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Abstract whereL s h(z) is the Lie derivative.

In our paper we study the localization problem of Let us define
compact invariant sets of the system modelling the
Ra_ylmgh—&mard convection. Our resqlts are based on hint = nf{h(z) | = € Sp}:
using the first order extremum conditions, quadratic he —
) : : : sup = sup{h(z) | z € Sp}.
localizing functions and the symmetrical prolongation
constructed between the Lorenz system and this sys-
tem. The following assertion is useful in this paper [Kr-
Keywords: polynomial system; Lorenz system; local- ishchenko and Starkov, 2006].
ization; compact invariant sets; first-order extremum Theorem 1 Each compact invariant sét of (1) is
conditions contained in the localization set

1 Introduction and some preliminaries K(h) ={z € R" | hint < h(z) < hsup}-

Localization problem of attractors of the Lorenz sys-
tem [Lorenz, 1963] was examined in many papers,
see eg. [Krishchenko and Starkov, 2006] with refer-
ences therein because of its importance for studies of
deterministic chaos of systems with complex dynam-
ics and various applications in secure communications
and other areas. In this paper we propose to inves-
tigate a location of all compact invariant sets of one
5-dimensional analog of the Lorenz system. The ap- Ky = K(hy);
proach of this paper is based on using the first order ex- Ko = K1 N Ko,
tremum conditions and was described in details in our
papers [2 — 4]. For our convenience, we recall some
helpful results.

We consider a polynomial system

The functionh used in the formulation of this result is
called localizing. A refinement of a localization bound
is realized with help of

Theorem 2 Let h;(x),j = 1,2 be functions from

> (R™). Sets

with

Ko ={2 : hoins < ha(z) < hosup}s

. hQ,su = sup hz(fE),
&= f(z); 1) P Sthe) N,

2ing = g, il a0

x € R™ is the state vector. Lét(x) be a polynomial
function such that is not the first integral of (1). By
h|p we denote the restriction df on a setB C R™.
By S, we denote the set

contain any compact invariant set of the system (1) and
K; DO K.

It is evident that if all compact invariant sets are lo-
cated in setév; and N, with Ny; No € R"™, then they
Sy ={zx € R" | L;h(z) =0}, are located in the sé¥; N N, as well.



2 The Rayleigh-Benard convection - Lorenz model are invariant manifolds of system (3).
The Rayleigh-Bnard convection - Lorenz model The restriction of the system (3) on the invariant plane
Ox1y, 2 coinsides with the Lorenz system

T1 = —0x1 + oy

&g = —0xg — OY2 T = —ox1 +oyy

Y =rT1— 12— Y (2 T =rr —T12— Y% 4
Yo = —TTo + To2z — Y2 Z =1y — bz.

Z=x1y1 — T2y2 — bz

just as the restriction of the system (3) on the invariant

was derived by Chen and Price developing the five- planeOzys >

mode truncation scheme, with three modes used by
Lorenz [Lorenz, 1963] to ensure the occurence of

chaos and two other modes chosen to retain symme- Ty = —ox2 + oYs
try of the Rayleigh-Bnard convection in the trunca- Y2 =TTz — T2Z — Yo
tion model, see [Chen and Price, 2006]. We recall that % = Toys — bz.

the Rayleigh-Enard convection problem describing a

fluid motion in a layer of fluid of uniform depth heated

from below is based on the Boussinesq approxima-

tion applied to a coupled systems involving the Navier-
Stokes equation, thermal conductivity equation, con-

tinuity equation and density approximation. Parame- )

ters of the system (2) have the same values as for the z=—bz

Lorenz system, [Lorenz, 1963]. The resulting system

(2) resembles some important features in the behaviour Let D; be the set of vector fields oRR® =

of the Lorenz system dynamics. It is also can be seen{(zy,y;, z)} of the form

from the careful algebraic analysis of right sides of

both of systems. That is why it is not surprising that 9 9 9
it is possible to transfer some localization results ob- ¢(%1,91,2) 5~ + ¥ (w1, 41, 2) 5 + (21,41, 2) 5

tain earlier for the Lorenz system, see in [Krishchenko ! n

and Starkov, 2006], for the case of the system (2).
Suppose that a systefihas an invariant se¥/ and

the sef contains all compact invariant sets®f Then

the setM N Q is a localization set for the systefij,,. i

We note that in some cases one can progosaeﬁl method @1 y1,2) = Z cij(2)11,

of constructing a localization set for the systemf =0

we know a localization set for the systemS|y,. Iti ] B

clear that in this case the resulting localization set for and let D be the set of vector fields o® =

S depends on the continuation methodSdf; up toS. {(z1,22,y1,92,2)}. ) )
Itis found that the system (2) is a special continuation The mapsymm : D, — D is called a symmetrical

of the Lorenz system which can be called a mirror con- Prolongation of vector fields if

tinuation. Based on this continuation we can associate

localizing functions for the system (2) with localizing

functions for the Lorenz system.

