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Abstract—In this paper theoretical and experimental aspects
of an estimation of a design method efficiency of pulse energy
converter (PEC) control systems are presented. The key idea of
the proposed method is an iterative application of stage of
classical frequency domain design, based on small signal
modeling, with a consecutive nonlinear dynamics analysis. This
method application and experimental confirmation is
demonstrated on an example of control system design of direct
current-direct current (DC-DC) buck converter.

[. INTRODUCTION

In the majority of practical cases the required effective and
safe mode of the pulse energy converter (PEC) operation
represents an energy conversion stable process with the
switching frequency fg; . This operation mode is often

called as a fundamental one (17-mode (7 =1/ fg; )), all

other operation modes (subharmonic, quasiperiodic and
chaotic) are considered to be undesirable. Realization of the
operating mode strictly depends on results of the control
system design. The fundamental mode would be realized in
the PEC, if design process was successful, otherwise one of
the undesirable modes would be realized.

The basic design problem is to determine how specific
parameter values influence the PEC performance
specifications (overshoot, settling time and steady-state error).
Basing on this information, control system parameters are
selected so that all design specifications are satisfied. While
this process is sometimes straightforward, more often than not
it involves many design iterations, since control system
parameters usually interact with each other and influence
design specifications in conflicting ways [1].

The control system analysis and design method, based on
PEC frequency responses, is used in the most majority of
practical applications [2]. Frequency responses are plotted
with help of transfer functions, which, in turn, were derived
by small signal modeling [3, 4]. This design method is
widespread in engineer practice because of its simplicity and
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efficiency. However, there are following shortcomings,
inherent to this method:

— small signal model is adequate only in the presence of
small state variable perturbations in the neighbourhood of
steady-state operating point;

— it is impossible to predict an appearance of some
undesirable dynamic modes [5, 6];

— there is an uncertainty in choice of the switching
frequency ( f5) to PEC open-loop crossover frequency
( fcr) ratio. The value of fg / for is recommended to select
within range 4+10 [7], 3+10 [8] or 10+15 [9] in accordance
with the rule-of-thumb. It is not clear also what value should
be chosen in every specific case. It has been noted only that
the value of f§; / for decrease leads to probability increase

of the undesirable dynamic mode appearance [9]. The value
of fgy/fcg increase leads to probability decrease of

undesirable dynamic mode appearance and is not considered
to be an effective decision, because it can result in the
designed PEC performance specification degradation
(increase of overshoot, settling time and steady-state error). It
should be mentioned that, if equivalent small signal model is
stable, this fact will not guarantee an undesirable dynamics
absence in the designed PEC [5, 6], especially, when the
value of foy / for 1s minimum.

There are not many papers, presented as formalized design
guidelines or handbooks, which can be useful in engineering
practice, in spite of presence of a great number publications in
the field of nonlinear dynamics in switching power converters
(for example, see [10-14]).

This paper belongs to the area of practical importance and
is considered to be a prolongation and generalization of the
previous author works [15, 16]. The paper represents an
attempt at application of the bifurcation theory instrument to
the PEC control system design. The design method consists of
two main stages: the stage of control system design in the
frequency domain and stage of nonlinear dynamics analysis.
Control system design, based on small signal modeling in the
frequency domain, is realized at the first stage; control system
dynamics investigation and estimation of performance
specifications, based on nonlinear model, is realized at the
second stage.

The paper is organized as follows. In section 2 the brief
description of design method is presented. In section 3 a
mathematical model is composed. In section 4 an example of
the proposed method application for the control system design
of the DC-DC buck converter is discussed. In section 5 a
procedure of an experimental verification is presented.



II. DESIGN METHOD BRIEF DESCRIPTION

The proposed method is presented in a form of an
algorithm and consists of sequential iterations, each of them
includes three stages. Only main points of design method are
presented in this section, more detailed discussion concerning
the proposed method one can find in [15, 16].

