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Abstract

Working with continua at hydrodynamic level we pos-
tulate that general conservation laws are independent
of irreversible phenomena. We show that this inde-
pendence holds in the system’s own state space and
enables one to apply the reversible Hamilton’s princi-
ple in order to find conservation laws for energy and
momentum in imperfect systems. A general relativis-
tic Lagrangian is constructed which yields the effect of
heat flux, ¢, and nonequilibrium stress, 7, in the energy-
momentum tensor G of an extended reversible fluid ex-
hibiting thermal inertia. Extended Hamilton principle
is applied that admits thermal degrees of freedom (en-
tropy four-flux) and yields G as the tensor source of
the gravitational field. For the instantaneous properties
of this field it is inessential whether the origins of heat
flux, g, and of nonequilibrium stress, 7 in G are re-
versible or not, the property which makes G directly
applicable to real dissipative fluids. Relativistic trans-
formations for temperature and chemical potentials in
moving continua composed of phonons or massive par-
ticles are discussed in the light of kinetic potentials and
theory of thermodynamic transformations.
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1 Introduction

The conservation equations for energy and momen-
tum in thermo-hydrodynamic systems are identical for
reversible and irreversible processes provided that in
both cases they are considered in their general non-
truncated form which does not eliminate nonequilib-
rium effects such as heat flux and nonequilibrium stress
[Hirschfelder et al., 1963], [Sieniutycz, 1994]. This
general form holds in the extended state space which
is spanned not only on the traditional thermodynamic

coordinates, such as densities of components and en-
tropy, but also on the corresponding fluxes. The num-
ber of all coordinates of the extended state or the state
dimensionality is a minimum number of variables nec-
essary and sufficient to characterize the system. The
energy-momentum tensor of a thermo-hydrodynamic
system is thus the property of the extended state or
the state described by a minimum number of thermo-
hydrodynamic variables. Presence of both mechani-
cal and thermal variables in the set of the state co-
ordinates is essential for complete description of real
thermo-hydrodynamical systems. The identity of non-
truncated conservation laws in both cases (reversible
and not) reflects the general property of the system in
which internal contributions cancel out so that the mo-
mentum and energy balances are unaffected by irre-
versible sources. For example in reacting systems it is
known from both statistical mechanics [Tolman, 1949],
[Hirschfelder et al., 1963], [Chapman and Cowling,
1973] and thermodynamics [Bird et al, 1960], [Wis-
niewski, 1984], [Wisniewski et al, 1973] and [Sieni-
utycz,1994] that the presence of reaction rates does
not change general analytical structure of energy and
momentum equations. The described property is, in
fact, the basis in the Onsager’s theory of nonequi-
librium thermodynamics [Onsager, 1931a], [Onsager,
1931b]. In the so-called perfect or adiabatic fluid the
heat flux is eliminated by the adiabaticity assumption
which truncates general conservation laws or rules the
heat flux out as a variable; thus the state space is in-
complete and the above property does not apply. The
reduced number of state coordinates in the perfect fluid
model causes the necessity to augment the perfect-fluid
conservation laws when they are applied to real non-
adiabatic systems, i.e. systems with with finite heat
flux (reversible or not). The augmenting procedure,
which is adviced even in the best textbooks on the-
oretical physics [Landau and Lifshitz, 1974a], [Lan-
dau and Lifshitz, 1987] is purely formal. Although
that procedure need not result in errors in the equations
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themselves, it is often understood in the form of the
fundamentally incorrect conclusion that any disequilib-
rium flux, such as heat flux or non-equilibrium stress,
is the irreversible property so that the irreversibility
influences the conservation laws. This incorrectness
persists in many otherwise good papers on thermo-
hydrodynamics. In fact, however, the general (non-
truncated) energy-momentum tensor in the full state
space is irreversibility-independent which is a very use-
ful property to obtain conservation laws of real com-
plex systems.

In the present paper this property is exploited
to obtain conservation laws in relativistic thermo-
hydrodynamics of irreversible gravitating fluids from
a reversible while extended formulation of Hamil-
ton’s principle of least action [Sieniutycz, 1992], [Sie-
niutycz, 1994], [Sieniutycz, 2002a]. With the ex-
tension, the early relativistic theory of heat transfer,
[Schmid, 1967b], [Schmid, 1970a], [Schmid, 1970b],
and the further generalization for perfect relativistic
fluids [Ray, 1972], [Ray, 1980], the Hamilton’s princi-
ple can be applied to include the flux of the entropy and
phenomenon of thermal inertia. For this purpose a gen-
eralized relativistic Lagrangian has been constructed
[Sieniutycz, 1998c], which yields the heat flux q and
nonequilibrium stress 7 in the energy-momentum ten-
sor of an extended reversible fluid with thermal iner-
tia. The actual momentum of heat (thermal momen-
tum related to the entropy flow) follows to be many
orders of magnitude larger than g/c? (c is the light
speed) but it is consistent with the kinetic theory [Grad,
1958] and with experiments in heat conduction [Sieni-
utycz, 1994], [Sieniutycz, 2002a]. The resulting con-
servation laws exhibit the heat flux and nonequilibrium
stress, thus they may be used as components of irre-
versible models containing explicitly irreversible equa-
tions. Such equations are, e.g., the Fourier’s law of heat
conduction or its non-causality-violating counterpart
called the Cattaneo equation, [Cattaneo, 1958], [Ver-
notte, 1958], [Chester, 1963]. After its combining with
the energy balance, the latter serves to obtain the hy-
perbolic (damped-wave) equation for temperature, i.e.
Eq. (3) below or its more exact extensions.

