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Abstract

We have derived in this paper optimal control of
quantum mechanical system with weighted energy cost
function by representing the unitary operator in terms
of the projection operators of the Hamiltonian of the
control system. The admissible Hilbert space of con-
trollers of the system is expressed as the direct sum of
the Hilbert spaces corresponding to the weights of the
controllers of the quantum mechanical system. The op-
timal control which steers the state of the quantum me-
chanical system from the initial state to a target state,
minimizing the weighted energy, is formulated in terms
of the controllability operator of the system.As an ex-
ample, the weighted optimal control problem of the
time evolution of quantum spin of Pauli two-level sys-
tem subjected to an external field with the minimum
energy function is also illustrated and formulated in
terms of the quantum spin up and spin down states of
the Pauli two-level system.
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1 Introduction

Stable operation is the fundamental prerequisite for
proper functioning of any technological system [Sage,
1968], [Ogata, 1967], [Sontag, 1990]. The formula-
tion of the quantum mechanical control system under
this circumstances is seemed to be great challenge for
the control theory. The wide perspectives of quantum
mechanics are utilized in developing a new Emerging
Field- Quantum Control System , a marriage of quan-
tum physics and classical control theory, with appli-
cations to various branches of modern control theory.
Quantum Control Theory is an Emerging Field with
application to Modern Technology of Quantum Com-
puter and Quantum Information Processing. In recent

years, much attention has been focussed in design-
ing and developing quantum control systems in Hilbert
space [Alessandro and Dahleh, 2001], [Serban et al.,
2005], [Das and Roy, 2006].The problem of generating
and controlling quantum beats (gbits) are important in
developing high speed quantum computer and commu-
nication system.

In a recent paper [Roy and Das, 2007], an abstract
function space approach to system analysis for deriv-
ing the optimal control of multilevel quantum mechan-
ical system with quadratic energy constraint has been
outlined. The problems of existence and uniqueness
of the minimum energy control of the system in in-
finite dimensional Hilbert space have been analyzed.
The present paper is concerned with the synthesis of
the optimal control of the quantum mechanical system
in some more explicit form and a generalization of the
abstract approach in solving the weighted energy prob-
lem of the system.

The paper is organized as follows. In Section 2, we
described the state equation of closed quantum system
and multi-level quantum control system. In Section 3,
we formulated the optimal control problem. In Sec-
tion 4, we gave the solution of optimal control problem
and described the minimum weighted energy control in
terms of controllability Grammian operator. In Section
5, as an example we illustrated our theory by solving
the steering problem of quantum spin systems. In Sec-
tion 6, we conclude by mentioning different directions
in which our theory is applicable. The future direction
of generalization of our method is also discussed.

2 Quantum Control System in Hilbert Space

In modelling a quantum mechanical control system,
let us first consider the Schrodinger equation of state of
a closed quantum system.



CYBERNETICS AND PHYSICS, VOL. 1, NO. 2, 2012

2.1 State Equation of Closed Quantum System

In absence of any external influence (control) the state
vector |¢(t)) of a closed quantum system changes
smoothly in time ¢ according to the time dependent
Schrodinger equation [Griffiths, 2005]

d
th— [0 (1)) = H|y(t) (D

where the Hamiltonian H is a self-adjoint operator in a
Hilbert space H.

The rigorous meaning of the differential equation is
that, for any vector |¢) € H, the complex function
(ol (t)) satisfies the ordinary differential equation

nEO0) = WH ). @

Let us assume that the Hamiltonian operator H has the
discrete set of different eigenvalues {aj,as,...an}
with a,, a d(m)-fold degenerate eigenvalue of H hav-
ing independent eigenvectors w1, Ums2; - - - Umd(m)-
Then H assumes the spectral representation [4, 10]

ne3 Y

m=1 j

H'Mg

M
m|umj><umj‘ = Z aum (3)

where

d(m)

’H’L - Z |uTﬂJ u’l’fLJ (4)

is the projection operator onto the subspace of eigen-
vectors of H with eigenvalue a,,.

