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Abstract
The work is devoted to study of the effectiveness of the

algorithm for controlling the synchronization of the ro-
tors of a vibration unit (VU) with the digital implementa-
tion of the specified algorithm. A computer study of the
dynamics of a two-rotor VU with a digital implementa-
tion of the control algorithm for rotor synchronization
is carried out in the MATLAB environment. As a result
the permissible sampling interval for calculating discrete
control values using a zero-order extrapolator circuit was
estimated. Also, using modeling, a comparative analy-
sis of the efficiency of synchronization control in digital
and analog implementation of the algorithm was carried
out. It is shown that with an increase in the specified op-
erating speed of the rotors, determined by the value of
the energy H∗ specified in the algorithm, the permissi-
ble value of the sampling interval decreases significantly.
Comparison of the VU dynamics with the same values of
the parameters of the synchronization control algorithm
shows that the time of synchronization and the transient
process in both cases are almost the same.

1 Introduction
Currently, digital computers are an integral part of au-

tomated control systems, which makes it possible to
solve a wide range of problems. For digital control
of systems, it is possible to develop new methods used
both at lower levels in the form of programmed algo-
rithms, and at upper levels in the form of programs for
implementing problem-oriented computational methods.
When creating a control system for complex techno-
logical equipment, it is advisable to carry out com-
puter simulation, which makes it possible to verify its
performance, reliability, and investigate issues of accu-
racy when the equipment operates in the main operating
modes.

An important class of technological equipment are vi-
bration units used for research, testing and processing
of materials in various fields of science and technology.
However, automated control systems for vibration units
are still rarely used due to the complexity (nonlinear-
ity) of their dynamics and implementation [Fang et al.,
2022; Huang et al., 2019; Long and Dudarenko, 2022;
Tomchina, 2018; Tomchina, 2022]. The issues of digital
implementation of control systems for vibration installa-
tions are even less studied; only a few works devoted to
them are available in the literature [Chen and Li, 2019;
Andrievsky et al., 2022; Shagniev and Fradkov, 2023].

This article is devoted to the study of the features of
digital implementation and the effectiveness of the al-
gorithm for controlling the synchronization of rotors of
vibration units (VU) using computer modeling. The two-
rotor mechatronic vibration stand SV-2M, developed at
the Institute of Mechanical Engineering Problems of the
Russian Academy of Sciences, was chosen as the ob-
ject of study [Andrievskii et al., 2016]. A number of
works have been devoted to the study of control issues
of such a unit [Andrievskii et al., 2016; Blekhman et al.,
1999], but assessment of the effectiveness of the digital
implementation of rotor synchronization algorithms has
not yet been considered.

2 Two-rotor vibration unit: kinematics and dynam-
ics

Efficiency of the proposed algorithms is analyzed for
2-rotor vibration unit model with 6 degrees of freedom
taking into account 3 degrees of freedom for supporting
body.

The unit dynamics can be described by the Lagrange
2nd kind equations, see [Andrievskii et al., 2016;
Blekhman et al., 1999] It is described below for com-
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pleteness.

m0ẍc − φ̈mϱ [sin (φ+ φ1) + sin (φ+ φ2)]−
φ̈1mϱ sin (φ+ φ1)− φ̈2mϱ sin (φ+ φ2)−
φ̇2mϱ [cos (φ+ φ1) + cos (φ+ φ2)]−
φ̇2
1mϱ cos (φ+ φ1)− φ̇2

2mϱ cos (φ+ φ2)−
2φ̇φ̇1mϱ cos (φ+ φ1)−
2φ̇φ̇2mϱ cos (φ+ φ2) + 2c01xc + βẋc = 0;
m0ÿc + φ̈mϱ [cos (φ+ φ1) + cos (φ+ φ2)]−
φ̈1mϱ cos (φ+ φ1)− φ̈2mϱ cos (φ+ φ2)−
φ̇2mϱ [sin (φ+ φ1) + sin (φ+ φ2)]−
φ̇2
1mϱ sin (φ+ φ1)− φ̇2

