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Abstract

This paper considers the general synchronization dynamics of coupled Van der Pol-Duffing oscillators. The linear
and nonlinear stability analysis on the synchronization process is derived through the Whittaker method and the
Floquet theory in addition to the multiple time scales method. A stability map displaying different dynamical states of the
system is performed. Numerical simulation is carried out to support and to complement the accuracy of the analytical
treatment.
© 2006 Elsevier B.V. All rights reserved.

PACS: 05.45.Gg; 05.45.Ac; 04.45.Pq

Keywords: Synchronization dynamics; Linear and nonlinear stability; Self-excited systems

1. Introduction

Synchronization is one of the fundamental phenomena in nature and it can be set up through nonlinear
oscillators, both in their regular and chaotic states. Pecora and Carroll were the first to shed light on
synchronization of chaotic oscillators by linking them with common signals [1]. Using the continuous
feedback scheme of Pyragas [2], Kapitaniak also shows that it is possible to synchronize two chaotic oscillators
[3]. Potential applications of synchronization in communication engineering (using chaos to mask the
information bearing signals) [1,4—6], in physics (Josephson junctions arrays) [7], chemistry (discrete
reaction—diffusion) [8] and in biology (circadian rhythms, heartbeat generation) [9] explain the great interest
devoted to such topic by the scientific community.

In view of studying the phase synchronization of nonlinear oscillator in 1998, Leung in Ref. [10] considered
the synchronization of two classical Van der Pol oscillators with various types of couplings including the
continuous feedback difference coupling of Pyragas [2]. In particular, he showed that synchronization is
possible for some appropriate ranges of the coupling strength and that the synchronization time has a critical
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slowing down character near the boundaries of the synchronization domain. Woafo and Kraenkel considered
recently in Ref. [11] the problem of stability and duration time of the synchronization process between two
classical Van der Pol oscillators. They showed that the critical slowing down behavior of the synchronization
time and the boundaries of the synchronization domain can be estimated, at least approximately by analytical
investigations. They also extended the study of the synchronization process when the oscillators were in the
chaotic states.

This paper extends the calculations of Ref. [11] by considering the problem of general synchroniza
tion dynamics of two Van der Pol-Duffing (VdPD) oscillators coupled through the continuous feedback
scheme of Pyragas [2]. The Whittaker method [12], the Floquet theory [12,13] and the multiple time scales
method [13] are used to derive the stability condition and the optimal coupling strength of the synchronization
process.

The paper is organized as follows. In the next section, after the presentation of the model, we derive the limit
cycle solutions and deals with the problem statement. The establishment of the variational equations is derived
in Section 3. Linear stability analysis and the nonlinearity effects on the stability boundaries are also
considered in Section 4. We presented in Section 5 analytical and numerical results. The last section is devoted
to the conclusion.

2. The Van der Pol-Duffing oscillator
2.1. Dynamics of the Van der Pol- Duffing oscillator

The classical VdAPD oscillator which appears in many physical problems is governed by the following
nonlinear equation:

F—u(l —x)x4+x+ax’ =0, (1)

where the overdot represents the derivative with respect to time, u and o are two positive coefficients. It
describes electrical circuits and has many applications in science, engineering and also displays a rich variety of
nonlinear dynamical behaviors [14,15]. It generates the limit cycle which can be evaluated through the
Lindsted’s perturbation method [12,16]. It can be noticed that, the limit cycle is known to be a fairly strong
attractor since it attracts all trajectories except the one initiated from the trivial fixed point (xg, Xo) = (0, 0).
For this purpose, to permit the amplitude and the frequency to interact, it is interesting to set T = wt, where w
is an unknown frequency. We assume that the periodic solution of (1) can be performed by the following
approximation:

x(2) = x0(7) + px1 () + @Pxa(D) + -+, )

where x;(t) (i=0,1,2,...) are periodic functions of 7 of period 2x. Moreover, the frequency w can be
represented by an expansion having the form

W=y + poy + ror+ -, (€)

where w; (i =0, 1,2,3,...) are unknown constant at this level. Assuming that o = uag before substituting both
expressions (3) and (2) in Eq. (1) and equating the coefficients of u°, u! and u? to zero, we obtain the following
equations at different orders of u:

order u:

X+ x0 =0, @)
order p':

w%jél + x1 = —2wow Xo + wo(l — x(z))fco — ocoxg, &)
order p*:

co(z))'éz + X, = — 2wow1 X1 — (w% + 2wowy)Xo + wo(l — x(z)))'cl

4+ (1 - xé))'cg — 2woXpX0X] — 30(())68)(1. (6)
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Making use of x;(t + 2n) = x;(r) and X;(0) = 0 to determine the unknown quantities, we obtain after the
resolution of Eq. (4) that
X0 = A() COS T, Wy = 1, (7)

where Ay is the limit cycle amplitude at this order. Considering the expressions given through Eq. (7), Eq. (5)
leads to

3 A} A; A}
X1+ x1 = (2a)]AO — ZonAS) CcoST + (TO - A0> sint + Tosin 3t — Toocg cos 37. (8)

The solvability condition of Eq. (8) gives rise to the following relations:
Ao =2, o) =3. )
With the initial condition x(0) = 0, the general expression for a periodic solution of Eq. (8) is given by
3. 1.
xl:Alcosr—f-zsmﬂ:—}-%cos}c—Zsm3‘c. (10)

One should note that the value of 4, will be determined through the resolution of Eq. (6) which takes the
following form when considering the solution x:

1 — 302 3 5
X2+ xy = |:4CO2 —}—(2601 —90(0)141 —|—2CO%+ 1 a0:| COST + |:2A1 —{-ECO] —ZOC() sint

9 3 3
+ |:—w1050 — == Eoc% — 3<x0A1} cos 3t

2 2
5 . 7 — 33 .
+ {3A1 _Ewl} sin 37 + [ 7] %] cos 57 + 20 sin 5t. (11)
Thus, the condition of secularity for the solution x,(z) yields to the following expressions:
A] = —%OC(), Wy = —f—ga% - 11_6 (12)

Therefore, the solution of Eq. (1) is approximated by
3. 1.
x(t) = Acoswt + %cos 3wt +u (Z sin wt — 1 sin 3wt> + 0@, (13)

with
A=2—do, o=1+30-L? - L7 + 0@ (14)

2.2. Statement of the problem

The final state of the VAPD oscillator is a sinusoidal limit cycle for small values of the coefficient p,
developing into relaxation oscillations when p becomes large. One particular characteristics in the VdPD
model is that its phase depends on initial conditions. Therefore, if two VAPD oscillators are launched with
different initial conditions, their trajectory will finally circulate on the same limit cycle, but with different
phases ¢, and ¢,. The objective of the synchronization in this case is to phase-lock the oscillators (phase
synchronization) so that ¢, — ¢, = 0.

As we have quoted in the introduction, one aim of this survey is to study the stability and derive the
characteristics of the synchronization of two VAPD oscillators. The master system is described by the
component x while the slave system has the corresponding component y. The enslavement is carried out by
coupling the slave to the master through the following scheme:

¥—u(l —x)Hx+x+ox’ =0,
J—u(l =)y +y+ay’ = =Ky — \)H(t = Ty), (15)
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where K is the feedback coupling coefficient, 7 the time, Ty the onset time of the synchronization process and
H(z) is the Heaviside function defined as

H 0 for z<0,
(2) = 1 for z>0.

Practically, this type of unidirectional coupling between the master system and the slave system can be done
through a linear resistor R. and a buffer. The buffer acts as a signal-driving element that isolates the master
system variable from the slave system variable, thereby providing a one-way coupling. In the absence of the
buffer the system represents two identical VdPD oscillators coupled by a common resistor R., when both the
master and slave systems will mutually affect each other.

3. Nonlinear variational equation

When the synchronization process is launched, the slave system changes its configuration. We must assume
that the process is stable to avoid irreversible damages to the system. It is then particularly important to
develop criteria that guarantee the asymptotic stability of the process. To measure the closeness between the
master and the slave at each time, let us introduce a new variable

&(t) = y(1) — x(0). (16)
The stability of the process is thus examined by the boundedness of &(¢) which obeys to the following equation:
& — (1 — xHe 4+ Quxx + 3ox? + 1 + K)e + 2uxeé + pe’e + (ux + 3ax)e + oe’ = 0. 17

Saying that the process is stable here means that the synchronization is really effective. To achieve the
synchronization process, we have to be sure that ¢ goes to zero as ¢ increases or is less than a given precision.
The behavior of ¢ depends on K and on the form of the master x. For small values of u, the master time
evolution is described by Eq. (13). Thus, the above variational Eq. (17) takes the form