The projection operators are pairwise orthogonal and
P, satisfies

PPm*(SnmPna
M po—1.

m=1

(5)
Equation (2) can then be written as
M
¢|w =D an{@lPuld(®).  (©)
m=1

Now, since Equation (6) is true for all |¢), it is true,
in particular, for vector of the form P, |x) with |x) an
arbitrary vector and hence

< |Polt(2) Zam XIPaPrlo(t). (D)
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As the projectors P, satisfy (5), Equation (7) yields
the following system of ordinary differential equations

P 0) = anidI PR D)

forn =1,2,..., M and for all |x) € H.
The first order differential equation can be solved as

(X|Paltp(t)) = e~ *a ) (| P, [0(tg)). (9)

o M
Again, since I = >, P,,, we have

M

> (x| Pl(to))- (10)

m=1

(Xly () =

From (9) and (10) we have

M

(X)) = > emment=l0) (x| P |y (k). (11)

m=1

Equation (11) holds for all |y). We thus get the explicit
representation of the Schrodinger equation (1) of the
state function as

M
- Z e~ wam (=) P 1o (t)). (12)

=1

Applying the general theorem for an exponential func-
tion f of the operators as

Ms

f am

m=1

the state of the quantum system is represented in the
usual form

() = e FHE g (1)) (13)
with the unitary operator
U(t —to) = e~ #H(=t0), (14)

2.2 State Space Representation of Quantum
Mechanical Control System
Consider the forced (controlled) system represented
by the state equation in Hilbert space £2(@™)

S (0) = Hahb(t)) + ihBlu(t) (1)
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where the Hamiltonian operators H 4 and B are taken
to be matrices of dimensions n X n and n X m respec-
tively.

The matrix representation of the Hamiltonian opera-
tor has impact on quantum mechanics that solves quite
successfully the basic problem of quantum system. A
practical problem is afforded by the famous Pauli spin
matrices [4], which should be regarded as the ma-
trix representations of electron spin operators acting
on two dimensional vector space @2 or Hilbert space
L2(@?). The operator B is used for distributing the in-
put(control) signal. For example, the beam splitter is
a quantum device and is used for distributing the opti-
cal (input) signal to QED system. Then the multi-level
quantum system (15) may be viewed as the classical
analogue of multi-variable control system.

Utilizing the rigorous treatment made in the previous
subsection and applying the classical variational prin-
ciple, the state vector of the quantum dynamical sys-
tem (15) can be represented in the form as

[1b(2)) = U(t — to)[¢(to)+

+/ U(t — 7)Blu(r))dr (16)

to

where U is the unitary matrix operator corresponding
to the Hamiltonian H 4.

Using the general formula (14) of the unitary operator
we now represent the control system (16) in the follow-
ing suitable form.

Let us assume, for simplicity, that d(m) = 1. That s,
the eigenvalues a1, as, . . . a, of the system matrix op-
erator H 4 are distinct. Then the adjoint of the unitary
operator U (t) assumes the representation

n

) =Y et = g (P A7)
r=1 r=1

with g, (t) = en®t n=1,2,...n
Then the system state is given by taking ¢ty = 0 with
initial state [1(0)),

[(t)) = U(e){]4(0))+
/Z% )P Blu(r))dr} (18)

= U(){[)(0)) + So|W (1))}
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where
So = [P\B,P,B,...,P,B| (19)
and
&
wo (t
wy=| . 20)
|wn(t)>
with |w,(t) fo gr (T ))dr.

Deﬁnltlon The operator So formulated in (19) is
defined to be quantum controllability operator of the
quantum control system (15).

Remark: The operator Sy may be
compared  with the  controllability = matrix
So = |[B,AB,..., A" 'B] of the well known

[7, 8] linear classical control system represented
by the vector matrix differential equation in R™ as
&(t) = Az(t) + Bu(t).

3 Formulation of the Weighted Energy Control
Problem

Given a quantum mechanical control system de-

scribed in subsection 2.2 in the Hilbert space H =

L2(@™) by the time evolution state vector as

S (0) = HaRb (1) + ihBlu(r) @D

the optimal control problem is to find the controller
|u(t)) € L2(@™) which steers the initial state [1/(0))
to the final state |¢)(t¢)) in @™ and minimizes the en-
ergy cost functional over the time interval 0 < ¢ < ¢y
prescribed by

J(u) = / Lt @IQuuyd:  22)

where Q(t) is a positive definite self-adjoint operator
in the Hilbert space £2Q (0,tf,C™) of the controller

|u(t)).
In describing the specific control system, the operator
Q(t) is defined by a diagonal matrix of the form

The cost functional (22) is then reduced to the form

J(u) = / @O Om@) .+ @)
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Ao () (U (1) [ (1)) ).