Some literature references cited in the present pa-
per serve to mention particular concepts and formal
techniques, and do not exhaust even in a small part
very large research material obtained for relativistic
continua. For a coherent review of macroscopic ap-
proaches to relativistic thermomechanics of continuous
media a book is recommended [Baranov and Kolpas-
cikov, 1974]. Use of composite variational principle
is based on a mathematical theory which also shows
a way of derivation of the conservation laws [Cav-
iglia, 1988]. Elementary calculus of variations is used
here to derive the Lagrange equations of motion for
the relativistic fluid [Gelfand and Fomin, 1963]. With
these results conservation laws and matter tensor can
be found, and other problems, such as stability and
causality in dissipative fluids, may be considered [His-

181

cock and Lindblom, 1983]. Diffusion processes can be
treated in curved phase space [Graham, 1977]. Even
dissipative phenomena can be included provided that
the Riemannian geometry is replaced by the Finslerian
geometry [Ingarden, 1996]. Applications are broad and
may lead to variational principles for stellar structures
[Kennedy and Bludman, 1997]; their text reformulates
the four basic equations of stellar structure as two al-
ternate pairs of variational principles. Applying the ge-
ometry of spaces with the Jacobi metric, a generalized
Maupertuis principle has been formulated for systems
with the Lagrangian and an indefinite form of the ki-
netic energy [Szydlowski et al., 1996]. The generaliza-
tion was applied to the theory of gravity and cosmology
where the metric determined by the kinetic energy form
has a Lorentz signature. The theorem was proved con-
cerning the behavior of trajectories in a neighborhood
of the boundary of the region admissible for motion.
This region is not a smooth manifold but turns out to be
a differential space of constant differential dimension.
This fact allows us to use geometric methods analogous
to those elaborated for smooth manifolds. It was shown
that singularities of the Jacobi metric are not danger-
ous for the motion; its trajectories are smooth in the
sense of the theory of differential spaces. An analysis
of the classical derivation of the continuity equation in
general relativity was performed [Sandoval-Villalbazo
and Garcia-Colin, 1999]. The consequences of the
equation obtained were discussed and compared with
similar results related with the conservation of parti-
cles (baryons and leptons). Emphasis was made on the
fact that different transport equations may be derived
from the possible choices of the mass balance equa-
tion in non-equilibrium formalisms. Nevertheless, the
continuity equation agrees with the notion of particle
conservation. Heat conduction in relativistic extended
thermodynamics is treated [Pavon et al, 1980] along
with the equilibrium and nonequilibrium fluctuations
in relativistic fluids [Pavon et al, 1983]. Extended rela-
tivistic thermodynamics (ERT) is developed [Pavon et
al., 1992]. However their paper deals with applications
to astrophysics and to cosmology, rather than with the
general theory. The reader interested in causal rela-
tivistic theories is refereed to papers by [Israel, 1976]
and [Hiscock and Linblom, 1983]. The second mo-
ments of fluctuations are determined from the Einstein
probability formula involving the second differential of
the nonequilibrium entropy. These moments are sub-
sequently used to determine the transport coefficients
of heat conductivity, bulk viscosity and shear viscosity
of a radiative fluid. By exploiting correlation formulae,
second order coefficients of transport are determined.
Nonequilibrium fluctuation theory assuming the valid-
ity of the Einstein formula close to equilibrium, is used
to determine the nonequilibrium corrections of the bulk
viscous pressure. An analysis of survival of the proto-
galaxies in an expanding universe completes the pre-
sentation of astrophysical applications of ERT. Cosmo-
logical applications are discussed next. It is shown that
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nonequilibrium effects and transport properties (such
as, e.g., bulk viscosities) play a certain role in the cos-
mic evolution of the universe. In that context, the fol-
lowing issues are outlined: cosmological evolution (de-
scribed by a Bianchi-type model with the bulk viscos-
ity), production of entropy in the leptonic period, the
inflationary universe and FRW cosmology. Some cos-
mological aspects of the second law are also discussed.

In conventional radiative hydrodynamics, dissipative
fluxes are proportional to the gradients of the temper-
ature, velocity, etc., with proportionality constants in-
ferred from the linearized radiative transfer equation.
The dynamical evolution is determined by the conser-
vation of matter, energy, and momentum. As stated by
[Schweitzer, 1988], conventional theory breaks down if
the geometry under consideration is photospheric, i.e.,
if emission/absorption processes are weak compared to
scattering and photons can “random walk” over large
distances without being absorbed. The fundamental
dynamical equations of motion include the relativis-
tic transfer equation and form the starting point for es-
tablishing extended versions of radiative hydrodynam-
ics. In [Schweitzer, 1988], the standard treatment of
the transfer equation is replaced by a hierarchy of rela-
tivistic moment equations, and the dissipative fluxes are
treated as dynamical variables in their own right. The
general moment equations involve source terms which
are a priori undetermined. If the radiation is almost
thermal the source terms can be expressed with Rosse-
land means, see, e.g., Wikipedia: Opacity (optics), also
as the information about the degree to which light is
not allowed to travel through. In this case, the moment
equations reproduce the structure equations postulated
by [Israel, 1976] for general dissipative continuous me-
dia. In the limit of slow motion, the moment equations
are studied separately and interpreted as hyperbolic dif-
fusion equations.

Also, a treatment was presented [Sieniutycz, 1990],
which, while nonrelativistic, deals with a macroscopic
extension of the de Broglie microthermodynamics [de
Broglie, 1964], so as to preserve the usual thermosta-
tistical effects ignored in the de Broglie theory. The ex-
tension includes basic macroscopic concepts, the usual
statistical temperature 7 and the chemical potential
w1 in a generalized macroscopic theory of fluids. The
derivative d = OF /Js of the energy density E with re-
spect to the entropy density ps, is found as the sum of
the intrinsic relativistic temperature of de Broglie fc?
(a counterpart of the ¢? term in the relativistic chem-
ical potential g = ¢ + 1), and the usual statistical 7,
so that d = 0c®+T and § = m/kp. Nonequlibrium
multicomponent fluids are investigated in the context
of the Hamiltonian action and the resulting conserva-
tion laws, under a “nonrelativistic” approximation of
low transport velocities and for the ¢? terms ignored.
The sourceless constraints for mass and entropy (“re-
versibility”) are sufficient to derive the standard form of
conservation laws for the energy and momentum, im-
proved by the presence of a generalized energy of diffu-
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sion. Thermal inertia effects appear naturally due to the
finite value of 6. The resulting thermohydrodynamics
exhibits many new features both for the static and dy-
namic aspects of the theory. In particular, both the ther-
mal equilibrium and the heat flow are affected by the
gravitational field. The entropy flux is associated with a
momentum (thermal momentum), and causes phenom-
ena such as heat flow, selfdiffusion, and nonequilibrium
stresses, which are usually regarded as irreversible.
General Gibbs equations are obtained which take into
account the role of the transport velocities or momenta
and the macroscopic averages of the quantum phases of
the species. A unification is achieved for the mechan-
ical and thermal Legendre transformations within the
field hydro-thermodynamics. It is shown that for inher-
ently irreversible cases the thermodynamic formalism
must involve quantum phases explicitly and that the en-
tropy source is incorporated in the Gibbs equation as
the derivative of the energy with respect to the thermal
phase.