2mϱ sin (φ+ φ2)−
2φ̇φ̇1mϱ sin (φ+ φ1)− 2φ̇φ̇2mϱ sin (φ+ φ2)+
2c02yc + βẏc = 0;
−ẍcmϱ [sin (φ+ φ1) + sin (φ+ φ2)] +
ÿcmϱ [cos (φ+ φ1) + cos (φ+ φ2)] +
φ̈ [J + J1 + J2 − 2dmϱ (cosφ1 − cosφ2)] +
φ̈1 (J1 − dmϱ cosφ1) + φ̈2 (J2 + dmϱ cosφ2)+
φ̇2
1dmϱ sinφ1 − φ̇2

2dmϱ sinφ2 + 2dmϱφ̇φ̇1 sinφ1−
2dmϱφ̇φ̇2 sinφ2 +mϱg [cos (φ+ φ1)+
cos (φ+ φ2)] + c03φ+ βφ̇ = 0;
−ẍcmϱ sin (φ+ φ1) + ÿcmϱ cos (φ+ φ1)+
φ̈ (J1 − dmϱ cosφ1) + φ̈1J1 − φ̇2dmϱ sinφ1+
mϱg cos (φ+ φ1) + kcφ̇1 = M1;
−ẍcmϱ sin (φ+ φ2) + ÿcmϱ cos (φ+ φ2)+
φ̈ (J2 + dmϱ cosφ1) + φ̈2J2 + φ̇2dmϱ sinφ2+
mϱg cos (φ+ φ2) + kcφ̇2 = M2;

(1)
where φ1, φ2 are the rotation angles of the rotors mea-
sured from the horizontal position, xc, yc are the hori-
zontal and vertical displacement of the supporting body
from the equilibrium position, mi = m, i = 1, 2 are the
masses of the rotors, ϱi = ϱ is the eccentricity of rotors,
c01, c02 are the horizontal and vertical spring stiffness,
m0 is the total mass of the unit, β is the damping coeffi-
cient. We will assume that rotor shafts are orthogonal to
the motion of the support. J1, J2 are the inertia moments
of the rotors, g is the gravitational acceleration, kc is the
friction coefficient in the bearings, M1, M2 are the mo-
tor torques (controlling variables). Kinetic and potential
energies T and Π are as follows:

T = 0.5m0

(
ẋ2
c + ẏ2c

)
+ 0.5φ̇2 (J + J1 + J2−

2dmϱ (cosφ1 − cosφ2)) + 0.5J1φ̇
2
1 + 0.5J2φ̇

2
2+

φ̇φ̇1 (J1 − dmϱ cosφ1) + φ̇φ̇2 (J2 + dmϱ cosφ2)−
ẋcφ̇mϱ (sin (φ+ φ1) + sin (φ+ φ2))+
ẏcφ̇mϱ (cos (φ+ φ1) + cos (φ+ φ2))−
ẋcφ̇1mϱ sin (φ+ φ1) + ẏcφ̇1mϱ cos (φ+ φ1)−
ẋcφ̇2mϱ sin (φ+ φ2) + ẏcφ̇2mϱ cos (φ+ φ2) ,
Π = m0gyc +mϱg (sin (φ+ φ1) + sin (φ+ φ2))+

c01
(
x2
c + α2 cos2 φ

)2
+ c02

(
y2c + α2 sin2 φ

)2
,

H = T +Π.
(2)

The parameter values correspond to the vibration stand
SV-2M designed in the IPME [Andrievskii et al., 2016].