The intersection of the indicated invarigd-planes
Oz1y12N0Ox2ys 2z is the axisOz. The restriction of the
system (3) orOz is the system

where{(z1, y1, ) is a polynomial inzy, y1,

S

0
+(r1,91,2) 57— +

symm(o(z1,y1,2) oy1

9
81‘1
0 0
_ _ g(wl,yl,z)a—):¢(x1,y1,z)a—+
3 Symmetrical prolongations z 1

0 0
Let us analyse the system (2). The change of variables @2, 2, Z)Tm + (1,91, 2) E +

yo — —yo transforms this system into the system 9 )
—~ 48 : _-
. ¢(x27y272)8y2 + ymm(f(Tlayl7z))aza
X1 = —0xq + a1
Ty = —0T2 + OYo

whereSymm(&(z1, 1, 2)) is @ symmetrical prolonga-

Y1 =TT — T12 — Y1 (3) tion of a polynomial inzq, y1,

Yo = rTo — T2z — Y2

z = x1Yy1 + T2y2 — bz. .

Symm(&(z1,y1,2)) = Symm cii(2)ziyl) =
Coordinate3 D-planes ymm(§(z1, 1, 2)) = Sy (1;0 i(2)21y1)

Ox1y1z2 = {z2 =0, y2 = 0}, coo(2) + Y cij(2)(aiy] +hyl).
Ozyy2z = {x1 =0, y1 =0} it+j=1



Let which is an ellipsoid because it is also expressed by

0 0 o+qr
F=(—0x;+ ayl)a—xl + (—ox2 + cryg)a—m2 + a:v% + ax% + qy% + qy% +qb(z — 4 )2 =
9 (o +qr)?b
S _ qr)
(roy — 12 yl)ayl + R:= —

(reg —xoz + )i—&—(x +z —bz)g
PTGy, TR 0z Thus onSy

be a vector field of system (3), and 7 R
|z1,2] < \/ = ly1,2] < \[ =
o q

o 0
L:(—01:14—02/1)87%—1-(7“331—xlz—yl)aiyl+ o+qr R o+ qr
_ < J—
|2 2q < g 2q

)

0
(r1y1 — bz)g

dund
be the vector field of system (4). and under

ThenL € D, F = symm(L), and for any polyno-

mial p(z1, y1, 2) in 21, y1, 0<z<(oc+qr)/q
LpSymm(¢(z1,y1,2)) = Symm(Lro(x1,91,2)). we get
At last, we notice that localization sets obtained be- qz> = 2(0 +qr)z <0,

low by using quadratic surfaces for the system (3) are
the same as for the system (2) because correspondingherefore,
localizing functions are even functions respecting the

variablesy;; ys. 2 2 2 2 R
Hsup S [‘rl + x2 =+ q(yl + yZ)] |SH§ 2; + 2R =

4  Ellipsoidal localization 2Bt = (0 +qr) (0 +1).
o 2qo
Let us take for the system (4) the localizing function
[Krishchenko and Starkov, 2006] So each compact invariant set is contained in
h =i +qyi +q2° —2(0 +qr)z, K (H) := {23 + 23+ q(y} +y5 + %) —
(o +qr)?b(o+1)
whereg > 0. Then 2(0 +qr)z < 20 ,q > 0}.
Lph =2(—0a? — qyi — qbz* + (0 + qr)bz). The setK,(H) can be written as
Let us take for the system (2) the localizing function o+qr
ystem (2) J {a% + a3 +q(yi +v3) +alz — )2 <
H = Symm(h) = 23 +a3+q(y; +ys+22)—2(0+qr)z, (0 +gr)*(b+bo + 20) >0}
20q ’ '
Then )
Since
_ 2., 2 2, .2 2 s o (0+qr)*(b+bo+20)
LpH =2(—o(x] + x3) — q(yi +y3) — qbz" + 2} + 23 < o ,q >0,
(o + gr)bz) = Symm(Lph). e
we have that
and

. +qr)2(b+bo + 20)
2 2 (o _
S = {(x1,y1,72,y2,2) : o2} +a3) + T+ T3 =0 20¢

q(yi +93) + qbz" — (0 + qr)bz = 0} = 2r(b + bo + 20).




As a result, we get bounds

| z; |< v/2r(b+bo +20),5 =1;2. (5)

By the same calculation we get bounds

[b b .
[b b
|z —r|<r %—1—54—1.