Further developments of the above approach are for-
mulated in the relativistic context. [Sieniutycz, 1992],
[Sieniutycz, 1998], [Sieniutycz, 1994], and [Sieniu-
tycz, 2002a] has constructed a general relativistic La-
grangian which yields the effect of heat flux q and
nonequilibrium stress 7 in the energy-momentum ten-
sor of an extended reversible fluid exhibiting thermal
inertia. The actual momentum of heat (thermal mo-
mentum related to the entropy flow) follows to be many
orders of magnitude larger than q/c? (c is the light
speed) but it is consistent with the predictions of the
kinetic theory [Grad, 1958] and with the experiments
in heat conduction. On the other hand, the net momen-
tum of heat remains q/c?, in agreement with the stan-
dard relativistic result, this net momentum being the re-
sult of incomplete compensation of the actual thermal
momentum and the momentum associated with self-
diffusion of particles. Whenever inertial effects pre-
vail, the classical densities of mass and entropy, p and
ps» cease to be natural variables of energy density E in
the Callen’s sense [Callen, 1988]. This fact necessitates
the use of what may be called the thermal potential 7~
a new quantity replacing the classical temperature 7.
Changes in thermodynamic formalism require the re-
placement of T by 7~ The admission of a freely varied
four-flux of entropy in an extended Hamilton princi-
ple implies all nonequilibrium corrections (q and 7) to
the energy-momentum tensor, thus making it possible
to investigate the effect of nonequilibrium phenomena
on the properties of associated gravitational fields. For
the instantaneous properties of this field it is inessen-
tial whether the origins of heat flux q and of nonequi-
librium stress 7 in the energy-momentum tensor G are
reversible or not, which is the property that makes G
directly applicable to real dissipative fluids. Selected
aspects of these relativistic formulations are contained
in the present text below.
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2 Action, Lagrangian and Thermo-
Hydrodynamic Potentials

We restrict in this section to the Lorenzian frames of
special relativity, for which we outline the role of La-
grangians (or related Hamiltonians) in the development
of the theory of thermo-hydrodynamic transformations
and the related Gibbs equations describing various ther-
modynamic potentials. This information is purposely
condensed for the sake of brevity. For more details the
reader is referred to previous publications [Sieniutycz,
1990], [Sieniutycz, 1992a], [Sieniutycz, 1994], [Sieni-
utycz, 2002a].

The basis of the variational theory of a reversible fluid
in Eulerian representation of fluid’s motion is the field
action, A, based on the four-dimensional integrand over
pressure P. Due to the relativistic invariance of four-
volume element dVdt the invariance of A is consistent
with the invariance of P. For example, in the Lorenzian
frames

A= /Pdth = / POavoat® = A%, (D)

where the superscript 0 refers to rest-frame quan-
tities. (For the simplicity of notation single inte-
grals are symbollically used in place of multiple four-
dimensional and theree-dimensional integrals.) As the
four-dimensional volume element, dVdz, is the rela-
tivistic invariant, or dVdr= dv9ds°, Eq. (1) implies
the invariance of P in the light of the invariance of A.
Moreover, in view of the invariance of P and selfcon-
sistency of thermodynamic transformations the three-
dimensional integral of Mathieu thermodynamic poten-
tial (the ratio of the grand potential and temperature 7)

0 0
Q:/PdV:/PdV _ o
T 70

is Lorentz invariant only if the temperature transforms
in the same way as the volume V, i.e. moving body ap-
pears cooler. This means that the relativistic tempera-
ture transformation satisfies the Einstein-Planck trans-
formation formulae rather than Ott’s transformations.
Indeed, a comparison of Eqs. (1) and (2) proves the
frequency-like transformation for the relativistic tem-
perature. This agrees with the interpretation in which
temperature is a measure of the frequency of thermal
agitation. More details on this issue can be found in
Sec. 5, where transformations of a generalized temper-
ature refer to systems with thermal inertia.

Associated with the entropy density ps is the total
entropy flux Js whose diffusive part is defined opera-
tionally as ratio of density of heat flux q and 7 in the
frame of fluid particles. In an arbitrary frame the ra-
tio ug= Js/ps defines the velocity of entropy transfer
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which is composed on the sum of hydrodynamic veloc-
ity u and diffusive part q/Tps. The quantities ps and
Js and constitute a relativistic four-vector. The ratio
Js/ps describes the absolute velocity of entropy flow,
dx,/dt, or the change of the entropy coordinate x, (La-
grangian thermal coordinate) in time ¢t. The idea of
the Lagrangian thermal coordinate is associated with
the Lagrangian formulation of the Maxwell-Cattaneo
hydrodynamics [Grmela and Teichman, 1983]. The
above consideration means that besides of hydrody-
namic concept of moving fluid particles we also use the
parallel concept of moving thermal elements associated
with quantal heat particles or quasiparticles of the ther-
mal process, [Markus and Gambar, 2005]; [Vazquez et
al., 2009] These quasiparticles are relatives of photons
or quasiparticles of quantized acoustic fields.

Various hypotheses for thermal mass and thermal in-
ertia are known [Veinik, 1966], [Sieniutycz and Berry,
1997]. Quantum theories such as de Broglie micro-
thermodynamics [De Broglie, 1964], [De Broglie,
1970] offer a reinterpretation of wave mechanics and
may accommodate EIT effects [Sieniutycz, 1990],
[Sieniutycz, 1992]. An approach towards construct-
ing the Hamiltonian formulation as a basis of quan-
tized thermal process [Markus, 2005] has turned out
to be quite successful. The approach is based on a gen-
eralized Hamilton-Jacobi equation for dissipative heat
flow [Markus and Gambar, 2004], [Markus and Gam-
bar, 2005], [Vazquez et al., 2009] whose physical im-
plications differ substantially from those ignoring dis-
sipation [Schmid, 1967a].

Only in reversible processes the identity uy; = u is
satisfied. In the case of irreversible processes both ve-
locities u, and u differ. The simplest example is the
heat transfer in a resting medium where only u; is non-
vanishing (the consequence of a finite q), whereas the
hydrodynamic velocity u equals zero. The velocity of
the entropy transfer u, is a concept more suitable and
more exact than the concept of the velocity of energy
transfer because the energy density and energy flux are
not scalars but components of a four-tensor.