The first stage. Control system design, based on the small
signal models [3, 4], in the frequency domain.

The second stage. Dynamics analysis of the PEC with the
designed control system in some domain Pn of a parameter
space P with an application of Poincaré stroboscopic mapping
is

Xn =F(Xn—])’ (l)

where X, ; and X, is a state variable vector at the time
moments ¢, ; =(n—1)-T and ¢, =n-T accordingly; 7 is a
pulse width modulation (PWM) period; neN is a PWM
period number; F(-) is a vector function that sets a
relationship between state variable vector at the time
moments ¢,_; =(n—1)-T and ¢, =n-T accordingly.

As it was above-mentioned, only the fundamental dynamic
mode (17-mode) is required within whole parameter variation
domain. Therefore, the fundamental mode stability is
investigated at every point of the domain Pn of the parameter
space P. The equation for state variable vector of the
fundamental mode determination follows from equation (1)
and has a form

F(X)-X" =0, )

where X is a state variable vector of the fundamental mode.

Stability is estimated with application of Jacoby matrix
eigenvalues (multipliers) that can be determined from
equation

det(J—p.E) =0, 3)

oF . . . . .
where J=— is a Jacoby matrix; E is a unit matrix;
X=x"

p; are Jacoby matrix eigenvalues (i = I,_n LN = rank(X*) ).
Absolute value of maximum multiplier is denoted as

p = maxlp] @

If p <1, then dynamic mode will be stable.

The third stage. Correction of the original data (e.g., by
means of ratio of fg; / fog change) according to results of
the algorithm second stage and step to the next design
iteration or an exit from algorithm.

The main idea of the algorithm is to improve the PEC
performance and to exclude undesirable dynamic modes from
dynamics of the PEC by means of ratio of f§y / fp iterative
change, beginning from some starting value. This starting
value should be chosen within generalized (3; 15) range that

recommended in [7, 8, 9]. The value of Ly, depends on the

PEC performance required.
Control system design in the frequency domain takes place
at the first algorithm iteration for some value of fg; / fg

(e.g., fsw /! fcr =15). After that, the model (1) is derived for

the designed PEC control system. The model (1) is
investigated at the specific set of points that belong to the
domain Pn of the parameter space P. PEC functional
peculiarities and possible change of the PEC parameter values
determine the investigating domain Pn. The main goal of the
investigation is to detect the presence (or absence) of the
undesirable dynamic modes. The fundamental mode (X)
determination by means of equation (2) solve and Jacoby
matrix eigenvalues estimation are realized at every point of
the domain Pn. The PEC functional peculiarities determine
the quantity of the parameters that should be varied and steps
of both parameter and ratio of fg, /fop Vvariation.
Comparison of performance specifications of the control
system, designed at the current iteration, with the required
specifications takes place at the analysis stage also besides
evaluation of the fundamental mode stability.

After that, if eigenvalues p<1 and performance
specifications do not correspond to required ones for all
investigated points of the domain Pn, then the value of
Sfsw ! fcr decreases and transition to the second iteration is

carried out. If undesirable dynamics (p >1) is revealed or
p <1, but performance specifications are satisfied, at the first

iteration, then algorithm stops. If the algorithm stopped
because of satisfaction of an inequality p >1, then it would
be possible to exclude the undesirable dynamics by means of
an increase of the initial ratio of fg, / fox and to carry out
the algorithm again, but control system performance will
degrade as a result in this case. A change of the control
system structure and consecutive algorithm application is also
acceptable.

The above-mentioned sequence is repeated within the
second iteration. If p is more than unit or performance
specifications correspond to required ones at any point of the
domain Pn, this process stops. The return to the previous
value of fg / fcr and designed control system parameter

values occurs, if p >1. This is an exit from the algorithm.

IIT. MATHEMATICAL MODEL
A. Nonlinear mathematical model of power stage

An equivalent circuit of the DC-DC buck converter is
shown in Fig. 1.