3 Integral-differential speed-gradient control algo-
rithms for synchronization of two-rotor vibration
unit

Below the necessary definitions concerning synchro-
nization are recalled [Tomchina, 2018; Blekhman,

2000]. Frequency synchronization is defined as an ex-
act coincidence of angular velocities of the unbalanced
rotors ωs = ωr; s, r = 1, . . . , k [Blekhman and Frad-
kov, 2004]. For practice approximate synchronization
conditions are more appropriate [Blekhman, 2000]

|ωs − ωr| ≤ ε, (3)

where ε > 0 can be chosen numerically as ε = 0.05ω∗,
with a given accuracy, similar to conventional transient
process measurement. However the ratio (3) may be not
sufficient for synchronization, since its fulfillment does
not prevent the accumulation of a phase synchronization
reduced error (reduced phase shift). That is why there is
a need to impose additional requirements on the system
phases. To this end the notion of approximate phase syn-
chronization is formulated as follows [Blekhman, 2000]

|φs − φr − Lsr| < ε1; s, r = 1, . . . , k. (4)

Equations (3) and (4) should hold for some ε > 0, ε1 >
0 and some real Lsr.

To provide a synchronous rotation mode of unbal-
anced rotors for system (1), it is suggested to use speed-
gradient method with an objective functional in the fol-
lowing form:

Q(z) =
{
0.5(1− α) (H −H∗)

2
+ α (φ̇1 ± φ̇2)

2
}
,

(5)
where 0 < α < 1 is weight coefficient; H is total me-
chanical energy of a system (1), H∗ is the desired value
of H .

The proportional-integral (PI-) speed-gradient control
algorithm with the objective functional (5) is as follows
[Blekhman et al., 2002; Fradkov et al., 2016]:

M1 = −γ1 {(1− α) (H −H∗) φ̇1+
α
J1

(φ̇1 ± φ̇2) +
α
J1

(φ̇1 ± φ̇2 +∆φ1)
}
;

M2 = −γ2 {(1− α) (H −H∗) φ̇2±
α

2J2
(φ̇1 ± φ̇2)± α

2J2
(φ̇1 ± φ̇2 +∆φ2)

}
,

(6)
where γi > 0, H∗ is the desired value of H .

The SV-2M control system is based on a real-time
computer, implemented virtually on a PC using MAT-
LAB Simulink. The PC ensures interaction between the
research operator and the stand, and the real time com-
puter is used to collect information and control the stand
in real time.

Electric motors are controlled using power frequency
converters, which are connected to the real time com-
puter via analog control lines and the RS-485 interface.
To monitor the operation of electric motors, current sen-
sors are installed in their electrical circuits. Analog sig-
nals from the sensors are sent to a special computer input
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Figure 2. Type of signals when using a zero-order hold.

real time module. Pulse rotor rotation sensors are used
to close the circuits of the electric motor control system.
A set of sensors is used to measure the oscillatory move-
ments of the platform and load. Linear movements of
objects in the vertical plane at the points where the sus-
pension springs are attached are measured by inductive
displacement sensors. Optical displacement sensors are
used to measure the movements of the platform and load
in the horizontal plane. Analog signals from all displace-
ment sensors enter the real time computer through a spe-
cial analog information input module.

The control objects are also equipped with a solid-state
gyroscope and accelerometer, which are used to mea-
sure the angular velocities and accelerations of objects
relative to three axes. The measuring instruments have
a digital output with an I2C data transfer interface, and
an auxiliary switching microcontroller is used to transfer
data from the sensors to the RT computer via a standard
RS-232 interface. The system architecture is focused on
the use of MATLAB Simulink and Real Time Workshop
tools [Andrievskii et al., 2016].

Thus, the system works with three types of signals.
Firstly, with a continuous signal at the input of the con-
trol computer. Further, with a discrete signal at the com-
puter output, which corresponds to the current calculated
values of the control moments (6) and is determined at
individual points in time. And, finally, a stepwise or
piecewise linear continuous signal generated using an

extrapolator at the input of the electric drive system. A
block diagram of the conversion process using an extrap-
olator is shown in Fig. 1.

Figure 1. Block diagram of the signal conversion process.

Extrapolation is one of the ways to convert a discrete
signal into a continuous signal. The simplest type of
extrapolator is the zero-order extrapolator, which uses a
zero-order polynomial to convert the discrete lattice in-
put function into the step continuous function shown in
Fig. 2.