The kinetic potential density L is an important quan-
tity in the hydrodynamic theory of heat conducting
fluid. It is essential that in the realm of thermodynamic
transformations L need to be considered as a function
of densities and velocities, whereas the energy density
E (which is the Legendre transform of L with respect
to velocities) is a function of densities and momenta,
p=0L/0u, ps=0L/0ug, etc. On the other hand, nega-
tive partial derivatives of L with respect to densities of
entropy and particles are respectively the temperature
T and chemical potential .

A simplest example is the kinetic potential of black
photons who represent the perfectly disordered radia-
tion. In this case the contribution of the rest mass to
L vanishes due to vanishing mass of the photon, and
only density of internal energy defined by the Stefan-
Boltzmann law contributes to L. Moreover, in this case,
a truncated kinetic potential holds
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L==p2(p, pp) = —p2(ps\/1 —u2/c?)

which proves that densities p? and L are independent
of p?l. Therefore, for black photons, partial derivative
tn = —O0L/0p, = 0, which is the classical result
in the thermodynamics of radiation. Moreover, partial
derivative

T =—-0L/0ps = T°\/1 —u2/c?)

defines the temperature of the black photon system
that moves with macroscopic velocity us= Js /ps. The
same formulas can be derived by considering the en-
ergy density E in terms of corresponding momentum
densities.

Here we give merely an introduction to the impor-
tant problem of thermodynamic potentials of thermo-
hydrodynamic systems [Sieniutycz, 1990], [Sieniu-
tycz, 1992], [Sieniutycz, 1994]. Functions or function-
als that can be obtained from L or E through Legendre
transformations are called the thermo-hydrodynamic
potentials (THP). Their dependence on velocities or
momenta, and their general properties make them the
extensions of classical mechanical Lagrangians and
usual thermostatic potentials. Their perfect differen-
tials describe various Gibbs equations for the thermo-
hydrodynamic system.

One may distinguish three types of the THP’s. Those
obtained from the kinetic potential L by the thermo-
dynamic Legendre transformation of thermodynamic
variables (densities, intensities) are called the THP’s of
the Lagrangian type, or Lagrangians. These THP’s al-
ways contain velocities. Those obtained from the ki-
netic potential L (or other Lagrangian) by the mechani-
cal Legendre transformation involving all velocities are
called the THP’s of the energy type, because they al-
ways contain the momenta, the natural variables of the
energy. For example, the pressure function P(u, ug, p,
ps) is the Lagrangian type THP, whereas the potential
Q(p, ps»p, ps), which coincides with the negative of P
only in the static case when the role of kinetic terms is
inessential, is a THP of the energy type. In the static
situation all Lagrangians become the usual thermody-
namic potentials with negative sign, and all the energy
type THP’s as well as Lagrangian type THP’s, become
the usual THP’s.

The third group is composed of mixed structures, con-
taining both velocities and momenta (and some ther-
modynamic variables). They are called Routhians, per
analogiam with such mixed structures in classical me-
chanics. From the viewpoint of their sign they may be-
have both like Lagrangians and like energy type THP’s.
The Routhian form is especially useful if some but not
all of the extensive (coordinate-like) variables do not
appear in the Lagrangian.

CYBERNETICS AND PHYSICS, VOL. 3, NO. 4, 2014

Further details and the corresponding examples of
some THP’s are given in next sections where we con-
sider systems containing massive particles and exhibit-
ing thermal inertia.

3 Basic Information on Thermal Inertia

By applying equations of Cattaneo type instead of the
Fourier’s law, one takes into account the phenomenon
of thermal inertia, which causes a gradual change of
the heat flux under a rapid change of the temperature
gradient [Chester, 1963]. This phenomenon has at-
tracted the researchers attention as the way of solving
the well-known paradox of infinite propagation of ther-
mal disturbances contained in the classical Fourier’s
model of the heat conduction. In resting systems with
non-vanishing thermal inertia an extended Fourier law
holds which links the heat flux operator Q =q + 0q/0t
with the negative product of the thermal conductivity
and temperature gradient, -AV 7, [Chester, 1963]. The
operator contains the thermal relaxation time 7, whose
order of magnitude is that of the mean time between
molecular collisions. In a stationary rigid continuum
of constant specific heat capacity C, thermal conduc-
tivity A and density p, the combination of the extended
Fourier law with the conservation law for the thermal
energy leads to the hyperbolic equation for the temper-
ature

0T orT

vr- 9 9
c2ot?  Tc3ot

3)

where

co = A/ pCT

is the propagation speed of thermal disturbances. Ther-
mal waves of finite speed implied by this equation,
known collectively as second sound, were first detected
in solid helium 3He [Ackerman et al., 1996], and then
in high purity dielectric crystals of sodium fluoride,
NaF, [Jackson et al., 1970]. Then, it was shown soon
that the classical irreversible thermodynamics is insuf-
ficient to describe these phenomena correctly. Only
extended irreversible theories, [Jou et al., 1989], [Jou
et al., 2001], which take into the contribution of the
heat flux to the (disequilibrium) entropy, are appropri-
ate. Such contributions are obtained in nonequilibrium
statistical mechanics (both relativistic and nonrelativis-
tic), in particular in Grad’s moment approach to the
solution of Boltzmann kinetic equation, [Grad,1958].
Along with usual thermal conductivities A, (nonvan-
ishing) thermal relaxation times 7 and the correspond-
ing finite values of propagation speeds, cg, can be es-
timated from the Grad’s solutions, both nonrelativistic
and relativistic, as shown in many recent works on the
subject [Jou et al., 2001].
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It follows from the results of Grad’s analysis [Sieni-
utycz and Berry, 1989], [Sieniutycz and Berry, 1997]
that, in the entropy representation, the thermal waves
with finite speeds are associated with a local deviation
internal energy from its equilibrium,

1,
Ape = 5p: o d”

In terms of entropy density ps and entropy flux js=q/T,
the deviation is:

1 4, .
Ape = 5p5 Ty '3

(In nonequilibrium media, which are by nature inho-
mogeneous, the actual local value of the entropy den-
sity ps is taken instead the constant pyo of linearized
models.) One can thus introduce and then work with
the coefficient =Tc; 2, which is constant since c? is
of the order of the thermal speed, (co)? = kgT/(am),
[Chester, 1963]; [Jou et al., 2001], where kg is the
Boltzmann’s universal constant and a is close to 1.
(The constant a equals 1 for an ideal gas.) The con-
stant § = am/kp depends only on the mass of the
particle, m. Nowadays diverse hypotheses exist which
predict values of the numerical coefficient a at the quo-
tient m/kp in 6. These are discussed elsewhere [Sieni-
utycz and Berry, 1989], [Sieniutycz and Berry, 1997].
0 is, in fact, the thermal inertia per unit of the entropy
[Sieniutycz and Berry, 1997]. Occasionally the density
ps1 = psB, that is the entropy density in mass units, is
used [Sieniutycz and Berry, 1997]. The important con-
clusion stemming from the constancy of 6 is that the
statistical mechanical evaluation of the disequilibrium
entropy in the form

1 4.
Aps = =p; 10i2,

2
or in the equivalent form
1
Aps = ips 9V§

(Vs == js/ps is the rest-frame-velocity of entropy trans-
fer), is consistent with the simple two-phase model of
the medium in which the massive entropy and bare mat-
ter are two independent massive entities, and the kinetic
energy of each entity has the classical structure of the
usual kinetic energy. The inertial entropy and bare mat-
ter may thus be regarded as two phases which flow sep-
arately one of each other in general disequilibrium sit-
uation. The classical heat conduction process in solids
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in which the solid skeleton does not move (u,,=0) and
the entropy still flows due to a nonvanishing heat flux
is the suitable example. In essence, there are a few ba-
sic contemporary hypotheses of thermal inertia: those
of Grad-Boltzmann, de Broglie and Veinik [Sieniutycz
and Berry, 1997]. While Grad ‘s results follow from the
kinetic theory [Veinik, 1966] and [Veinik, 1973], has
formed his ideas on the electrochemical grounds; they
stem from his experimental investigations of simulta-
neous transfer of heat and electricity in a thermody-
namic couple. On the surface, the model based on the
Grad-Boltzmann theory seems to exclude the linearity
of the kinetic energy of heat with respect to . How-
ever, this may only be an effect of the barycentric ref-
erence frame for heat flow contained in that theory: the
inertial heat is defined there in the frame of the vanish-
ing momentum, I'= 0, not in the frame of bare particles.
While the barycentric frame causes no difficulties for
the inertialess heat, in processes with pronouced ther-
mal inertia it necessarily involves a particle drift, in the
direction opposite to the heat flow. This involves ex-
tra kinetic energy of the particle motion which causes
apparent values of 6, say 0’, that are state dependent.
Yet, the inertia of pure heat flux, defined as the energy
flux in the frame of particles (where the particle drift
vanishes), is linear with respect to §. (When the frame
is different the boundary conditions for heat flux are
changed into those which may disagree with an exper-
iment.) In fact, this consideration proves that Eckart’s
particle frame is the most natural frame to describe the
heat transfer in the way consistent with real experi-
ments. For an observer at rest in this frame, the flux
of particles is zero, and the heat flux represents the flux
of energy relative to the particle stream [Landau and
Lifshitz,1997]. Thus the particle frame is both suit-
able and essential in relativistic descriptions. When the
frame is properly adjusted, it appears that the constancy
of inertial coefficient 6 in the relativistic Lagrangian is
approximately satisfied also for models stemming from
the Grad-Boltzmann theory. Therefore all analysis here
use a constant value of 6, the thermal inertia per unit of
entropy. But all this enhances our basic interpretation
of the heat flux as the effect of the inertial entropy flow
in the particle frame.

4 Matter Tensor of General Relativistic Theory

In this paper we deal with general relativistic sys-
tems in motion, in which, as shown by Israel, sec-
ond order terms in the entropy four-flux are suffi-
cient to overcome the paradox of infinite propagation
speeds of thermal signals. Israel’s theory involves the
energy-momentum tensor G** as the quantity general-
izing mass in both a covariant form of the Gibbs equa-
tion and a generalized Gibbs-Duhem formula contain-
ing the four-velocity, [Israel, 1976]. It follows that the
corrections to the classical entropy and entropy flux
must be of, at least, second order in dissipative fluxes
to make the theory compatible with standard thermo-
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dynamics in the quasistatic limit.

The basic ingredients of the standard relativistic the-
ory of a one-component fluid are the symmetric energy-
momentum tensor G**, the particle four-flux J?, and
the entropy flux S? (i, k = 1,.., 4). Both G**and J* are
sourceless, i.e.

GF=0,J5=0 )

The entropy four-flux, S?, of an irreversible process
obeys the second law constraint: the positive entropy
production Sfi > 0, where the equality sign refers to
a limiting reversible process to which the Hamiltons
principle can be applied. (This is done in Sec. 6 be-
low.) Equation (4) contains the energy and momen-
tum balances and the balance of matter. The signature
convention is (+++-). The energy-momentum tensor of
Eckart’s theory has the following structure

Gk — 2 (EOUiUk T 4iU* _|_qu1') + ik | ppik

5

where U" is

the particle four-velocity and h** is the projection ten-

sor [Eckart, 1940]. The heat flux vector q° and disequi-
librium stress tensor 7°% satisfy

¢'U; = 0; U;m* = 0.

Equations (4) and (5) refer to Eckart’s relativistic
scheme. Yet, in the framework of Eckart’s theory ther-
mal inertia is possible only as relativistic phenomenon.
Moreover, Eq. (5) is not derived therein; it is rather
only postulated on the basis of general covariance prin-
ciples. This is not a case of the present approach. Our
inclusion of thermal inertia is accompanied with the
recognition of the importance of a free entropy flow
(independent of the flow of the particles) in the Hamil-
ton’s principle. On this basis we shall derive Eq. (5)
and some of its important associates from the station-
ary action approach. The resulting theory, which is in
the spirit of an extended thermodynamics, is an exten-
sion of Ray’s variational construction of the energy-
momentum tensor G** in the general relativity of adi-
abatic fluids, [Ray, 1972], [Ray, 1980]. We shall show
that not only Eq. (5) for G'* can be derived in a direct
way but also that definitions of heat flux q and disequi-
librium stress 7 can be furnished in G**.