The equivalent circuit consists of two parts (Fig. 1): power
stage and control system. The control process is realized by
means of different control law (P, PI, PD, PID) application
and PWM.

The parameter values of the equivalent circuit (Fig. 1) were
the following: R, =0.27 Q is an ESR of the output filter

R-=0.18 Q is an ESR of the output filter

capacitor; L =890 uH 1is an output filter inductor;
C =170 pF is an output filter capacitor; f; =0.25 is an

inductor;



output voltage sensor gain; U, =2.5 V is a magnitude of a
sawtooth voltage; U,, =3 V is a reference voltage;
fow =24 kHz is a frequency of PWM. An input voltage £
varies within the range E = (20— 28) V during investigation,
a load resistance — within the range R;,,; =(6—-15) Q.

Design in the frequency domain was realized for £ =24 V
and Rload = 10 Q

Fig. 1. Equivalent circuit of DC-DC buck converter

A nonlinear mathematical model of a power stage has a
form of the second order vector ordinary differential equation
with the discontinuous right-hand side:

dXps(7)

dy =T'APS'XPS(7)+T'(BPSI'KF0+BPSO(1_KFO))’

)

T
where X(y) = (i(y), u(y)} is a power stage state variable
vector; i(y) is an output filter inductor current; u(y) is an

output filter capacitor voltage; ¥ =%, y €[0,1] is a duty

ratio;
__I[RL + RC Rload J __1 R/oad E
Apg = L Re+Ripaa ) L Re+Ripaa |, Bpgy =| 7 |
1 Rluad __1 1 0

C Re + Riguq C Re+Riguq

Bypg = (8) are matrix and column vectors, defined by the

element values of the converter equivalent circuit power stage
(Fig. 1).

The switching function Kgy in the model (5) is calculated
according to the algorithm

L, O0<y<yy;
KF0={O ; (6)
) }/0<7/S1:

where 7, is a switch moment, corresponding to the transition
of switch Kj to the non-conducting state and switch K to the
conducting state.

B. Small signal model of power stage

Design in the frequency domain is realized with the help of
frequency responses derived on the base of small signal
modeling [3, 4, 17]. Block diagram of the DC-DC buck
converter is presented in the Fig. 2.
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Fig. 2. Small signal block diagram of DC-DC buck converter

It is evident from Fig.2 that an output voltage can be
determined as

~ _ clos clos clos *
Uour = Guuwuwf Uyer + GuOLre eiZUC “Load > (7)
G.G,, /U
. 0 .
where  G{” , —% is a closed-loop
1+ ﬂU GcGu;/ /UO

reference-to-output transfer function;

clos _ G
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is a closed-loop input-to-output

Zoc
1+ By

GcGuy /UO

is a compensator transfer function;

transfer function; Z ;lc’” = is a closed-loop

output impedance; G,
G,, 1s a power stage control-to-output transfer function; G,,
is a power stage input-to-output transfer function; U,is a
sawtooth voltage amplitude; S, is a sensor gain.

Equation (7) became:

N 1 K .

u =Y. .
our ﬂU 1+ K ref

ZOC 7~
e+ .l s 8
1+K " ®)

1+K

where K(s) =S, (s)G.(5)G,, (s) / U, is an open-loop voltage

gain, which determines a stability of the closed-loop system
by means of phase margin test.
The power stage control-to-output transfer function G,, in

the equation K(s) = 3 (5)G.(s)G,, (s)/U, is defined as

Tl s+1

G, (s)=Gy- ©)]

v o T2 -8 +2§T2 s+l

E-R . .
where Gy=——2_ s a DC gain; T;=R--C and
RL + Rload

R-+R -C-L .

