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Abstract

This paper deals with using of optimal stopping times
in problems of optimal correction of the motion. The
theory of Markov optimal stopping times has been con-
sidered, for example, in [Shiryayev, 1978; Chow at al.,
1971]. On the other hand, a problem of motion correc-
tion for systems with incomplete information consists
in the accumulation of measured data and the subse-
quent choice of a new control for remaining time in-
terval. A determinate version of the problem of mo-
tion correction can be found in [Kurzhanski, 1977].
Here we consider multistage linear control systems
with Gaussian noises and additive uncertainties. Using
the results of convex analysis and the theory of Kalman
filtering, we obtain the optimal minimax stopping times
for the completion of observation and for the transition
to a new control action. A simple one-dimensional ex-
ample is examined for the purpose of an illustration.
An application to the alignment problem in the theory
of inertial navigation is also considered. In addition,
we show some simulation results.
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1 Introduction

Stopping times are widely used in applications of the
theory of random processes, in financial mathematics,
and in the control theory. Let us give a mathemat-
ical preliminaries. Given a probability space (€2, F,
Fi, P) with increased family of o-algebras F;, ¢t €
0: N, Fo = {0,Q}, Fn = F, consider the se-
quence of random F;-measurable values fi,, E|f:| <
oo, where E is the expectation. The integer random
value 7 € {0,1,...} is called the stopping time if
{r = t} € F;. The set of all stopping times with
the property t < 7 < N (P-a.s.) is denoted by M.
If 7 € MY weset f, = Ef\io Jil{r—i), where 14
is the indicator function. Let z A y = min{x,y}

and f = esssup, f®, where {f* o € A} is any
family of F-measurable functions. By definition, put
Fw) = esssup, f2(w), if fw) > f(w) Pas),
Va, f(w) is F-measurable, and if h(w) is another func-
tion, satisfying the inequality, then f(w) < h(w) (P-
a.s.). Such a function f(w) there exists, [Shiryayev,
1978]. A notion of essinf, f*(w) is defined simi-
larly. Let us define recursively the values bY = fy,
b = f; NE(bY, || F;) fort € N —1: 0, and the stop-
ping time 7¥ = min{t < i < N : f; = b™M}. In this
paper, the following result is used.

Theorem ([Chow at al., 1971; Shiryayev, 1978]). Let
VN = inf{Ef, : 7 € M} } and E|f;| < cc. Then the
following properties are hold:

(@ ¥ e MY,

®) E(f,~|F:) = b

(© E(fr|F) = E(fox|Fe) = b)Y, V1 € M

(d) bY = essinf{E(f,|F) : 7 € M}, in particu-
lar, by = inf{Ef, : 7 € M} =Ef.nv = V53

() VN =EbY, Vi’ =Efn.

Thus, the value 7" is the optimal stopping time on
the interval O : N. But, in many problems of stochastic
optimization, the probability measure P is not known.
Suppose that we have a family {P,,, a € A} of proba-
bility measures. In this case, define the recursive values

bN = fn, by = fi Aesssup Eq(bpy | F7), 0
forte N—1:0.

When esssup,, E,|f:| < 0o, we introduce the value
N =min{t <i < N: f; =b} (2)

that called the optimal minimax stopping time on the
interval ¢ : /N under the uncertain family of measures

{Pq, a € A}



The Theorem and formulas (1), (2) are used in search-
ing of the instant for the transition from observation to
control in the problem of motion correction for multi-
stage system

z; = Ao + Biug + Civp + &,

3
yi = Gizi—1 +w; + 15, ®)

where z; € R" is the unknown state vector; y; € R™
is the observable vector; A;, B; C;, G; are matrices
of appropriate dimensions. The initial Gaussian vec-
tor zg ~ N(z$,70) has uncertain mean value
and does not depend on sequences & ~ N(0,ZE;),
n; ~ N(0,T;). Suppose that cov(&;,n;) = Q;, and
cov(€imy) = 0, cov(&.&;) = 0, cov(ni,7;) = 0 un-
der i # j. The uncertain parameters zJ, v;, w;, which
can be considered as the parameter « in (1), (2), are
limited by either the geometric constraints

x5 € Xo, v €V, w; €W, €]

where X, V;, W; are convex and compact sets, or, the
joint quadratic constraints

N

e, + Y (loils, + lwill®,) < w6
i=1

We suppose ||z||% = z/Pz. The symbol ' means the
transposition. Matrices Fy, F;, R; are symmetric and
positive. The controls u; will be formed depending
on the set of vectors y* = {y1,...,y;} under the rule
given below. The estimation problems for the systems
like (3) with mixed (determinate and random) distur-
bances was considered by the author in [Ananiev, 2007;
Ananiev, 2010].

