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Abstract — In the paper an adaptive stabilization algorithm
of a reaction wheel pendulum on a movable platformis
proposed. Obtained hybrid control system allows tatabilize a
pendulum fixed on the movable platform at the top astable

described in a number of publications [1] — [9]n&&lum
must be brought in vertical unstable equilibriumdan
stabilized there in conditions of full parametriecertainty
of plant and constrained control.

equilibrium. Task of swinging up and stabilizing of a
pendulum is solved in conditions of full parametricuncertainty
of a plant and constrained control. In contrast to other
approaches, this algorithm has adaptive adjusting fo
controller's parameters in ‘“on-line” mode without any
preliminary identification procedure. The second goaof this
work is development of applications used in educatnal
process because investigation of control theory potems with
realistic plants very important for students and their
experience.

I.  INTRODUCTION

The pendulum is one of the most interest objects tof
research complex dynamics of mechanical systemesincf
Galileo’s time. Now problems of pendulum systemtomin
don't lose actuality and cause increasing intefresh both
Russian and foreign researchers. Interest is causealise
pendulum systems represent analogs of lot techiualog
and physical processes. For example, one of pehd¢tsks
where proposed algorithms can be applied is rocke
stabilization at the start, when the rocket can be
approximately represent as inverted pendulum.

At present time mechatronics researching complexes
widely adopted for science investigation in meabritrs
and automatic control systems area allowing dematirst)
capability of modern algorithms application for man
various tasks. Using such complex, researcher backc
efficiency of obtained algorithms not only by matisical
modeling, but also at realistic physical plant. @ex of
Mechatronics system Inc., disposable of Cybernedicd
Control System Laboratory of Saint Petersburg State
University of Information Technologies Mechanicsdan
Optics has been actively used to research by auifsee
Fig. 1).

In this paper control task of the reaction wheeaidudum
is solved. Mechanical part of mechatronics reseagch
complex represent a single-link pendulum fixedhat pivot
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Fig. 1. Mechatronics Control Kit

Fig. 2. Movable platform built from LEGO

The platform on which the pendulum established is

pin with the reaction wheel. Such mechanical SyStsm movable (See F|g 2) for advancing of approach men in
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[1]. Such platform can be easy built from constuct
LEGO by hand because of simple structure. Such
equipment very useful for researching of various
mechanical control tasks and it is relatively che&his
application should be used in educational processase
investigation of control theory problems using istad
plants very important during studying. Students Mayain



a wide experience in control in such tasks asgk@mple,
stabilization and disturbance compensation.

In [2] similar mechanical system is used to test
stabilization algorithms of unstable equilibriumsgimn for

(t) +asinfd = ~b,(u - f),

é
ér br(a_f)u

1)

. - A where§ — an angle of the pendulur®, — a wheel angle,
small initial deviation. In [3] problem of swingingp and _mgl p ke b — ku _ unknown complex parameters
stabilizing in inverted equilibrium of reaction wdle C=Tg T T, piexp

pendulum with use of speed-gradient method andggner©f the pendulumyn — combined mass of a rotor and the
approach is solved. In [4] for swinging up a pemdul Pendulum/ - a distance from pivot to the center of mass of
energy approach is used also, but unlike [3] & thork the pendulum systeny; — combined moment of inertia of
pacification with choice as function of stock oflfenergy the pendulum systeny,. — moment of inertia of the wheel
of the system is used In [5] two approaches fangwp and the rotor of the electric motor about its cenfemass,
and stabilization of pendulum are considered: feeklb k, — transfer constant of the DC-motgr;- acceleration of
linearization and pacification. gravity, f — a torque of friction forces in pendulum,
In a spite of evidently availability of adaptivepapaches |u| < 10 — the control signal. Variable8 and 6, are
application, attention is a not enough focusedatsimilar measured.
control task. So in [4] and [5] parameters of pdaduare The main goal of task is the inverted pendulum
well known. In [3] this task is solved in conditionf stabilization at the unstable equilibrium pointdandition
parametric uncertainty, however, proposed approssd of parametric uncertainty and small control.
in preliminary identification procedure.
The purpose of this work is advancement of control Il. MAIN RESULT
approaches offered in [1] —[9], but in a contrasknown
analogs adaptive scheme of pendulum control isimcdda
allowing to solve mentioned problem in condition fafl
parametric uncertainty without preliminary idergé#tion
procedure.

In conditions of full parametric uncertainty and
constrained control to stabilize a pendulum in wppe
equilibrium point once from any initial state istemely
difficult, and general task is divided to partiaul@asks:
swinging-up the pendulum and stabilizing.

Friction is also must be considered. For this psepo
torque f is changed on a dead zone unit serial connected in
The mechanical part of the plant represents aesiint input to plant. Size of this zone can be straightfod

pendulum fixed at the pivot pin with the reactiome®l measured. The approach proposed in paper [10ki asd
situated at the opposite end of pendulum. The giatfof  following control law is obtained:
the pendulum is movable (see Fig. 3).