E 4[24+ F(0)]e + G(0)e + O(1)e® + R(1)eé + arée® + aze’ = 0, (18)
where
2 2 2
, u (A W U o
T=wt, A 2w<2 —|—4+32>, =5 BE 5

while the following quantities F(7), G(7), Q(t), R(1), 9o, [ -/ i and g, and g,. (i = 1,2, 3) are given in Appendix A.1.
From the expression of G(t), we find that if

a0 5, pr ol

K<Kp(a) = 3 (A + > + 16) 1, (19)
&(t) will grow indefinitely leading the slave to continuously drift away from its original limit cycle. In this case,
the feedback coupling is dangerous since it continuously adds energy to the slave system. We show respectively
in Figs. 1 and 2 the phase portraits of the master and the slave when o = 0.01 and o« = 0.05 for several different
values of the feedback coupling coefficient K chosen in the domain K < Kj(). It is found that there is no
synchronization between the master and the slave when K decreases from K to infinity since the deviation
between the slave and the master becomes large or increases indefinitely. Since the analytical investigation of
the variational equation (17) is very difficult due to its nature, we first consider the linear stability analysis
before taking into account the nonlinearities effects in the analysis of the variational equation.

3.1. Linear stability analysis

We first suppose that the measure of the nearness ¢ of the slave to the master is very small, so that one can
neglect both quadratic and cubic terms. Then in the linear regime, Eq. (17) is reduced to

&+ 2/ + F(0)Jé + G(r)e = 0. (20)
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Fig. 1. Phase portrait of the master and the slave for several values of the coupling parameter K when o = 0.01: (a) K = —1.059; (b)
K =—1.10; (c) K = —1.25; (d) K = —2.00.

To examine the stability analysis of the synchronization process, let us transform Eq. (20) into the standard
one by introducing a new variable 5 as follows

& = nexp(—A41) exp{—;/oT F(r’)dr’}. (1)

This yields the following Hill equation:

i1 + (ap + 2a;. cos 2t + 2a;sin 2t + 2a;. cos 4t

+ 2an, sin 41 + 2a3. cos 6T + 2as, Sin 6T + 2ay. cos 87 + 2ay, sin 8t

+ 2as. cos 107 + 2asg sin 10t + 2ag. cos 12t + 2ag, sin 127)n = 0, (22)
whose coefficients are given in Appendix A.2. Following the Floquet theory [12,13], the solution of Eq. (22)
may be either stable or unstable and the stability boundaries of the synchronization process are to be found
around the six main parametric resonances defined at ay = #> (with n = 1,2, 3,4, 5,6). Therefore, using the
Whittaker method [12], the solution of Eq. (22) in the nth unstable region may be assumed in the following
form:

n = e sin(nt — ¢), (23)

where 7y is the characteristic exponent and ¢ a parameter. Substituting Eq. (23) into Eq. (22) and equating
the coefficients of cosnt and sinnt separately to zero, we obtain the following expression of the
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Fig. 2. Phase portrait of the master and the slave for several values of the coupling parameter K when o« = 0.05: (a) K = —1.29; (b)
K = —1.50; (c) K = —2.00; (d) K = —3.00.

characteristic exponent:

7 = —(ag +n*) + \/4n2ay + a2, (24)

with & = a2, + &,.
The synchronization process is achieved when ¢ goes to zero with increasing time, so that the real parts of
—J &+ y should be negative. Consequently, the synchronization process is stable under the condition

H" = (ap — n*)* 4+ 2(ap + )2 + 24 —a>>0, n=1,2,3,4,56. (25)

The above inequality will allow us to seek analytically the range of the coupling coefficient K where the process
of synchronization is stable in the linear regime.

3.2. Effects of nonlinearities

After the stability of the synchronization process has been analyzed through the linear variational
Eq. (20) in the previous section, we are going to tackle the variational equation in the general expression
which contains cubic and quadratic nonlinearities. We aim to show the influence of nonlinearities on the
stability domains obtain via the linear analysis. Thus, to search both effects of nonlinearities and
parametric excitations, we use the method of multiple time scales [13]. Then, the solution of Eq. (18) can be
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taken as follows
e(t,k) = e(To, T1) + ke (To, T1)+ -+ -, (26)

where 7o =1, T1 = kt and x a small dimensionless parameter. Therefore, the variational Eq. (18) can be
rewritten as

E+goe = —[2A4+f1.co82t1 + f sin 2t + [, cosdt + [, sin4t]é
— [g91. €082 + gy, 8in 27 + g5, cOS 4T + g5, Sin 4T + g3, €08 6T + g3, sin 61)¢

— 2[¢,,.€0S T + ¢y, sin T + g3, c0s 3T + g, sin 37]¢?

