dis-
crete Fluctuations
Our scheme was applied to a difference-differential
system excited by continuous and discrete fluctuations

[Poloskov, 2007a]

(32)

alt)z(t) + B(t) z(t) £(t) +

() x(t —7)+v(t)z(t — 7)n(t) +
t>t = to + 7,

a(t)z(t) + B(t) x(t) £(t) + r(t), (33)

l(to) = Xy,

()

+r(t),
i(t) =
to <t

Stla
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(mo is nominal values of parameters).

5 Conclusion

We presented the scheme that was developed to esti-
mate characteristics of stochastic systems effected by
different forms of delays. It is clear that this scheme
can be used for different types of system with afteref-
fect.