Il. PROBLEM STATEMENT

u(t) = u(t) + Dsign(u(t)),

— o

%, Z where u(t) — value of calculated control for the plant
A\ —— without dead. So, the negative influence of thetitsin will
I m,.J, be rejected.
|0 YRR A. Swing-up of pendulum
i ., In this paper unlike [1] problem of swinging-up af
\ e pendulum is solved in condition when the platforfnao
Lﬁ_ system is movable. Such attempt is caused to expand

category of plants, where offered control algorighoan be
successfully applied.
To synthesize a swing-up algorithm, the speed gradi
method is used [11], [12] with the objective endéige
Moving of the pendulum is provided by changing dunction.
direction and rate of turn of the reaction wheelhaal In paper [3] it is shown that partial energy of the
rotation is controlled by regulating an input vgkain DC- pendulum characterized pendulum moving without
motor fixed together with the wheel. It is neceggarnote, considering a wheel rotation is appropriate insteadull
that the platform of system possesses high indrtia Hamiltonian of system. Also it is required to catesi
compassion with a pendulum itself. mobility of the platform. In this case some enepgyvided
Mathematical model describes physical charactethef by a drive for swinging-up a pendulum is used faving
mechanical part of plant without movement of platfeand the platform. Therefore a desirable level of enesgguld
it looks like the following system of differentiajuations:  be adjusted.

Fig. 3. Schematic diagram of pendulum system



Remark 1. Itis necessary to notice that the task of Since parameters andb, are unknown and variabtgis
swinging-up a pendulum can be solved, only if platf of ynmeasured, control law (5) is not
system possesses high inertia. Otherwise in comditof realizable.
constrained control pendulum cannot be brought inRealizable control law is designed basing on (5):
desirable position in general.

Equation for objective function looks like:

u(t) = Kb, (;éQ —a(l+cosf + 2AH*)) 0, (6)

1
G(9,6) = 5AHQ(t), .
where ¢ — estimation of parameter, b, — estimation of

where function AH(t)=H(0,0) — H*(t), parametern, f — estimation of rate of turn of pendulum,
H = mgl(1 - cos ) + %JéQ — current partial energy of obtained from estimator. Estimation scheme of cdteurn

system,H*(t) — desired energy level. ¢ is represented in [4].
Equation determining change of a desirable level of

. B. Sabilizing of pendulum at the unstable equilibrium
energy has a view:

In the pendulum stabilization task at the top Hopium

H*(t) = H(t)(1+ AH*(1)), (2) the main control purpose is expressed by limitation
equation:

where Hj = 2mgl — initial entry of desirable energy level, .
when platform is stationerydA H*(¢) — positive function, }EEO(@(“ —07) =0,
increasing desired energy level for compensatingrggn
selected on platform moving. FunctiohH*(¢t) can be where #(t) — current pendulum angl®* == — desired
adjusted using following adaptive scheme: pendulum angle corresponding to unstable equilibriu

For small valueg functionsinf can be approximately

. t represented by argumefit So, close to top equilibrium
AH™(t) = /O prdr, ®) following substitute can be used:
where: — positive number chosen by developer. sinf ~ (7 - ¢) mod 2.

Correlation (2) shows that it is proposed to inseea
desired energy level smoothly during swinging-up of We obtain linearized model of pendulum close to top
pendulum until this level will not be enough foirtging of ~ Position in the following form:
the pendulum to top equilibrium vicinity. B -

Control law obtained from end formula of speed gatl { 0 = ab - byu,

approach has following form: 0, = byu,
u=~AH(t)o, wheref = (6 — ) mod 2x — deviation of pendulum angle
o from desired angle.
wherey — positive coefficienty = %_ If parameters of model (1) are known, it is possiiol use
In this case control law looks like: “ an extended stabilization algorithm, proposed ipepd4],

based on method of standard polynomials:

1. N : . N
u(t) =~ (2J92 —mgl(1+cosf + 2AH )) bpJo. (4) u(t) = -k:l(t)é(t) B k‘gé(t) b (t) - k4ér(t),

Transform expression (4): _a(w? + 46 6wiwy + wi) 4 wiws + a®

where ki = ,
ab,
u(t) =y (262~ ™91 4 cosh+ 20H") ) 1,076 = fy — 206001 +6p) + 2 +ew)nwy _ wiwh
2 J ab P ab, '
1 2p 2 "
= Kby, (292 —a(l+ cos + 2AH*)) 6, ®) k= _2Aowr %wl)wl% — controller's parameters,
ab,

&1, &, wy, we >0 — positive values influenced on

— T2 i iti : 2
where K = .J” — an arbitrary positive constant. regulation quality,d, 6, — estimations of rates of turn of

pendulum and rotor correspondingly, obtained from
estimator [4].