— 2[r1c€c0ST + 1y Sin T + 3. €08 3T + 13, 8in 31]eé — WetE — az8’. 27

Here, we just analyze the combined effects of the parametric excitation and the cubic nonlinearity. Then, we
assume that

A=K, f[c = Kfic’ fis = Kfim Jic = KYGic»  Yis = KGj5, 2 = Kdo,

2 2 2 2
az = Kdasz, i =K, Yis =K i, Tie= KT, Tig=KTig,

so that the effects of nonlinearities and the parametric excitation appear in the same order. Substituting Eq.
(26) into Eq. (27) and equating the coefficients of x° and x! in both sides enable us to obtain

Dieo + Qep = 0, (28)
Djey + Qfe1 = — 2DoDiey — [22. + f1, €08 2T + f 1, 8in 2T + f 5, cos 4t

+ /5y sin4t]Doey — [g. €c0s 2T + gy, Sin 27 + g, cos 4t
+ g5, Sin 4t + g5, cos 6T + g3, sin 67]ey — azséDoso — a358, (29)

where Q = /g, Dy = 0/0T and Dy = 3/3T. The solution of Eq. (28) can be expressed as
&o(To, T1) = A(T1) exp(jQTo) + A(T1) exp(—jQ2Ty), (30)
where j> = —1. Taking into account the solution &, Eq. (29) now becomes

Djey + Q% = {—2jQA — ZjQ}A — 3a;A2/] — jQar A* A} exp(jQT)

1. 1
+ {Ejgflc S9f | — qu ZJQ%J}A exp[—j(£2 — 2)T]

1 1

+ { 2JQf2< szs 3 592 + ZJngs}A exp[—j(2 — 4)T]
+ { 3935 — 2J3C}A exp[—/(2 — 4)T)]

1 1 1, .
+ 5/ JOf 1. — *Qfls - Eglc + 37915 Aexplj(Q + 2)To]

1
+ { EJQf 2~ Qf 2% — 2gzc zjgzs}A expli(Q +4)T]

1

+ {zﬂlm 93 c} exp[j(Q + 6)To] — {iQa> — a3} A’ exp(3jQT) + CC, (31)

where CC denotes the complex conjugate of the previous terms and the prime over A(7;) indicates a
differentiation with respect to T';. We restrict our analysis in the case of the first parametric resonance (i.e.,
go =~ 1) and then perform the first approximation only. To express the nearness of g, to 1, let us introduce the
detuning parameter ¢ which indicate the accuracy of the first parametric resonance as Q+ ko = 1.
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Consequently, the solvability condition of Eq. (31) is defined as
—2jQA —2jQIA — jQay A*A — 3a34° 4
1. 1. 1 1 - .
+ {E]*Qflc +5/915+ §Qf1s - Eglc}A exp(2icTy) = 0. (32)

Taking A(T) = %a(T 1)exp[jb(T1)] in Eq. (32) where a(T) and b(T) are respectively, the amplitude and the
phase of the oscillations, we obtain the following set of first order differential equations after separating real
and imaginary parts:

’ ax 1 1 .
d=—la— §a3 +E(Qf1c + gi)acos ¥ + @(Qfls —giJasin?,
1 ; 3613 > 1 1 .
¥ =0-354 +4Q(Qfls —gi)cos ¥ — 4Q(Qflc + g15)sin ¥, (33)

where ¥ = 26T — 2b. The steady motions appear when @' = ¥’ = 0 and we obtain the following algebraic
equation:

(0> + 0%)at +2(p0 + (0)a? + p* + F — 1 =0, (34)
where
0 — Qar(Qf \s — g10) — 3(Qf 1. + g1)a3
A(Qf 15— 91 + (@f 1+ 9171

_ 2(‘Qflc + gls‘)e + 303

o =
29 15— 910 '
_ 4Q[U(Qf 1, — g1.) +a(Qf 1. + g1,)]
(@ 15— 91 + (@ 1.+ 91,)
C — (Qfl(,' + g]s)p - 4‘(20