2 Problem of Motion Correction

Let the control u; belong to U; C RP, where U; is
a convex compact set. The set of admissible controls
{ug,...,un} is denoted by u(t : N). If ¢ = 1, then
instead of u(1 : N) we write the symbol u” . The anal-
ogous designations are used for v;, w;. The whole set
of uncertain parameters in system (3) will be denoted
by 2V = {z, o™, w™V}.

2.1 Correction without parametric uncertainty
Suppose at first that constraints (4), (5) give a single
valued set z™V (constraints (4) are one-valued, and in (5)
we have = 0). We also suppose that the set of open-
loop controls u” is given. Lett € 1 : NV be the defined
instant and F; = o(y1,...,y:) be the o-algebra gen-
erated by measurements. We can set a problem on mo-
tion correction of system (3), which consists in of the
replacement of old controls with new J;-measurable

controls u(t + 1 : N) € Upy1 X - -+ x Uy for the pur-
pose of minimization of terminal functional. Namely,
we solve the following problem

E|Dzy|* = min |, (6)
u(t+1:N)
where || - || is the Euclidean norm, D is a matrix.

Consider the solution of problem (6) in detail. We
have E||Dzy||? = EE(|Dzy||?|F:) = ttDPy D’ +
E|| Dz n¢||?, where tr is the trace of matrix, Py ¢ is a
solution of the matrix system

Py = AP A, + 2, Piy=m, )
iet+1:N,
Z ¢ 1s a solution of the forecast system
Tit = Aii—14 + Biug + Civg, Ty = Ty, )

1e€t+1:N.

The initial states ~;, &; of systems (7), (8) are defined
by Kalman filter equations, [Liptser and Shiryayev,
2000]:

&y = Aiio1 + Biug + Cyvp + Ki(yi — Gidia
—wy), Zo =5, i €1:t, K;= (A 1G)
+Qi)A;, A =T+ GiviaG,

vi = Aivic1 AL+ i — K AK.

9

Here A~ is the pseudoinverse matrix for A. For the
solution of problem (6) one have to find min || D%y ;||?
over the all controls u(t + 1 : N) in system (8) with
given initial condition ;. We have

. N 2 Iy AN A
i Do = (s (U DAY s
N , (10)

i=t+41

where AN = Ayx--- A, AL = id, p(lJU) =
max, ey I'u is the support function of the set U, [Rock-
afellar, 1970]. If ly is a maximizer in problem (10),
then the optimal controls u°(t + 1 : N) satisfy the con-
dition of minimum min, e, lju = ljul.

For the definition of Markov stopping time of transi-
tion to a new control, we introduce the designation

min || Diy¢||? +trDPx D', (11)

ge (l’t) - u(t+1:N)

Using linearity of the equations, we can write the
equalities y; = y9 + y* +yi, 2, = 20 + 2% + x},



where vectors are formed by the systems

2 = A2+ KiG, ) = Gid)_y + ¢,
508 =0; zy = Azl 1 + Biu;, vy = Gz 4, 12
xzg = 0; xll = Aiz}_l + Csv;,

1 1
Yy, = Gix;_1 + w;.

Here ¢; ~ N(0,A;) is the innovation sequence of in-
dependent Gaussian values. Using Markov property of
systems (9), (12), we recursively form the functions

sn(w) = gn (), st-1(2) = gi—1(x) A Esi (A
+K( + Byug + Cyvy), t € N 1 1,
13)
where the expectation is applied to the value (;.
By means of the Theorem from Introduction we come
to the conclusion.