In the case of parametric uncertainty realizablatrod
law is constructed in the following form:

Ki(D)0(t) — Ka0(t) — K30,.(t) — Ka6,.(t),

u(t)

where controller's parameters are calculated
estimations of unknown parametéts,,, b,:

()

(W + 46 6wiwy + wi) + wiws + a®

K, = = ;
ab,
Ky— - 2a(§1w1 +Eown) +2(E1wn + Sowr Jwiwn
ab, '
K — _wiw%' Ky — 26w + Swn)wter
ab,- ab,
C. ldentification of unknown pendulum parameters

It is necessary to make a parameterization proeedu

about the model (1) to obtain a regression modefer=o
consideration function and auxiliary second ordlesrs:

)\2
g Or(t);

A
e u(t);

e V(t), &(t)
where §;,i = 1,4 — output signals for filtersp = d/dt —
differential operator and positive valae> 0.

It is straightforward to show that after
parameterization model (1) can be written in tHéowang
form:

{

where z; (t) = & (¢) and z,(t) = &(t) — known functions,
ol = [&3(t)  &(t)] and i’ = [£4(t)] — vectors which can
be calculatedy; = [-a — b] andw, = [b,] — vectors of
unknown pendulum parameters.

the

z1 (t)
22(t)

1(t)vr,
Pa(t) o,

usifgcreasing quantity of

U (t) = (U 0T) "1 7y,

Da(t) = (OF) 10,2, ®

{

wherezf)l andz/32 — vectors of parameters estimation.
Remark 2. The algorithm of identification with
measurementsyV  provides
convergence of all estimation to real values, iftriras
00T andQ,Q7 are not singular. This condition is valid if
input signalu(¢) has enough harmonics.
Enter in consideration functions:

N) =N &( Va(N) = 00 &a(i)z (i),

Vi(N) = i i)21 (i), Va .
V3(N) = Zi]:vl €a(i)z2(i), W1i(N) = Zz‘]:\rl E%(i),
WZ(N) = Zi:l fB(i)§4(i)a Ws(N) - Zi:l fi(l)

Realizable identification scheme has following form

a(i) = —(Ws(@)Vi(i) - Wa(i)Va(i))/ D1 (i),
bp(i) = (Wa(i)Vi (i) — Wa(i)Va(i))/Ax (i),
br (1) = Va(i)/D2(3),

Vi(i) = Vi(i = 1) +&3(i)z1(4), V1(0) =0,
V(i) = Va(i — 1) + &4(i)21(7), V2(0) =0,
V(i) = Va(i — 1) + &a(i)22(7), V3(0) =0,
Wi (i) = Wi(i — 1) + & (i), W1(0) =0,
Wy (i) = Wa(i — 1) + &3(9)€4(7), Wa(0) =0,
Wa(i) = Wa(i — 1) + &£ (i), W3(0) =0,
Ay (i) = Wi (i)W3(i) — Wa(i)Wa(i),

Ay(i) = W3(i).

D. Switching between control algorithms

Choice and ground of switching way are well desxdiin
[3, 4]. Control law for calculated control signalpresented
below:

_ [ w(®),16 -7 <6,
ult) = { us(t), 10 — 7| >0,

Let the consequence of input signals excite thentplawhere u;(t) and uy(t) — the stabilization algorithm (7)

of

{u(l) u(2) ... u(N)}, providing consequences
measured outputs  {6(1) 6(2) ... 6(N)} and
{6-(1) 6.(2) ... 6.(N)}. For parameterized model it may

be written data array®;, Z», {}; and{l,:

Zl ={z1(1) z1(2) ... 21(N)},
Z,{:{Zz(l) 22(2) ZQ(N)},
O = {p1(1) v1(2) ... @1 (N)},
Sy =¥2 P2 cee P2 )
0 = {p2(1) p2(2) (N)}

and the swing-up algorithm (6§, = § — the pendulum
angle when switching between two algorithms is lesyeol.

IV. EXPERIMENTAL RESULTS

On Fig. 4 — Fig. 10 experimental results for colhdrs
parameters\ =5, K = 1,5, w; =5, & = 0,707, ws = 6,
& =0,707, p=0,015 obtained on the Mechatronic
Control Kit are shown. From charts one can see that
proposed algorithm works properly.

where N — quantity of measured values. Values are taken

consequently on the each iteration of program.
Then an identification scheme can be represented:
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Fig. 4. Transients fai(t) in the real system
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Fig. 7. Transients foA H*(¢) in the real system
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Fig. 10. Transients fox(t) in the real system

V. CONCLUSION

Proposed mechatronic applications very useful in
educational process because the investigation ofrao
theory problems with realistic plants very impottdar
students and their experience. In this paper hytoiotrol
system on the basis of adaptive control algorithms
providing setting pendulum with reaction wheel dret
movable platform about top equilibrium and stalilg
there is proposed. Received algorithms are robugt w
respect to external disturbances, changing of petens
and initial conditions.



In contrast to other approaches this method alléavs
solve mentioned problem in condition of full pardrize
uncertainty without preliminary identification. Esation of
unknown parameters is carried out in “on-line” moalethe
same time with working algorithms of swing-up and
stabilization. Also to develop the approaches gmie] in
[1], in this paper modified sing-up algorithm based a
high-speed gradient method with dynamic objective
energetic function is offered. Such approach allawsolve
a stabilization problem for inverted pendulum onvatde
platform, therefore it is expand a category of aapions
were synthesized algorithms can be used.
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