T, = (Re + Rigaa) are the output filter time constants;
Ry + Ripaa



_ ((RC + Rload) ) RL + RCRload) C+L
2J(Re + Ripa R, + Ripgq)-C- L

damping factor.
Taking into the consideration thatG,(s)=1, expression

S

is the output filter

for K(s) becomes:

T,-s+1
TP 52+ 280, -s+1°

K(S): IBU(S) .G

Uy (10)

0

With an application of Bode plots, constructed on the basis
of transfer function (10), one can evaluate a stability of the
PEC. The system has the phase margin Ap =27° and the
crossover frequency fcg =1.3 kHz, i.e. fgy /fcg =19. Such

quantity of phase margin (A¢p =27°) is not sufficient to
provide the PEC stability, that is why a compensating
network must be introduced.

IV. EXAMPLE OF CONTROL SYSTEM DESIGN FOR DC-DC BUCK
CONVERTER

A. Design stage with application of small signal model

It is necessary to provide the phase margin value of (45-
60)° [18] to provide the converter stability. The frequency
ratio is recommended to select within range
Ssw /| fer =3+15 [7, 8, 9]. It is possible to increase the phase

margin with application of PD lead-type compensating
network. The equivalent circuit of this compensating network
is depicted in Fig. 3.
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Fig. 3. PD lead-type compensating network equivalent circuit
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The transfer function of the chosen compensating network
(Fig. 3) becomes

TC] -s+1

Wo(s)=K.- , 11
c(8)=K¢ Toyst1 (1D
R . . .
where K. = Sk is a DC gain of the compensating
Rey+Rey
Roy Ry - C
network; Ty =Rcy-Cpp and Ty =—=C—€2 “CL are the
Rey+Rey

compensating network time constants.
The following values of the time constants were chosen to

satisfy the stability requirements: 7, =5.1-107 s,

T, =1.7-107 s. The parameter values of the compensating
network were the following: R, =0.5 kQ, R, =1kQ,

The compensated system has the crossover frequency
(fer =2.3 kHz) and the phase margin A@ =53°. This is

considered to be sufficient [18]. The frequency ratio equals
10.8 ( fow/fcr =10.8) in this case. A transition to the

second (analysis) stage of the algorithm takes place after the
successful design in the frequency domain. Dynamics is
investigated and performance specifications are evaluated at
the analysis stage, but it is necessary to introduce some
modifications to the mathematical model (5).

An equation describing a new state variable uq;(y) (uc; is

a capacitor voltage of the compensating network) becomes:

M:T.[_ ﬁU RCRload l(}/)—

dy ReiCoy Re + Rypuq

_Pu Ry RatRo gy () + =21 J '
ReiCer Re + Rypuy ReiCoiResy R Coy

(12)

Therefore, after an introduction of the equation (12) and
switching equation (13) into the system (5) one can derive the
mathematical model, which describes an interaction of power
stage and control system. The value of y, €[0,1] is defined as

the least root of the switching equation (13)

CoX(70)s70) =a- (U, =So - X(79)) Uy 70 =0, (13)

R R-R R

where o =—C¢3 ; Sp = [ﬂU _*C7toad By load IJ
Rey Re + Ripaa Re + Ripua

is a row vector, converting state variable vector

T
X(y) = [i(}/), u(y), uc1(7/)j to the equivalent voltage that,

in turn, is compared with the reference voltage (U,.).

The model (5) with the introduced additional equation (12)
is linear on the intervals of the power stage structure
constancy, so one can “sew” its solutions, taking into the
consideration the fact that X(y) vector depends on time

continuously, and the resulting Poincaré mapping is

X, =V, [V,-(X, ,+D,)-D,+D,]-D,, (14
where V, = e*rsTU70) 1y = oArsT70 o= ALt Bpgg

D, = Apg - Bpg; , neN.
B. Analysis stage with application of nonlinear model

Dynamics is investigated in the “input voltage - load”
parameter plane (£,R;,,;) <P (P is the parameter space of

mathematical model (5)). The input voltage E varied within
E =(20-28) V range, the load resistance R;,,;, — within