5 Thermal Mass and Modified Temperatures

The hypothesis of the thermal mass incorporates the
assumption that a part of the observed rest mass of a
macroscopic body is of purely thermal origin, mean-
ing that it should be attributed to entropy rather than
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to particles. Consistently, the kinetic potential (uncon-
strained Lagrangian) L is used which is based on the
split of the background relativistic energy p"c? into the
“’bare matter” part,pQ,c?, and the “thermal part”, plc?
such that the their sum remains equal to p’c2. The zero
superscript refers to the rest frame quantities. The par-
ticle of the traditional theory, where the entropy is iner-
tialess, is “clothed in the thermal mass robe” while that
of the modified theory is a bare (“unclothed”) particle
[De Broglie, 1964], [De Broglie, 1970], [Sieniutycz,
1994], [Sieniutycz and Berry, 1997]. This reorientation
changes neither internal energy p. of the medium nor
the observed density of mass p, (and many other im-
portant thermodynamic quantities, as the pressure P)
but it allows to share the inertial responsibilities be-
tween the entropy and matter in a more balanced way.
Suggested by the Grad-Boltzmann theory, the mass-
entropy equivalence constant, 6, is applied, which is the
amount of the thermal mass per unit of the entropy. For
the internal consistency of the description, the explicit
use of thermal mass requires, however, modifications in
definitions of thermodynamic quantities, the most im-
portant being the redefinition of the temperature. This
redefinition may be regarded as the consequence of the
passage from conventional variables (ps, p) to “canon-
ical variables” (ps, py,) in the Gibbs equation for the
differential of the relativistic internal internal energy.

>

In accord with the above considerations, the hydrody-
namic velocity u and the total mass density p satisfy
the relations

pu = Py, + 0psus; p = pp, + 0ps (6)

Using these relationships we shall now consider the
differential of the relativistic internal energy density in
terms of the densities of the entropy and bare mass
(ps and p,y,) called the “canonical densities”. The re-
lated (relativistic) intensity variables are subscripted
by asterisks. Yet, since these intensities coincide with
the usual temperature 7" and chemical potential p only
when 6 equals zero and the effect of usual T is de-
creased, we designate them with ~Osuperscript. The
index O refers to the rest fame whereas the negative sign
points out their basic property according to which they
transform according to Planck-Einstein when passing
to moving frames (“cooler intensities”; [Sieniutycz,
1998c]. In the rest frame and in terms of canonical
densities

E° E°
= aapgdpg + gp%dp?n =T, dpd + p; dpy),.
)
The energy differential can next be expressed in terms
of traditional densities p? and p°

dE°
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dE° =T, %dp + 1. °d(p° —0p)) = (8)

(10 = Op)dpl + . dp”.

Comparison of this result with the traditional form
Gibbs equation which operates with the traditional den-
sities p? and p°

dE® = T dpd + pdp” = T°dp) + (1° + ¢*)dp°

©))
yields the desired connection between the relativistic
intensities

pe =l =+ e (10)

T70 =1+ 0p? =T° + 0(u° + &2).

The asterisk-free intensities are their nonrelativstic
counterparts. The canonical intensities (with minus su-
perscript) represent then the usual relativistic chemi-
cal potential and its thermal analogue, T °, which we
call the thermal potential. The ratio 77 ° /6 has units of
the chemical potential and, as it represents the modi-
fied temperature 7, in the energy units, it may be re-
garded as the chemical potential of the thermal matter.
Equation (10) implies that the rest frame nonrelativistic
canonical chemical potential coincides with the classi-
cal one, whereas the nonrelativistic thermal potential
T~ differs from the classical temperature T due to the
contribution of the nonrelativistic chemical potential.
As discussed elsewhere [Sieniutycz, 1998c] the trans-
formations contained in Eq. (10) set the appropriate
rest-frame inputs (non-relativistic 7~° and 1 ~°) to the
relativistic transformations of thermodynamic intensi-
ties in moving systems. Importantly, it is the relativistic
canonical intensities, not their truncated nonrelativistic
counterparts, that obey the well-known Planck-Einstein
formula for the relativistic temperature transformation.
At disequilibrium these relativistic intensities incorpo-
rate two different velocities of thermal and bare matter,
u, and u,,. For example, in the the Lorentzian frames
of special relativity

T =17"° 1—uZ,/

(1)

(I—w2/cpy ="

When 6 = 0 and for small velocities, the velocity u,,
approaches the hydrodynamic velocity u, T = 7°, and
only the chemical potential transforms;
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p=p’—u?/2

This result is well-known in the theory of hydrody-
namic fluctuations [Keizer, 1987]. Thus, in the frame-
work of the present theory, temperature satisfies the
Einstein-Planck tranformations. This result might be
confronted with that of [De Parga et al., 2005] who de-
rived the scheme of thermodynamic relativistic trans-
formations inspired by the Planck—Einstein theory, but
changing the relativistic transformation of energy; the
change which ensures the form invariance of thermody-
namics. The key point to obtain these results was their
use of finite time thermodynamics (FTT), to demon-
strate and creatively exploit the relativistic invariance
of thermal efficiency.

6 Tensor of Matter Including Heat and Viscous
Stress
We shall determine the matter tensor G for a general
relativistic fluid with thermal inertia. The standard ki-
netic potential of the general theory can be expressed
in terms of the canonical densities,

L=—p"¢—p%(p°, p)) = (12)

=002 + Pl + e(pps ).

The corresponding Lagrangian density in its invari-
ant form adjoins with the help of Lagrange multipliers
relevant constraints containing the four-velocity vec-
tors U¢ and U? (or corresponding fluxes), each obey-
ing the same formulae as the four-vector of velocity
Ul = (U, U,

UiUt = U.U - UU* = -2, (13)

where ¢ = 1,..,4 and o = 1,..,3. In this formalism
any four-flux vector can be written as

(3, J%) = (pu, pc) = (p°U™, p°U*) = p°U". (14)

With subscripts s and m these equations apply both to
thermal and bare matter. Our approach here extends
to media with heat the variational formalism first for-
mulated by Ray for perfect or adiabatic fluids [Ray,
1972], [Ray, 1980]. There are also generalizations of
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Ray’s approach to spinning fluids [Ray and Smalley,
1982], [Ray and Smalley, 1983] whose non-adiabatic
extensions we shall relegate to another paper. The four-
velocity constraint

g UU +c2=0 (15)

contains in the case of gravitational fields the metric
tensor g;;. The signature convention is (+++-). In-
clusion of the both degrees of freedom (flows of the
entropy and matter) and absorbing constraints by La-
grange multipliers yields the Lagrangian density