It follows that each controller |u,.(t)) € L3(0,t5) is
weighted by the positive function ¢,(t). It is known
that the weight function ¢,-(¢) is used in system analysis
to measure the efficiency of each controller |u,(¢)) of
the dynamical system (21). Hence the admissible space
of the controllers |u(t)) of the system is the Hilbert
space expressed as the direct sum of the Hilbert spaces

L3H(0,t55C™) = @52 0.tr). (25

The inner product and norm of the Hilbert space
L2 (0,ty) are respectively defined by

qm%zﬁf%wwwmmw (26)

and

|w%44%wwwwmmw. @7)

In view of the above notation, the cost functional J (u)
is then represented by the sum of square-norms on the
Hilbert spaces as

J(w) = )G = MNun)llg, + -+ lum)l7,,- 28)

The optimal control problem of the quantum me-
chanical system (21) is to find the optimal controllers
i, (t)) € L2 (0,t) which steer the initial state [)(0))
to the final state [¢(tf)) in C™ and minimize the
weighted energy functional defined in (28).

The existence and uniqueness of the optimal control
of the system can be proved by generalizing Theo-
rem 1 and Theorem 2 in paper [Roy and Das, 2007].
The optimal control stated above can be shown to ex-
ist in a finite dimensional subspace of the Hilbert space
l%(O,tf; cm).

4 Solution of the Optimal Control Problem

The analytical technique developed in paper [Roy and
Das, 2007] is now generalized to solve the weighted
energy optimal control problem of the system.

In this general case, it follows from the state Equa-
tions (18), (19) and (20) of the control system that
all the eigenfunctions of the sequence {g;(¢)}} of the
operator H 4 of the system (21) are associated with
each controller |u,(t)). It also follows from the ex-
pression of the cost functional (28) that the controllers
lui(t)), ..., |um(t)) belong to different Hilbert spaces.
For instances, the controller |u,(t)) weighted by the
function ¢,.(¢) lies in the Hilbert space L2 (0,y).
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As in Section 4 of paper [Roy and Das, 2007] we now
construct m sequences of weighted orthonormal func-
tions from the given sequence {g;(t)}7 as follows:

{63003 {0 3
where {07"}7 is a finite sequence of functions or-
thonormal related to the weight function ¢,.(¢), and

i

9i(t) = Y90, 0 (£))q, 07 (1) (29)

k=1

withi=1,2,...,nandr =1,2,...,m.

Let M?[0,T) be the linear manifold generated by the
eigen functions {g;(¢),s = 1,2,...n} of the Hermi-
tian operator H 4 of the dynamical system in the Hilbert
space L2(@™).

We now construct an orthonormal basis {67"}7 cor-
responding to the weight function ¢, () of the linear
manifold M?2[0, T].

Using Gram-Schmidt orthogonalization process, let
us construct an orthonormal functions {0]"(¢),i =
1,2...n} as

B = g1
. N\ (30)
Bi = g — >y (i, 01)6}
B qr _ Bi
where 61" = iy and 07" = gy

We elaborate the above in a few more steps:

B =0
B2 = g2 — (go,07)07"

Bs = g3 — (93,0101 — (g3,057)05"
Ba = ga — (92,01 )07" — (94,657)05" — (94,6%")65"
Bn = gn — <gn79gr>6? — (gn; 91217~>egr —{gn. 6§T>9gr
T <gn’ 0?;—1>0ng—1
: o _ B qr qr _ B3
with 0f" = g5y, 03" = 32p 03 = iy and so on
b = 1T

We now write the eigenfunctions g;(t) as

91 — <gl76%">9‘h

g2 = (g2,01")07 +<9279q’>9qr

g3 = (g3,01")07" + (g3,057)05" + (gs,057)05"
gs = (g4, 07)07 + <g479qr>9qT + (g4, 097)09"