Now we have that each compact invariant set is con-
tained in the sel defined as

(6)

()

K =Ng>0Kq(H) =
b
+ barg)
20
q(z? + 22 — 202 —b(1 +0)r) —b(1 + 0)

ﬂq>o{q2(yf + y% 422 -2z —

o Q +

<0}
which leads to

K ={(y}+y3+2%—2rz— 2322p2 <0,
23+ 23 — 20z —b(1+0)r <

< \/Qb(a +02)(2rz 4 bbor2 — g2 — g2 - 22)}

5 Localization by cylindrical surfaces
5.1 Thecasel

Let us take for the system (4) the localizing function
[Krishchenko and Starkov, 2006]

hy = a:% — 20z.
Then
Lrhy = —201‘% + 2boz.
Therefore the set),, is given by
z=0b"1a?
and

hy

Sn,= (1 —20b™ ")zl

Thus ifb = 20 then all compact invariant sets of the
system (4) are located in

K(hy) = {(z1,y1,2) : 2] — 202 =0}.

If b > 20 then

hiinf = 07
hl sup — 00,

and all compact invariant sets are located in
K(hy) = {(z1,y1,2) : 2] — 202 > 0}.
If b < 20 then

hi sup — 0,
hyint = —o0,

and all compact invariant sets are located in

K(h1) = {(z1,y1,2) : 2} — 202 <0}

Now let us consider for the system (2) the localizing
function

H, = Symm(hy) = 2% + 23 — 202.
Then
LpH, = —20(x? + 23) 4 2boz = Symm(LLhy).
Therefore the sety, is given by
z=0b"1(z? + 22)
and
Hy |s, = (1 - 2007 1) (23 + 23).

Thus if b = 20 then all compact invariant sets of the
system (2) are located in

K(Hy) = {(x1,y1,T2,Y2,2) : ] + x5 — 202 =0}.

If b > 20 then

Hyine = 01
Hlsup = +o00,

and all compact invariant sets are located in

K(Hy) = {(z1,y1,22,92,2) : a7 + a5 — 202 > 0}.



If b < 20 then In the casé > 2

Hl sup — O, - . 2 2 7"2[)2
Hlinf:_ooa K(hQ)_{(xhylaz)' y1+(2—7“) S4(b_1)}7
and all compact invariant sets are located in and therefore for all compact invariant sets we have the
localization set
K(Hy) = {(z1,y1,x2,Y2,2) : I%Jr:v%—QazSO}. w = (2 2) - <r7b
1 {( 1, Y1, ) |y1| = 2\/m7
b
5.2 Thecase2 |z —7r] < Ti}.
Let us take for the system (4) the localizing function 2vb—1

[Krishchenko and Starkov, 2006]
Let us take for the system (2) the localizing function

hy = (y? 4 22)/2 — rz. s
Hy = Symm(h2) = (y1 +y5 +27)/2 —rz.

Then
Then

Lrhy = —y? — b2* + brz.
LpHy = —y? —y2 — b2? + brz = Symm(Lphs).

Therefore the seft), is given by
Therefore the sety, is given by

y% =—b22 +brz
Yl +ys = —bz® +brz

and
and

ha |s,,= (1= 0)z%/2+r(b—2)z/2,
Hy |sy,= (1= 0)2%/2+7(b—2)z/2,

where—bz2 + brz > 0. Thus
where—bz2 + brz > 0. ThusHaiup = —12/2,

hginf = —T2/2.
Hygp =0if0<b <2
2 2
If 0 < b < 2then Hyoro = 2027 ey
2sup 8(1)*1) ’ > 2,

ha sup — 0, : : ;
and all compact invariant sets are located in

if b > 2then
K(H2) = {(zlayth?vaZ) :

242+ 22— 2rz < 2Ha g,
hQSup:TQ(b_2)2/8(b—l), y1+y2+z LES 2s p}

. . . because
and all compact invariant sets are located in

2 2, .2, .2
—r° <yl +y;, +2°—2rz
K(hs) = {(z1,y1,2) : yi +2° — 2rz < 2hogup} Y

for all yq, 2, .

because In the casé > 2
2 2 2
—rtSyr 2t - 2rz K(Hs) = {(21,91,%2,¥2,2) :
2 2 2 rp?
for all yy, 2. ity t (=) Szlc(b—l)}’



and therefore for all compact invariant sets we have the
localization set

w1 = {($17y173?2’y2,2) :
rb

i< 7i:1727

il < 5=t

o< —2y
“ovbh—1"

6 Conclusion

In this paper we show how we can localize all com-
pact invariant sets of the Rayleigh-Bnard convection
- Lorenz model with help of localization sets of the
Lorenz system which have been obtained by the au-
thors in the earlier publication. With this goal we con-
struct special symmetries called symmetrical prolon-
gations allowing us to associate not only the Lorenz
system with the Rayleigh-Bnard convection - Lorenz
model but corresponding localizing functions applied
here as well. Our approach essentially simplifies nec-
essary computations for finding bounds of localization
sets.
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