Theorem 1. Let the parameters z" in (3)—(5) be fixed
and the stopping time be of the form 7/ = min{t <
i < N ¢ gi(&) = si(@;)}. Then under f; =
ge(2¢), b = s4(3;) the properties (a) — (e) of the the-
orem from Introduction hold.

Remark 1. Suppose that the open-loop control u! is
a minimizer of problem (6) (when ¢ = 0) and the
control is not recalculated. Then the value f; =
E(||Dzx||?|F;) is a martingale and, therefore, Ef, =
Ef, for any stopping time 7 € M}, [Liptser and
Shiryayev, 2000]. The value g;(Z:) is not a martin-
gale. Consequently the problem about a finding of the
optimal stopping time for system (3) makes sense.

2.2 Correction under parametric uncertainty

Suppose that the uncertain parameters z” in (3) are
restricted by constraints (4) or (5). Now under given
set uY of open-loop controls, the value E||Dxy|? =
trDPy D’ + E|[DZx +||? in problem (6) is uncertain.
There are several approaches to the possible solution.
The most simple approach consists in the decision of a
minimax problem

Din4> = min .
e DEd™ = winy (14)

The minimum in (14) will majorize expression (10) for
any parameters 2"V and it can be used as approximation
from above. Let us calculate the minimum under con-
straints (4). We use the methods of the convex analysis
[Rockafellar, 1970]. Denote the matrix A; — K;G; by
A, and the product Ay --- A, by AN; Al = id.
Using equations (8), (9), we can solve problem (14)
and obtain the minimum in the form

ro(3F) = (max {l’DA{VaEt + dy (1)

i<t
N , (15)
-y p(—l|DA£VBiUi)}) ,

i=t+1

where Z} is a solution of the system
&7 = A&y + Biu; + Ky, 35=0,  (16)
and the value d;(l) is defined by the formula

dy(1) = conc (p(Z\DAgv AL Xo)
t
+ > (p(IDAY ALCiV;) + p(—1| DAY ALK W)
i=1
N
+ > pUpAYCiVy)).
i=t+1

17)
In formula (17) the symbol concf (/) means the least
concave function majorizing the f(I) over the unite
ball. For constraints (5) instead of formula (17) we get

d(l) = p - conc(l/DA,{V (ALP; T AL
t
+>° (AlCiF ClAY
=t , , (18)
+A!K; RV KAL) AN D'l

N SN2
+ Y vpaNe,F Ay D'z) .
i=t+1

Note that conc(I’ Al)Y/? = (m(A)(1—1U'l) +1' A'1)Y/2,
where m(A) = max;<; I A’l for matrices A’ = A >
0. In this connection the concave hull in the formula
(18) can be calculated explicitly. The same as in sub-
section 2.1, if [y is a maximizer in problem (15) with
function (17) or (18), the optimal controls u° (t+1 : )
satisfy the condition of minimum min, ¢, lju = lHu?.

The same as in subsection 2.1, for the definition of the
Markov stopping time of the transition to a new control,
we introduce the designation

gt(27) = ri(2}) + trDPy D’ (19)

The main difficulty of using of function (19) consists
in the fact that the forecast of the signal y; under the
observable data y*~! contains uncertain parameters. In
this connection we will consider the random attainabil-
ity domain of the system

7 = Ait;_ + Biu; + K (G + w; + Gifti—),
Ty = A2 + Cyvy — Kyw;, %o € Xo,
(20)
which is equivalent to (16).
We define the functions

sn(r) = gn(x), st-1(x) = gr—1(x)
Amax Esi(Awx + Bruy + K (¢ + wy 1)

+Gii-1)), tEN:1,



where the E is applied to (;, in order to receive the fol-
lowing result.

Theorem 2. In the parametric uncertain case, let the
stopping time be of the form ¥ = min{t < i <

N : gi(&F) = s:;(&F)}. Then without uncertainties
this stopping time coincides with one in the theorem
1. For fiy = gi(27), b)Y = s4(&}), the value 7V is

the optimal minimax stopping time in the sense of for-
mulas (1), (2). For any set 2N of parameters, the esti-

. . N ol 3
mation Emin, (o 1.3 B[ Dy [Py ) < Eg(#)
from above is valid.

Remark 2. After the reaching of the instant 7)Y when
the control is changed, it is possible to continue obser-
vation and again to trace the stoping time. In that case
we receive the process of multiple correction.