+(94,047)0%"

In = (gn, 07")07" + (gn, 037)05" + (gn, 057)03"+
+(Gn> 0970058 + -+ {gn, O ) 0%

In a compact form we have

gi(t) = 1Bi 108 (t) + Xy (96, 077) 08 (t) = a1
= 309,000 (1), i = 1,2,...n.
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Using the representations of the functions g;(t), i =
1,2,...n given in (31), the adjoint U (¢) operator de-
fined in (17) can be represented in terms of the or-
thonormal functions 67" (¢),7 = 1,2,...n as

)= A7 (t) (32)

where

A = (9,07 P + (gis1, 0 YPisa + ...+ (33)

<9m 9% >
With elaboration we have

Doic 9i() P
= g1(t)P1 4 g2(t) P + g3(t) Ps + ga(t) Py + ...
+gn(t) P,
= <glv 9(11T>0(11TP1
+(g2, 9qr>9qTP2 + (g2,097)03" P,
+(g3, 017)01" P3 + (g3, 057)05" P3 + (g3, 037 )05 Ps
29 9qr>9q“fﬁ + (94, 057)05 Py 4 (g4, 057)05" Py

G, 017)01" P, + (g, 057)05" P,
+(gn,097)03 P, + ... (gpn, 09 )0 P,
= A107" (1) + A0 () + Asb3" (t) + Asb5" ()
+...+ A0 (¢)
34
where

A1 = (91,07)Pr + (92,07 ) P> + (g3,0{") P3
+<g470 >P4+ <gn79g7>Pn

A2 = <g279q >P2 + <9376q >P3 + <g4>agr>P4
+.oo 4 (gn, 037) P

Az = (g3,03")Ps + (94,09 )Py + . ..

+ <gm 9§T>Pn

(35)
Then using (32) the state vector [t(t)) described
in (16) of the dynamical system (21) may be repre-
sented as

() = U®)[1(0)) + [y U(t — 7)Blu(r))dr
= U®)|(0)) + U(t) fy UT(r)Blu(r))dr
=U@){[¥(0 )>+f0 U*(7)Blu(7))dr}
= U0){[¥(0) + Jy Zl A (1) Blu(r))dr}
= U{[¥(0)) + iy AiB [y 08 (7)[u(r))dr}
=U(){[¥(0)) + SIV( N}
(36)
where
S =[A1B,AsB,...A,B] 37
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and
<
vo(t t

vy = | ey = [ oo
[0 (1))

(38)
where |u(7)) is am x 1 column vector.
Putting the values of A;’s in (37) from (35) we get the
algebraic relation

S
= [AiB, 2B, . AuB]
[<glv >PIB+ +<gna9gT>PTLBaa
(Gn, 087) P B]
=[P B,P.B,...,P,B].
(90,00 ) 0 o0
<9270g7'>lm <927057>Im 0

<g376g7‘>lm <g?>eg7>lm e 0

<gn> 6g7‘>lm <gn> ng>lm e <gna 9%T>Im
= S\
(39)
where Sy is given in (19) and A is a nonsingular lower

triangular matrix given by

Ny 00 .00
Agl AQQ 0o ... 0

Anl AnQ An?) .o Ann

(40)

with /\;’s are the scalar matrices of order m expressed
as

Aik} = dzag{<gl7 9;?)) <gi7927‘>a s <gi,92r>}, (41)

1 > k and A;; = 0, the null matrix of order m, for
1 <k.

Hence comparing the representation of the state func-
tion in (18) and (36) we get

W(t) = AV (1)) (42)

Now we are in a position to solve the weighted optimal
control problem.