Extrapolation formula

f∗(t) = fk (7)

applies in the interval kT < t < (k + 1)T .
The analogue-code-analog conversion takes some

time, which can negatively affect the stability of the en-
tire digital control system and limit the signal frequency
at the input of the electric drive system. It is advisable to
first conduct a study of the performance of the algorithm
(6) when controlling the SV-2M unit in various operating
modes using computer simulation.

However, this raises a number of problems. One of
the main problems is time quantization, which leads to
a delay in updating the calculated values of control mo-
ments, since control signals in this case arrive at the ob-
ject only at strictly fixed discrete moments. To build a
mathematical model of vibration systems in MATLAB,
there are many programs for integrating ordinary differ-
ential equations. The most effective programs for inte-
grating complex nonlinear systems of type (1) are pro-
grams with automatic step selection ode45 and ode23.
However, if the modeling of equations (1) is carried out
using methods with automatic step selection, and the
control torques M1 and M2, calculated on the computer,
are formed using a zero-order extrapolator and updated
at discrete equidistant time instants, that is, with a con-
stant time step, then it is necessary to develop a spe-
cial approach when modeling this digital-analog system.
Namely, it is necessary to develop an algorithm that will
supply control signals changing with a constant step to
the input of the system (1), integrated with the automatic
selection of a step that is not constant.

The block diagram of the program for simulating the
dynamics of a vibration installation, described by dif-
ferential equations (1) using the step-by-step integration
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Figure 3. Scheme of the program for modeling the dynamics of the
vibration unit in MATLAB.

Figure 4. Simulation results with analog implementation of the con-
trol algorithm (H∗ = 500 J, γi = 0, 012, αi = 0, 25).

method using the ode23 method, is presented in Figure 3.

In the M-script (blocks 1-5), global variables, numeri-
cal values of the computer parameters, parameters of the
control algorithm are set, and the initial conditions and
T = ∆t are the sampling step, tt is an auxiliary vari-
able that allows you to update the value of the control
signals. In the M-function (blocks 6-9) the current val-
ues of mechanical energy H(t∗) and control torques are
calculated using formulas that are valid when calculating
analog controllers. The calculation of control moments,
under the assumption that the output signal of the con-
troller is time-quantized, is carried out in block 8, which
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Table 2.

Changing parameter ∆t, s tsyn ttr ∆tcr

of the algorithm

H∗ 75 0,001 0,83 0,25 0,01

0,01 1,18 0,26

150 0,001 0,88 0,32 0,01

0,01 1,35 0,33

500 0,001 0,95 0,82 0,003

0,003 1,55 1.13

600 0,001 1,16 0,90 0,003

0,003 2,57 1,3

γi 0,012 0,001 0,95 0,82 0,003

0,003 1,55 1.13

0,025 0,001 0,93 0,81 0,003

0,003 1,51 1.14

0,05 0,001 0,90 0,82 0,003

0,003 1,48 1.14

αi 0,25 0,001 0,95 0,82 0,003

0,003 1,55 1.13

0,025 0,001 0,95 0,83 0,003

0,003 1,48 1.13

0,5 0,001 0,95 0,82 0,003

0,003 1,51 1.13

Table 1.

Changing parameter tsyn, s ttr, s ymax, m

of the unit

H∗, J 75 0,42 0,25 0,039

150 0,59 0,32 0,033

500 0,97 0,73 0,031

600 1,17 0,78 0,032

γi 0,012 0,97 0,73 0,032

0,025 0,77 0,83 0,032

0,05 0,82 0,80 0,030

αi 0,25 0,97 0,73 0,031

0,025 0,76 0,63 0,031

0,5 0,55 0,63 0,032

includes three operations. This block is constructed ac-
cording to a scheme corresponding to a zero-order ex-
trapolator. Inside the specified block, using a conditional
operator, the current values of the control torques are cal-
culated, which are assigned in accordance with the spec-
ified value of the discrete period ∆t. The received signal
is sent to the block for calculating the right-hand sides of
differential equations. At the end, at t ≥ tfin, graphs of
the main variables are printed.