Rjpuq = (6—15) Q range. Steps of these parameter change

were the following — 0.1 V and 0.5 Q accordingly. All
calculations are realized with an application of MATLAB™

system.
It is necessary to design control system with the settling
time tg <600 ps. Dynamics investigation at

Ssw/fer =10.8 did not reveal a presence of the undesirable



dynamic modes at the first algorithm iteration, the
performance specifications did not correspond to required
ones. That is why value of fg, /f-r was decreased

according to the algorithm and the transition to the next
iteration took place. The value of fg; / f-r change is

realized by means of resistor R.-; variation with the step of

20 kQ. The settling time values, corresponding to the
different values of fg / fop , are summarized in Table 1. The

settling time fg was calculated on the base of the nonlinear

model (14). Transient response of the inductor current was
modeled by the step-load change from 15 Q to 6 Q (in the
design procedure only) and from 15Q to 12Q (as an
additional test of the efficiency during an estimation of the
performance specifications) for £=24V (nominal value).
The transient response is considered to be faded, if the
difference between an average value of the voltage (or
current) and average steady-state value is less than 5 %.

TABLE 1
PERFORMANCE SUMMARY (THEORETICAL)

iteration tg, s
number 02K s ew e s

1 15 10.8 700 350

2 35 5.8 600 250

3 55 3.7 500 200

4 75 2.6 400 150

5 95 2.0 350 120

6 115 1.6 350 50

The performance specifications were satisfied at the second
iteration (see bold row in Table I). Since further decrease of
fsw!fcr allows an improvement of the performance

specifications, the authors propose not to stop the design
procedure to demonstrate an efficiency of the proposed
method. It is evident from Table I that increase of R.; from

15 kQ to 115 kQ leads to the performance improvement, for
instance, settling time decreased from 700 ps to 350 ps (for
156 step-load change) and from 350 us to 50 ps (for
15> 12 step-load change).

The designed control system possesses better performance
in comparison with the one, which could be achieved using
traditional design in the frequency domain, based on the small
signal models.

V. EXPERIMENTAL VERIFICATION

The parameter values of an experimental plant are the same
as used in mathematical modeling in section 3. An
“electronic” switch on the base of MOSFET IRF540 was
developed by authors for a step-load change. The switching
time of this “electronic” switch is equal to the value less than
100 ns. A necessity of such device development is explained
by the fact that the switching time of a conventional tumbler
switch may vary up to 800 ps, and this time value is
comparable with the investigating settling time of the buck
converter transient response.

The diagrams of the inductor current transient responses,
recovered from an experimental plant (Fig. 4), are depicted in

Fig. 5 and Fig. 6. The approximate settling time values,
received experimentally, are summarized in Table II.

TABLEII
PERFORMANCE SUMMARY (EXPERIMENTAL)
tg, Us
Res . kQ / s>
“ Jow ! Jex 1556 15512
15 10.8 720 360
115 16 360 80

It should be noted that the value of fg; / fop =1.6 is near

two times less than the lower border of the range
Ssw/fer =3+15, recommended by [7, 8, 9] during the
design procedure.

control

Fig. 4. Experimental plant
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Fig. 5. Experimental step-load responses of inductor current
(15Q>6Q)
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VI. CONCLUSIONS

The design method, presented in this paper, is a result of an
investigation stage, carried out by the authors and devoted to
the development of the modern PEC design methodology
considering them as essentially nonlinear systems. This
method combines simplicity of the frequency domain design
with the opportunity of bifurcation phenomena revealing. In
particular, it overcomes an uncertainty of switching frequency
to PEC open-loop crossover frequency ratio choice and makes
it possible to improve system performance. The iterative
method efficiency was demonstrated theoretically (with the
help of mathematical modeling) and experimentally on the
example of control system design for the DC-DC buck
converter. The result of the proposed method application:
settling time was decreased in two times in comparison with
the traditional frequency domain design.
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