Replacing  the
we first calculate the
|wa(£)), [ws(#)), - - [wn (t)) of

functions  g;(t) from (29)
components  |wq()),

(W (t) = [[wi(®)),- - Jwa )] @3)

with |w;(t) f 0 9i(T ))dr.
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Before doing that we first write down the eigenfunc-

tion g, (t) with different weights ¢1, g2, . . ., ¢m as
< > 9111
92 = (g2, 01 >q19‘“ (92, 9q1>q 9‘“
g3 = <g379§1>Q19g1 + <g 79 >Q19 + <93a9q1>q eql
g4 = <g47 0(111><119(111 + <g470 >q19fI1 <g4a 9¢11>q 0(11
+( )

94, afh
gn = (gn, 01" )01 01" + (gn, 03" )q, 05"
<gna 921>q1921 + t + <gna 9%1>Q19$11

with weight ¢; and then

= (g1,07) 4,07

g2 = <92 91 >Q29q2 <g 9q2>Q2932

93 = (93,07°) 0,017 + (93,057 ) 4,05° + (g3, 057 )4, 05°
91 = (92,07) 0,07 + (94,0597)4,05> + (94,05 ) 4,05’
+(94,05) 4,0

+ <gn79g2>qzegz+
ot <gna 922>q29%2

gn <gn> 6 >qz qu <gn7 9(212>q2 egz
+(gn, 03°) 05" +

with weight ¢ and so on with weight g,

g1 = (91,01),,, 00"

g2 = <92; 0 m>qm9§m + <g2a 9{217n>qmegm
93 = (93, 01" ), 01" + (93,057 )4, 05" +
<g37 ogm>(lm egm

g1 = (94, 9(11m>qm9%m + <g4>9(21m>qmagm+
+<g41 egm>CIm egm + <g47 egm>¢Im ezm

gn = <g7l’ 6(117” >QM Hgm + <gn7 egm >Q1n 937n+
+(gn, 05" )4, 05" + (9, 01" ), 03" + -+
+(gn, O3 >qm o3

le(t)>
= fo g1 T)|'LL
)

_f() gla >q19g17 glveqz q2 i] ..
\ul T

91, 9Qm qm 6‘1m]

)
)

S0 (7)) dr
= C11 |’U1 (t) > .
(44)

Similarly

+ <gn7 9g1>q19g1+

101
|wa2(t)) = ca1|v1(t)) + cazlva(t)),
w3 (t)) = ca1|v1(t)) + cazlva(t)) + caslvs(t)),
|wn () =
Cn1|v1(t)) + cna|va(t)) + cnslvs()) - . . cunlon(t)).
Hence
W (t))
ci1vi(t))
_ | ear|va(t)) + cozlua(t))
c31|v1(t)) + cs2lva(t)) + caslvs(t))
cn1|v1(t)) + cnalva(t)) + cnslvs(t)) - - - cunlvn(t))
(45)
Thus
e 00 ... 07|l
wip = | e 00 O
Cnl1 Cn2 Cn3 ... Cnn |Un(7-)>
= Dq|Vo(t)).
Ag being a lower triangular matrix defined by
Ci1 0 0 ... 0
pg=|CnCn 0 0 )

Cnl Cn2 Cn3 e Cnn

in which Cj;’s are the diagonal submatrices described
as

<gi79?1><h 0 0... 0
= 0 (gi,9?2>q2 0 0
0 ......... 0 ..... 0 <gi79?m>qm
(48)
Hence we get
[9(8)) = U(®){[¥(0)) + SolW (1))}
= U(O{[9(0)) + SolqlVo(t)}  (49)
= U){[$(0)) + SelVa ()}
with
So = SoAg. (50

Under the above transformation, the dynamical prob-
lem stated in Section 3 is thus transformed into the fol-
lowing algebraic problem of norm minimization as fol-
lows:

When the state norm |¢)(t)) of the dynamical sys-
tem (21) is transformed from the initial state |¢(0)) to
the state |¢)(7T")) after time T, then putting ¢ = T in
(49) we get

SelVa(T) = 1Y) D
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where
Y) = UNT)[¢(T)) — [1(0)). (52)

The optimal solution of the algebraic problem is de-
scribed by the pseudo-inverse S¢, of the operator Sg, as
[Das and Roy, 2006]

Vo) = S5IY) (53)

where 7, = Sg(SQSé)*l with min ||Vg| =
min ||[Gg|| which follows from the property of or-
thonormal functions.

The optimal control |4(t)) is now described immedi-
ately as follows:

Lemma 1. If the rank of controllability operator Sy
given in (9) of the dynamical system (5) be n, then the
operator Sg is of rank n.

Proof. The proof follows from the re-
lation  Sg = SpAg and the fact that
the triangular matrix Ag is nonsingular.