'Qfls — Y1
In the exact principal parametric resonance (¢ = 0), it comes from Eq. (34) the solutions
P LA VA

s+ = 02152 ’ (35)
with
A= (p0 + 0% — (0> + N)p* + & — 1).
Consequently, we find that at the first approximation, the solution can be written as
¢ = ascos(t — 1¥) + O(x). (36)

One should keep in mind that at the steady-state motion, the existence of amplitudes a; depends
straightforwardly to the value of the coupling coefficient K. When K varies, the frequency Q is modified and «;
exist only if a? is positive. The stability of the steady-state motions of the solution &(z, st) can be determined by
analyzing the nature of the steady-state solutions of Eqs. (33). That is why we let

a=a,+ai,
Y=+, (37)

where a;, and ¥, are respectively the amplitude and the phase of the steady-state solutions. Keeping
expressions (37) into Eqgs. (33), expanding for small a;, ¥, and taking linear quantities to ¢; and ¥, lead us to

a/l =Ta +AY,,

V) = Zay + 1, (38)
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where
I'=—J\- %azaf + 7(@{1‘:“; B sin ¥ + 7(9](125 91) cos ¥y,
A= w os ¥,a, — %Sin ¥as,
E= —%as, Y= —%sin Y, — %cos Y,

sin¥V, =p+ Qai, cosV, =+ 5af,.

Thus, the stability of the process depends on the eigenvalues S of Eqgs. (38) which are given through the
following equation:

ST+ VS+TY—AE=0. (39)
The steady-state motions are then stable under the following conditions:

H), = —('+ V>0,

HY, =T'Y—AE>0 (40)

and unstable otherwise. At the exact internal resonance, the conditions (40) correspond to the domain of the
coupling coefficient K in which &(z, ) is stable when the time increases and therefore the stability condition for
the process of synchronization in the nonlinear limit is defined. Now, we are going to use the both criteria (25)
and (40) to seek respectively the range of the coupling parameter K where the process is linearly and
nonlinearly stable.

4. Analytical and numerical results

The conditions (25) and (40) have been called to seek the range of the coupling parameter where the
synchronization process is stable. It is important to note that for n = 2,3,4,5,6, the conditions (25) are
satisfied for any value of K, and we only use this condition around the first main parametric resonance (n = 1).
To identify different dynamical states which appears in the coupled VAPD oscillators, we varied the coefficient
K to see if the conditions (25) and (40) are simultaneously verified or not. We find from these two conditions
(25) and (40), that depending for the coupling coefficient K, there are some domains where the synchronization
process could be stable or not. We fix = 0.1 and used two values of «. For instance when o = 0.01, the
synchronization is unstable for K €] — oo, —1.0597] U [—0.3130, 0[U]0, 0.260] while for « = 0.05, the process is
not achieved for K €] — oo, —1.2929] U[—0.4550,0[U]0,0.1690]. Saying here that the synchronization is
unstable means that &(f) never goes to zero as the time is increased but has a bounded oscillatory behavior or
goes to infinity. Three ranges of the coupling parameter are found. The first region is K €] — oo, —1.0597] for
o =0.01 and K €] — 00, —1.2928] for o = 0.05 where the synchronization process is unstable linearly and
nonlinearly, called global unstable domain of the synchronization process. Generally in that first region, the
amplitude of oscillations becomes very large and tend to infinity for certain values of the coupling parameter K
(see Fig. 3a with o = 0.01 and K = —30). Nevertheless according to «, the deviation x — y between the master
and the slave can be bounded by high-amplitude oscillations as shown in Fig. 3b for « = 0.05 and K = —30.
Such a behavior is the characteristic of global unstable phenomena of the synchronization process analyzed. In
the second region, K € [—0.3130; 0[U]0; 0.260] for o = 0.01 and K €] — 0.4551,0[U]0; 0.1690] for o = 0.05, the
synchronization is not achieved as we mentioned before since the deviation x — y is bounded (see Fig. 4). Here,
the amplitude of oscillations are very small compared to those observed in the global unstable. At the last
region, K €] — 1.0597, —0.3131]U]0.260, +o0[ for « = 0.01 and K €] — 1.2929, —0.4550[U]0.1690, 4+-o0[ for o =
0.05, the synchronization process is stable and defined what is called the global stability area. This means that
the deviation between the master and the slave goes to zero as the time increases as we show in Fig. 5(a) for
o =0.01 and in Fig. 5(b) for o = 0.05.
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Fig. 3. Time history of the deviation &(z) displaying both linear and nonlinear unstable phenomena of the synchronization process: (a)
o=0.01, K = =30; (b) « = 0.05, K = —30.
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Fig. 4. Time history of the deviation &(7) displaying bounded oscillations in the process of synchronization: (a) o = 0.01, K = —0.04; (b)
o=0.05, K = —0.35.
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Fig. 5. Time history of the deviation &(z) displaying the stability of the synchronization process: (a) « = 0.01, K = —0.50; (b) & = 0.05,
K =0.70.