2.3 Example
Let us consider a simple one-dimensional example for

the purpose of an illustration. Let the equations look
like

Ti = Ti—1 + Ui+ Viy Yi = Ti-1 + Wi + N,
il < a, Joi] < B, Jwil <3,

where the random values 7; ~ N(0,T') and 29 ~
N(0,0) are present. For given example we have

v =l/ (T +iv), Ki =71/ +7i-1)
t

=%/T, Py =, &= Y (yi —wi)/T.

i=1
If B = § = 0, the function (11) is of the form

B 0, |z| < a(N —t);
gr(@) =+ { (Jz| — a(N — t))z, |z| > a(N —t).

After the calculation of functions (13) and the reaching
of the instant 7Y, the control is found by the formula

o

o - Sign(fc'rév)7 "i'rév| > Oé(N - t)a
T\ =i (N —1), |in| < a(N —1).
0 0

Let N = 50, a = 79 = 1, I' = 0.5. Here the functions
gn-1(z) and sy_1(z) coincide. Therefore the instant
1 = N —1is always the stopping time, but in some ran-
dom realizations the stopping time can happen earlier.
The structure of functions sy_4(x) and gn_4(x) are
shown on Fig.1. The solution in the parametric case
is provided analogously according to formulas (15) —
(21).
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Figure 1.  Structure of functions.

3 Application

We apply our consideration to the alignment problem
from inertial navigation. Consider a transport ship-
airplane system. The base coordinate system (b.c.s.)
of the ship is correct. The axis 1 is directed along the
parallel to the West. The axis 2 is the local vertical.
The axis 3 is directed along the meridian to the North.
The airplane dependent coordinate system (d.c.s.) with
respect to b.c.s. is estimated by the Krylov (or Euler)
angles. The sequence of clockwise rotations: 61, 63,

Figure 2. Alignment by rotation.

#>. Kinematic equations are of the form

él = w1 — 92 sin 037 92 = (LUQ COS 91

—ws3 sin 91)/COS 03, 93 = W2 sin01 + ws COs 91,

where w; are projections of relative angular velocity.
Under small angles (several degrees) these equations
are well linearized. In the simplest case, the movement
occurs on the Equator and #; = 65 = 0. Then only
one angle § = 63 gives a deviation. The aim of the



alignment is to match systems using the output of ac-
celerometer’s integrator along axis 2. When 6 is small
weobtain = Q — Q1 + 3, 8=v,9=g0 +w+7,
where () is absolute angular velocity of d.c.s., 8 is a
slowly changed zero offset, w and 7 are determinate
and random disturbances, g is the acceleration of grav-
ity. The constraints are of the form

T T
/ v(t)2dt)T < o?, / w(t)?dt/T < 5°.
0 0

Let h = T'/N be a time step. For discrete type of mea-
surements we get the system

Op =01 +u +hBe—1 + o1, Br=Pr-1
+vae,  yr = hgli_1 +wi + ;.

For vectors vy = [v14; v2¢] and numbers w; we obtain
the constraints

N N
> luill3 < o?h2N, > wi < 82PN, (22)
i=1 =1

where F~1
t;
u; = [ (2 — Qq)dt be also restricted by the con-

ti—1

[h?/3,h/2;h/2,1]. Let the controls

straint analogous to (22) for w with § = §,. Here
we have used standard Matlab designations for vectors
and matrices. Let (E63)"/? = 1grad, (E2)Y/? =
12 grad/hour. Other numerical data: 7' = 300 sec,
N = 300, § = 0.009m/sec?, @ = 36 grad/hour?,
(En)'/?2 = 1/600m/sec, g = 9.81m/sec?, §, =
103 rad/sec. The signal y; is realized under w; =
—ho, v; = [h/2;1]ha. The alteration of the cost
r = +/g:(Z}) is shown on Fig. 3. The control is on
Fig. 4. For given random event w, the change of con-
trol happens at ¢t = 292, t = 299.