Lemma 2. Let Ag be a lower triangular matrix de-
fined by (36). Then the product AQATQ = Dgisa
nonsingular symmetric matrix described by

D11 Di2 Dy3 ... Dy
Dyy Doy Dag ... Doy

Do = (54)
D’ﬂl Dn2 Dng e Dnn
where D;;’s are diagonal matrices
<gi»gj>q1 0 0... 0
D;; = 0 (9i,95)g2 0 ... 0 (55)
0 0 O e <g7;7gj>qm

Proof. The proof of the lemma is similar to that of
Lemma 1. In this case the relations in (29) and (50) are
used in finding the product AQAZQ.

We can now formulate the optimal solution of the
weighted energy problem in terms of the generalized
pseudo-inverse of the controllability operator Sg by the
following theorem:

Theorem 1. If the dynamical system(21) is con-
trollable, then there exists a unique optimal control
lig(t)) € L3H(0,T;C™) which minimizes the cost
functional J(u) defined in (28) at |u(t)) = |Gg(t))
and steers the state |¢(t)) of the system from [¢/(0))
to [¢(T)) in time T. The optimal control can be for-
mulated as

i (1)) = Go(HIVe) (56)
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where G (t) = [G1(t):G2(t): ... G, (t)] in which

07 (1) 0 0
q2
G| 0 oo 0 57
0 0 ...00()
and
Vo) = S51) .
¥y = UND) e — o), (38

S¢) being the generalized inverse of the matrix S¢ de-
scribed as [Roy and Das, 2007]

SH = Sh(Sesh) ™ (59)

Proof. The proof follows immediately when one con-
siders the Fourier generalized expansion of |u,(t)) in
terms of the orthonormal functions

01 (t), ..., 0% () (60)

and uses the state equation given in (49).

Corollary. The optimal control described by (56) is
formulated in explicit form in terms of the eigenfunc-
tions g1(t), g2(t), . .. gm(t) of the system operator H 4
of the dynamical system (21) as

lig(t)) = Kq(t)|Y) (61)

where
Ko(t) = F(t)S}(SoDoSE) (62)
with F(t) = [In(g1): Im(g2); .-, Im(gn)] and

I,,(g,) is a scalar matrix as

(63)

Proof. The proof of the corollary follows when
one uses the relations defined in (29) and (38) and
Lemma 2.

Remark. The matrix Dg is a generalized Grammian
matrix of the set of functions {g;(¢)}} with respect
to the weight functions q1(t), g2(t), ..., qn(t) of the
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controllers of the dynamical system (21). The matrix
SoDq Sg is an equivalent form of controllability Gram-
mian matrix of the system. Again, the analytical proce-
dure described in this section can be utilized to choose
the weight functions of the controllers of a control pro-
cess.

5 Quantum two-state system

Physical significance of Pauli spin operators are of
paramount importance and have received much atten-
tion in quantum physics. In this section weighted con-
trol problem of electron spin up| 1) and spin down | )
is discussed by citing an example.

5.1 Example
The spin state of an electron is represented on @2 in
the basis formed by the eigenstates of the spin operator

h(o01
Sg;—Z(lO). (64)

The control system is defined by

(D) = Sehé(t) +ihalu(t).  (69)

The eigenvalues of S, are 5 i and —2. The eigenvectors
. 1
are given by | 1) = W <1> and
| 1) = % <_11) . The projection operators, for
ay = 5 and az = %, are

and

respectively.
The adjoint of unitary operator U (t) is

UT(t) — eFSet _ eialtpm + eia2t13|¢>.

Now

103

We take ¢;(t) = 1, ¢2(t) = ¢. The optical control of
the system can then be derived using the explicit for-
mula

(1)) = Ko (1)) (66)
where
Kq(t) = F(1)S}(S0DaS) ™" (67)
and
) = U D(T) - [9(0).  (69)
Now
So = [Pty B, Py B] = o[ Piyy, Py]. (69)
Then
sl
Also
F(t) = o1 (1), g2(0)]]. )
Now we have
F(t)S]
—lnLa0na | 70| o)

algi(t)I Py + g2(t) I Py
= algi1(t)Pyy + g2(t) P ).