3
A= (-

1/2
167k’ 9) PR

=) 2[(00° + p2,) e + p2(p2, P5,)]

+(=9) s (g UUE + )

+(= ) 2y (gir UL UE + ) (16)

+(=9)" 05 (p2UL)

+(=9) 2P (PO, UL i

+(_g)1/2AsXs,iUsi

+(=g) 2N X i UL,

where ' is the gravitational constant. R is the Rieman-
nian curvature scalar which determines the Lagrangian
of the gravitational field; its implicit form is here suffi-
cient. The first line of the above equation represents the
kinetic potential L of the gravitational field and matter.
The second line contains the four-velocity constraint
(15) applied for both thermal and bare matter. The
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continuity equations of the reversible evolution are ad-
joined to L in the third line of this equation. Its last line
contains the corresponding identity constraints [Ray,
1972].

The energy-momentum tensor is obtained by varying
the action with respect to g;x, p°, 0., UL, UL, Vs, Yo
¢, n, and A which yield a set of equations of motion.
The extremum conditions with respect to the densities
are

Tyi U; = 7071(962+T70); ¢7i an = *Cil(C2+’U,70)7

a7
whereas those with respect to the velocity components
are

VsgikUs = pIn g — A X ks (18)

"YmgikUrin = p?n¢,k - )\me,k~

When the above conditions are combined with the ve-
locity constraints for U, and U,,,, we obtain

vs = (2¢%) 1 pl(6c® + T70); (19)

Ym = (2¢%) " pp (¢ + 1)

Thus the multipliers of four-velocities are additive
components of the relativistic enthalpy density of the
fluid.

Einstein’s equations are contained in the extremum
conditions of the action with respect to the components
of the metric tensor

OA oA OA
_ 4 =0. 20
0gik (agik,r ) - (89ik,r,l ) L .

For the Lagrangian (16) these equations are obtained
in the usual form

E* = (87 /"G, Q1)
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where E** is the Einstein’s tensor of the gravitational
field. The energy-momentum tensor or the matter ten-
sor, G'* is the source of this field. The matter tensor
G'* is affected by the heat flow, thermal inertia and the
nonequilibrium stress. Here it is obtained in the form

G = 20 + T UL

+e 2P0 (P + O ULUE (22)

+9" = (0p3+00,) = p2+p2 (0 +T )+, (417 0)].

where the conditions (19) for the Lagrangian multipli-

ers have been used. Since the expression in the last line
is exactly the pressure scalar, P, we find,

Gt =220 + T OUIUF (23)

+¢72p0 (P 4+ p YUk UF + ¢k P.

This equation takes into account effects of heat and
nonequilibrium stress (the total viscous stress in the
case of a purely dissipative fluid) through relative four-
velocities of the entropy and bare matter with respect
to the hydrodynamic four-velocity. It allows one to in-
vestigate the effect of the heat flow on the solution of
the Einstein’s equations. The rest mass (or relativistic
energy without the statistical term) furnishes the defi-
nition of the hydrodynamic velocity U?

PobU; + pr Uy = p"UT =0 (24)

(equivalent to the set represented by Eq. (6). With this,

Eq. (23) can be cast into the extended form of G of Eq.
®)

G* =2 (B°U'U* + ¢'U* + ¢"UY) (25)

+7% 4+ hRP,
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which uses the projection tensor h** = g?*+ c—2U'U*.
An equivalent form of the matter tensor G* is

G = c?[(p° + p°)UU* +¢' U +¢"U] (26)

+7% L B P,

In these equations ¢’ is the four-vector of heat ex-
pressed as

¢ = p2(0c + T WL+ pd, (¢ + "YU, (27)

—p°( + U

and 7% is the four-tensor of nonequilibrium stresses
expressed as

i
LU

7 = 72 [ps(0c® + T~ OYwivk (28)

+p0, (2 + p0) vl vk

Here v = U’ - U’ is the relative four-velocity. The
heat flux is defined as the difference between the ac-
tual energy flux and the energy flux of a corresponding
perfect fluid. Eq. (26) is known; [Ray, 1972]; [Sieniu-
tycz and Berry, 1997], but the expressions (27) and (28)
are relatively unknown. Note that in terms of the tra-
ditional temperature T° the relativistic heat flux equals
q' =T p%(UL- U') = T°p0vi. Indeed, with Eq. (24)

¢ =T °pJUs +p o, Uy, = h™°p°U

=T7°00U = U) +p o (U, = UY)  (29)

= (T~ 0)pd(UI-U") = T°p2(U:-U") = T°ji.

Equations (28) and (32) may be regarded as macro-
scopic definitions of the heat flux and nonequilibrium
stress tensor in barycentric frames. Unlike adiabatic
fluid models, the superconductor model with thermal
inertia preserves both heat and nonequilibrium stress,
which is the substantial improvement. For a special
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case when U= U! =U’, the tensor G** simplifies to
the form

G =202 4+ WOUUR 4+ g P (30)

which describes an adiabatic,
perfect relativistic fluid.

7 Conclusions and Final Remarks

We have derived (not just assumed or guessed) rel-
ativistic definitions of heat and nonequilibrium stress,
Egs. (28) and (29), from the extended Hamilton prin-
ciple allowing thermal degrees of freedom. Flows of
the matter and inertial entropy have similar effect on
the matter tensor, and the split of the total mass into the
thermal mass and bare mass does not change observ-
able effects at the thermal equilibrium. Nonequilibrium
descriptions are benefited by the concept of the ther-
mal mass, where both the heat flow q and the nonequi-
librium stress 7 emerge as effects of the entropy flow
(thermal mass flow) in the fluid frame.

The substantial virtue of the approach based on the
Lagrangian of a superconducting fluid is that it does not
truncate terms in the tensor G; the obtained energy flux
contains both the heat flux, q, and the nonequilibrium
flux of momentum, 7. In the standard model of adia-
batic (perfect) fluid these quantities are absent. Thus
nontruncated conservation laws are found, usable even
for dissipative fluids, since they contain disequilibrium
fluxes q and 7.