4 Simulation results for study of the effectiveness
of the synchronization control algorithm in digi-
tal implementation

In this section, using simulation in the MATLAB soft-
ware environment, the stability of the synchronous mode
of rotation of the rotors is studied and the maximum crit-
ical value of the discrete period is determined, which,
first of all, should ensure acceptable processes in the sys-
tem from the point of view of synchronization. The main
characteristics considered in the analysis process are the
time of approximate frequency-coordinate synchroniza-
tion tsyn, at which stabilization of the rotor phase differ-
ence ∆φ(t) = φ1(t) − φ2(t) is achieved at ε1 = 0.05
rad and the time of the transition process for angular ve-
locities rotors ttr. During the study, the values of the
specified mechanical energy of the system H∗, which
sets the values of the steady-state speeds of the rotors,
were varied, as well as the algorithm parameters γi, αi.
H∗ = 500 J were chosen as the basic set of parameters;
γ1 = γ2 = 0.012; α1 = α2 = 0.25. At the first stage,
a model of a vibration unit was considered for an ana-
log implementation of a synchronization control system.
Fig. 4 shows the graphs of changes in the vertical coor-
dinate of the platform yc, m; rotor speeds ωi = φ̇i, s−1;
as well as speed differences and rotor phase differences
φ1 − φ2. In Table 1 the quantitative characteristics for
the graphs of the indicated variables and the maximum
amplitude of the platform vertical oscillations ymax, m
with an analog implementation of the control algorithm
are presented.

The table shows that as the value of H∗ increases, the
synchronization time and the transition process increase;
the parameters γi and αi have virtually no effect on this
indicator. Also, as the value of H∗ and the value of γi
increase, the maximum angle of rotation of the platform
increases.

At the second stage, using modeling, the maximum
critical value of the discrete period ∆tcr is determined,
which ensures acceptable processes from the point of
view of synchronization. The results of this study are
presented in Table 2 and Figures 5–8.

Thus, increasing the sampling step T = ∆t leads to
loss of synchronization, as can be seen in the graphs in
Fig. 6 and Fig. 8. Here the steady-state phase difference
exceeds the specified value ε1, and the velocity graphs
have significant beats in the steady-state mode.
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Figure 6. Simulation results for digital implementation of the control
algorithm (H∗ = 500 J, γi = 0, 012, αi = 0, 25, ∆t =
0, 01 s).

Figure 7. Simulation results for digital implementation of the control
algorithm (H∗ = 75 J, γi = 0, 012, αi = 0, 25, ∆t = 0, 01
s).

Figure 8. Simulation results for digital implementation of the control
algorithm (H∗ = 75 J, γi = 0, 012, αi = 0, 25, ∆t = 0, 02
s).

Figure 5. Simulation results for digital implementation of the control
algorithm (H∗ = 500 J, γi = 0, 012, αi = 0, 25, ∆t =
0, 001 s).
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5 Conclusions
From the data presented in the table and figures it

follows that with an increase in the specified operating
speed of the rotors, determined by the value of the en-
ergy H∗ specified in the algorithm, the permissible value
of the discrete period significantly decreases. The values
of synchronization time and transition process time in-
crease with increasing specified energy H∗. Changing
the parameters γi and αi in the control algorithm affects
the dynamics of the system to a lesser extent than vary-
ing the discrete period.

A comparison of the system dynamics with the same
values of the parameters of the synchronization control
algorithm shows that the time of synchronization and
the transient process in both cases are almost the same.
There is a slight shift in the value of the steady-state
phase shift, which, however, does not lead to any dif-
ferences in the average rotor speeds and the steady-state
amplitude of vertical vibrations of the platform.

Future research would be devoted to study of digital
control for more complex tasks: passage through reso-
nance [Fradkov et al., 2016], taking into account ma-
terial motion [Hou et al., 2022] network structure [Za-
itceva et al., 2023], experimental study [Andrievsky and
Boikov, 2021] etc.
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