Numerical simulations have been used via the fourth-order Runge—Kutta algorithm with the time step
At = 1072 in order to check the accuracy of our analytical investigation. Thus, both numerical and analytical
results have led us to derive a stability chart in the plane (K, ). Our results are reported in Fig. 6 and the
coming results are observed.
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Fig. 6. Stability chart in the (K, «) plane.

Five different domains D, D,, D3, D4, D5 are distinguished. The first one (D;) corresponds to the numerical
and analytical (linear and nonlinear) stability domain, while D, is the region where the synchronization is
stable numerically but analytically stable nonlinearly and unstable linearly. The closeness &(¢) between the
master and the slave in D; and D, tends to zero as it appears in Fig. 5, we remind that the configuration point
(K, o) is in the global stable area. In the region Dj, coexist analytically the linear instability, the nonlinear
stability and the numerical instability. The deviation x — y has a bounded oscillatory behavior as it appears in
Fig. 4. We find that the region D4 displays analytically both linear and nonlinear stabilities in addition to the
numerical instability of the synchronization process. The last domain Ds is both unstable analytically (linearly
and nonlinearly) and numerically (global unstable area). It should be quoted that for some values of K €
[—0.3130,0[U]0, 0.260] (for instance, K = —0.30; —0.20;0.15) when o = 0.01, the synchronization process is
numerically achieved while not predicted by the analytical investigations. But for « = 0.05, there is a quite
good agreement between both analytical and numerical results for all values of K. Therefore, it should be
stressed that as the nonlinearity coefficient o increases, there is a good convergence between analytical and
numerical results.

5. Conclusion

In this paper, we have investigated the general synchronization of two coupled VdPD oscillators. The
analytical investigation of both linecar and nonlinear stabilities is based on the Whittaker method and the
Floquet theory, and also on the multiple time scales method. We have found that the amplitude of the

oscillatory states is related to the coefficient of nonlinearity. The effects of such a coefficient on the stability
boundaries of the synchronization process have also been found.

Appendix A
A.1. Appendix

The functions F(t), G(t), R(r) and R(t) are defined as
F(t) =f.,co82t 4+ f;sin21 + f,.cos 4t + [, sin4t + [, cos 6T 4 f'5, sin 617,

G(1) = gy + 91,0827 + gy, SIn 2T + g, cOs 4T + g5, sin 41 + g3, cOS 6T + g3, Sin 67,
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0(1) = 2¢,,cos T + 2q,, Sin T + 245, cos 3t + 2¢5, sin 31,

R(1) = 2r1.cost + 2ryssin T + 2r3. cos 3t + 2r3, sin 31,
with

I , ad 1547 w2 3
= (a2 R R
at 2w( 06 ) T 8 )

3u ad 1512\ @2 3o
glf—w(fl*?——m)*a 1=3)

_ TA+3u 3ou (3o
Jos = /1(40)>+w2<4 A)a

L I 30 3p(u
93¢ = 73042 8w ° 93T T l6w? 160

A.2. Appendix

The quantities ay, a,; and a,. are defined as

a =gy — 4 — ‘(flc [T e Lo+ re + 130,

are =4%g1.+ 3 15—
— Y\ 1S o+ S o 35 = Lo 30,
W =Y+ 40 2 1 5+ 11 30,
W o+ 1 1+ 1 35 =1 30

_1 1
ais =3915 — o 1c

1

are = §g20 +f2s -
1

ars = 392 _fZC -

_1 3
aze = 503, +5f 35 —

293v 2f3c

YA 1+ 1 20 L1 25 F 2 30 F L2 39

%(Lu‘f& +f1cf26 _flsfk)a
§@2 55+ 11 25 = F 15 20

d4e = _%(%fi -3 %x +f10f35 _fISfSS)’

327
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ass = =§(f1 3 = F1sf 20 F /1 30 25 20
ase = =82S 3e = fof 30 ass = =t 2ef 35 + 25 30)-

2 2 1
Ts dos = — gfﬁi(’ 3s*
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