Clearly, the superconducting model does not admit
any dissipative mechanisms for fluxes. In fact, the as-
sumed zero entropy production admits that fluxes can
only be related to purely reversible effects, such as
“ballistic” nondissipative heat transfer or elastic trans-
port of momentum. This reversibility is the typical lim-
itation of all classical action-type approaches. Yet, for
the derived structure of G, conservation laws and grav-
itational metrics g;x, is immaterial whether the fluxes
q and 7 evolve reversibly or not. As long as mod-
els are accepted which do not eliminate entropy flows
(the case of the present model and not that of adi-
abatic fluid), general conservation laws are obtained
with fluxes q and 7 from the present two-phase (re-
versible) model of a superconducting fluid. This condi-
tion is the only requirement necessary to describe grav-
itational metrics in the general relativity, where the rel-
ativistic tensor G is the unique source of the gravita-
tional field, Eq. (21).

Therefore, our conclusion should remove a frequent
misunderstanding concerning the role of dissipative ef-
fects in the relativistic theory of gravitation. Here the
effect of dissipation on gravitational fields is shown to
be indirect at most: as a possible phenomenon causing
definite flows, q and 7, which could otherwise be at-
tributed to some reversible causes. This is similar to
effects of electric currents which cause magnetic fields
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regardless whether they are reversible (caused by the
motion of the conductor) or irreversible (caused by the
conductivity electrons).

In view of its link with the de Broglie thermodynam-
ics [de Broglie, 1964], the present paper may be seen
as an approach that bridges the mainstream conser-
vative ideas of relativistic thermodynamics, [Tolman,
1949], with the recent leading edge exterior works call-
ing for exploration of alternatives to a Bigbang universe
[Amoroso et al., 2002]. Of certain interest in this realm
is a book [Grossing, 2000] that discusses the contempo-
rary conflict between relativity and quantum mechan-
ics, and regards it as the apparent conflict. Grossing
proposes a resolution of dilemma based on de Broglie’s
causal interpretation [De Broglie, 1964], [De Broglie,
1970] as elaborated by David Bohm. He claims that
a “medium” or “aether” may be introduced in a man-
ner consistent with both relativity and quantum theory,
which allows the two theories to be unified by the iden-
tification of circularly causal processes at their core.
He also describes several experiments confirming his
predictions. However, the reviewer of the present pa-
per raises doubts on the validity of some ideas in the
Grossing’s book, which, in his view, has a limited link
with cybernetics.

As an example of a healthy link between the cy-
bernetics, control and optimal control, series of pa-
pers by H. Rosenbrock treating, in particular, quan-
tum mechanics via control theory, are recommended
[Rosenbrock, 1986]; [Rosenbrock, 1995]; [Rosen-
brock, 1997]; [Rosenbrock, 1999]. Indeed, starting
with the well known fact that the Hamilton-Jacobi
equation can be derived from Hamilton’s variational
principle by the methods of control theory, [Rosen-
brock, 1986] shows that a suitable random disturbance
added to the formulation of Hamilton’s principle leads
to Schrodinger’s equation, and to some other results
in quantum theory. Later, [Rosenbrock, 1995], ex-
tends in several directions his earlier development of
quantum mechanics from a stochastic variational prin-
ciple. Extensions are given to relativistic systems, to
Dirac’s equation, and to elementary quantum field the-
ory. Rosenbrock’s aim is to show that results in the
standard theory can be obtained from an extended form
of Hamilton’s principle, which has the advantage of
conciseness and a relatively close relation to the classi-
cal formulations. Rosenbrock’s wave function appears
as a modified form of the optimal cost function, and
the photon is identified with a singularity in the electro-
magnetic field. Interference is explained by optimiza-
tion of an expected value, the ensemble over which the
expectation is taken being dependent upon the infor-
mation available. A note [Rosenbrock, 1997] corrects
an error in a previous paper [Rosenbrock, 1995] which
is set out to extend a variational principle for quantum
mechanics to special relativity. A next Rosenbrock’s
paper [Rosenbrock, 1999] gives further applications of
the generalized Hamilton’s principle to quantum me-
chanics. Namely, the wave function does no meet all
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the requirements in this treatment to be the state, and
the way in which it can be made to do so is described
and applied to the two-slit experiment. In the present
journal a paper may be noted on the state estimation
for a class of nonlinear dynamic systems through the
Hamilton-Jacobi-Bellman technique [Filippova, 2013].
It would be interesting to confront the stochastic results
of Rosenbrock with the theories postulating statistical
origin of quantum mechanics [Kaniadakis, 2002].

Also, another approach towards constructing the
Hamiltonian formulation as a basis of quantized ther-
mal processes [Markus, 2005] has turned out to be
quite successful. It involves a generalized Hamilton-
Jacobi equation for dissipative heat processes [Markus
and Gambar, 2004] as the fundamental component
of the variational theory developed by these authors.
The basic results are quasiparticles in thermal pro-
cesses [Markus and Gambar, 2005], [Vazquez et al.,
2009], siblings of phonons or quasiparticles of quan-
tized acoustic fields.

Other independent approaches are applied in the con-
text of unified theory. The Evans wave equation of an
unified theory can be derived from an appropriate La-
grangian density and action in general relativity, identi-
fying the origin of the Planck constant % in general rel-
ativity [Evans, 2004]. The action so defined is shown
to be the origin both of the Planck constant /& and of the
Evans spin field B. The classical Fermat principle of
least time, and the classical Hamilton principle of least
action, are expressed in terms of a tetrad multiplied by
a phase factor exp(iS/h), where S is the action in gen-
eral relativity. Wave (or quantum) mechanics emerges
from these classical principles of general relativity for
all matter and radiation fields, giving a unified theory
of quantum mechanics based on differential geometry
and general relativity. The phase factor exp(iS/h) is an
eigenfunction of the Evans wave equation and is the
origin in general relativity and geometry of topological
phase effects in physics, including the Aharonov-Bohm
class of effects, the Berry phase, the Sagnac effect, re-
lated interferometric effects, and all physical optical
effects through the Evans spin field B and the Stokes
theorem in differential geometry, [Evans, 2004]. The
Planck constant 4 is thus identified as the least amount
possible of action or angular momentum or spin in the
universe. This is also the origin of the fundamental
Evans spin field B which is observed in any physical
optical effect. It originates in torsion, spin and the sec-
ond (or spin) Casimir invariant of the Einstein group.
Mass originates in the first Casimir invariant of the Ein-
stein group. These two invariants define every particle
[Evans, 2004].
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