4 Continuous case

The same approach with the help of [Oksendal, 2000]
can be applied to the system of the form

dry = (A(t)zy + B(t)u + C(t)v)dt + o1(t)dB},

dy; = (G(t)xs + D(t)w)dt + o2 (t)dB?.
(23)
For system (23) we write the Kalman-Busy filter

diy = (A(t)iy + B(t)u + C(t)v)dt
+P ()G (t)(og0h) " Y 2dj,, (24)
dy; = (G(t)i¢ + D(t)w)dt + (020%)"2di,

I I
50 100 150 200 250 300
t (sec)

Figure 3.  Alteration of the cost.

Control Values
0.05 . ; .

u (grad)

“04 I I I I I I I I |
290 201 292 293 294 295 296 207 208 299 300
t (sec)

Figure 4. Control actions.

where g is the innovation Brownian process. To solve
the problem like (6) introduce the generating operator

L= i(A(t)x + B(t)u + C(t)v);0/0x;

+9/0t + i(G(t)x + D(t)w);0/0y;
i=1

+1/2 Z (020'2)1-432/8%3% (25)
Q=1
62

Y 9z, 0 ;
j

1 « .
T3 ijZﬂ(PG’(azoé) GP)

P); 4 ’
)]7 6x18yj

and the functional J7 (s, z,y) = E$®Y||2,||?, where T
is a continuous stopping time. Let V = {(s,z,y) : s >
0, x € R", y € R™} be a basic domain. The follow-
ing conditions are sufficient for finding of the optimal



stopping time. If there exists a function ¢(s, x, y) such
that:

(i) ¢ € CLHV)NC(V);

(i) ¢ < [jz]|* and $(0,2,y) = ||z]|* if (s, 2,y) € V;

(i) If D = {(s,z,y) : ¢(s,x,y) < |[|x||?}, then
E5 [ Xop(t, &0, ye)dt = 0,Y(s, z,y) € V;

(iv) 9D is a Lipshitz surface, and ¢ € C%(V \ 9D);

(v) L¢ < 0if (s,z,y) € V\ D, and Lp = 0 if
(s,x,y) € D;

(vi) p = inf{t > 0 :
as.V(s,xz,y) €V,

(ta‘ihyt) ¢ D} <
then

|‘%T||2 = JTD (vaay)a (26)

— 5,T,Y
¢(s,2,y) = inf B

and 7* = Tp is an optimal stopping time. In (25) we
substitute the optimal open-loop control (¢, y(-)) that
can be found as above. If the functions v(-),w(-) in
equations (23) are unknown, the above item (v) should
be replaced by the following

(v') L¢ < 0if (s,z,y) € V\D, and Lo = 0 if
(s,z,y) € D; where

n

L = max { > (A()z + Bls)us.u()

=1
+C(s)v)i§i + é(G(S)x +D(s)w); g;i }
+% + ;idi_l(Uzaé)i,jJ;% 27
+% iil(PG’(azoé)_lGP)i,j aja(sz
+; i_l(GP%,z‘afjgyj'

5 Conclusion

We have considered the using of the Markov stopping
times in problems of motion correction under mixed
disturbances. It was supposed that the phase vector
of the linear multistage system is non-observable, but
we can observe a vector signal with noise at discrete
instants. The expectation of the noise was uncertain
and bounded by set-valued constraints. Here we have
examined only multistage linear control systems with
Gaussian noises and additive uncertainties. However,
the same arguments can be applied to continuous con-
trol systems exited by Wiener processes. Using the
results of convex analysis and the theory of Kalman
filtering, we have obtained the optimal minimax stop-
ping times for the completion of observation and for
the transition to a new control action. The new control
was obtained from minimax auxiliary open-loop con-
trol problem. The process of correction may be mul-
tiple. Thus, we have suggested the motion correction

algorithm that consists in finding instants of correction
when the old control is replaced with new one on the
remaining time interval. A simple one-dimensional ex-
ample was examined for the purpose of an illustration.
An application to the alignment problem in the theory
of inertial navigation was also considered. We also
considered briefly the generalization of the theory to
the continuous case.
Some problems need to be solved:

What is better: to solve numerically the free
boundary problem with partial derivatives or to use
discretization?

Nonlinear cases: needs one to use nonlinear filter-
ing theory or something else? How to take into
account uncertainties for the mixed disturbances
case?
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