Again
Dy1 Dy
Do = 73
@ {Dm D22:| (73)
where
(91,91) 0 }
Dy = a . 74
M |: 0 <glagl>q2 (7%
We have
gr(t) = eFort.
Then
gi(t) = /2
ga(t) = e7i/?
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Hence
(91(¢)
(g1(t)
SO
Again, for
we have

Dagy = [(92792>q1

<92 (t)v g1 t)>QQ
Hence
—1e
Dy = { 0
Again
and we have
(g2(t)
Hence

T

|

|

—iTeT + T — 1

|

(75)

(76)

(77)

(78)

(79)

(80)

81)

(82)

(83)

(84)

(85)
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We then at once obtain
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S0Das} = alfy Ful | o it o[ 7]
a2 111 -1 D11 Do
T 16 [11—1 1 } [Dgl D22]
11
11
1 -1
11
An A12:|
Ag1 Aso

where

(86)

Ay =2 — i+ 2T +T?% +sin T(—2T + 2)

—2cosT

87)

A =2+1i+2cosT(T —1—1) (88)
Agy = —i+2icosT(1 —T)+ 2isinT (89)
Aoy = 2T +T? +i—2sinT + 2T sin T

+2isinT. 90)
At this stage we take 7" = 27 to get
A11 = 47T2+47T—i
A12 =47 —1
A21 =4 —4mi (91)

Ago =4n? + A7+

Now from (86), (87), (88), (89), (90) and (91) we get

2
P
SoDS) = 16[

Hence

[SoDgS{| ! =

i—d4mi An? +Aw+i
(92)

A2 44w —i  Ami—i }

2
a2 (2rd+4n34m)

Ami —i  An? + 47w — i

Am2 4 Ax +i i — 4w ]

Hence we get

Kq(t)

93)

= F(t)S§ (SoDqo Sy )™
= aprriara 91 (O Py + g2(0) Py

Am? + 4+
47 —1

_ 2

T a2rt+4nS+4m)

4n? + 47+
dmi— i

_ 2
T a(2rt+4ns4m) |:

[e

1 — 4mi
Am? + 4w — i
2Py + e 2P )]
i — 4mi
A2 + 4w — i
Bi1 B
By B

(94)
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where

t t

Bi1 = cos 5(47r2 + 41 + 1) — sin 5(47r —1) (95)
t t

Bia = icos §(1 — 47) +isin 5(47r2 + 47 — i096)
t t

By = isin 5(471'2 + 47 + i) + i cos 5(477 —1097)

t 4
Bss = —sin 5(1 —41) + cos 5(47r2 + 47 —i{98)

In the special case, let us try to find |G (t)) for which

the system is transferred from [¢(0)) = {(1)} to the

state [1(2m)) = [(1)]
Then

1
0

T —7 0 1
= V2R,

iT iT 0
)= Epy et 9] - |
99)

Thus the weighted optimal control of the two-level
Pauli spin system minimizing energy of the system is
given by

lag(t)) = Kq(t)|Y) = —V2Kq(t)Pyy  (100)
where K¢ (t) is given by (94).

6 Conclusion

The optimal control of a quantum mechanical system
has been reduced to an optimal problem of algebraic
system and the optimal vector of the minimum norm
has been solved by the method of pseudo-inverse. The
importance of this study lies in the fact that the opti-
mal control with minimum weighted energy has been
expressed in terms of the eigenstates of the multilevel
quantum system. It may be pointed out that the eigen-
states of the Hamiltonian operator of the system play
important role in quantum computing. The formula-
tion of the optimal control in terms of controllability
[Sage, 1968], [Ogata, 1967], [Sontag, 1990] Grammian
operator SODS(}L of the quantum mechanical system
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has been discussed. The formulation of the quantum
field require in steering the quantum particles such as
electron spin% and photons from one state to another
state is receiving much attention in recent years of solv-
ing computational problems of quantum computer. The
optimal control vector |i) is also useful in computing
the special energy operator J; = |a(t))(i(t)| of the
quantum control system. A generalization of the direct
method outlined in this paper in solving the weighted
energy minimization problem of time dependent quan-
tum system and their applications in quantum domain
can be studied. The technology that we have developed
can also be used in laser pulse design and molecular
dynamics phenomena.
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