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Abstract

It is presented the new qualitative explanation of the
dynamics of the heavy ball rolling with sliding on the
rubbed plane. A correlation between friction of rolling
and sliding is modelling on the base experimental inves-
tigations from the tyre and railway industry. In corre-
spondence with these results, the main influence of the
rolling on the force state in the area of contact consists
in the asymmetry of the diagram of the distribution of
the normal contact stresses. This asymmetry is well
described by the linear function with one coefficient
that depends on the direction of motion and velocity of
rolling and it leads to appearance of nonzero lateral
component of the friction force. The main distinction of
this investigating is using at the modelling of friction
effects of the essentially new combined model of fric-
tion rolling, sliding and whirling. The model involves
the replacement of exact integral expressions for the net
vector and torque of the dry friction forces, formed with
the assumption that Coulomb's friction law is valid at
each point of the contact area, by appropriate Pade ap-
proximations. This approach substantially simplifies the
combined dry friction modeling, making the calculation
of double integrals over the contact area unneces-
sary.Using this model enable correctly describe the de-
viation of the trajectory of the ball mass center from the
straightline. Practically in all previous publication of the
different authors this effect had been described under
additional suppositions on motion character hardly real-
ized on the practice.
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1. Introduction

There are many works in the scientific literature de-
voted to the dry friction, classification of that at the de-
pendence on the aims of investigations can be found
at [huravlev, V.Ph., Kireenkov, A.A., 2005]. At the
most of these publications authors are using the Cou-
lomb model of dry friction supposed that the friction
force at the point of contact is direct opposite the rela-
tive velocities of sliding and it is not depend on the

module of velocity. However, there are many experi-
mental facts about the violation of this law at case when
the rubbed bodies are participated simultaneously in the
translational, whirling and rolling motions. Following
the experimental results from the tyre manufactory in
the work [Svendenius, J., 2003] was established the
empiric dependence of the distribution of normal con-
tact stresses at area of contact from the velocity of roll-
ing. At the corresponded this dependence the influence
of whirling is shifting of the symmetric form of contact
stresses distribution in the direction of rolling. This shift
is good approximated by the liner function with one
coefficient depended on the direction and value of the
rolling velocity. Asymmetry at distribution of the nor-
mal contact stresses at the case of circle areas of contact
cause the appearance of the component of the friction
force directed on normal to the trajectory of motion that
leads to drift of the trajectory of the heavy boil rolling
on the rubbed plane from the straight line.

2. Combined model of friction of rolling and sliding

Construction of combined model of friction of rolling
and sliding is performed at he supposition the validities
of the Coulomb law at the differential form for the
small element of area dS inside of spot of contact, in
correspondence with the differentials of the net vec-
tor dF and torque dM . of the friction forces relatively

the center of contact circle are defined by the formulas

dF =—[6-YdS. dM f*‘”v‘ds
=—fo—dS, . =—fo——dS,

vl ‘ v )
V =(v-wy,wnx)

where f - coefficient of friction, r =(x,y) - radius vec-
tor of the elementary square inside of spot of con-
tact (fig.1), & - distribution of normal contact stresses,

v - linear velocity of sliding and @ - angle velocity of
whirling of contact spot center.

Asymmetry at the symmetric distribution of normal
contact stresses o(x,y), arisen at the non zero velocity
of rolling Q. , in the rectangular coordinate
system {xOy}, axis x of which is directed alone the

velocity of sliding (fig.1) is described by the following
dependence:



k,

&(x,y)=0'(x,y)[l+kr@], <1,k =0mpuw, =0(2)

where R -radius of contact circle, ¢ - axis of rectan-

gular coordinate system directed perpendicularly to the
instantaneous velocity of rolling Q. (fig.2), and

k, - dimensionless coefficient the sign of that is de-
pendent on the direction of motion

Figure 2.

Connection of the coordinate systems {xOy} and
{£O0ny are given by rotate transform on the angle
B €[0,7/2] that is defined from the values of projec-
tions Q_,Q  of the instantaneous velocity of rolling Q,

on the axis x and y (fig. 2):

E=xcosff—ysinf,n=xsinff+ycosf,

3
c0sf=0 /Q,sinf=0Q,/Q,0Q =0 +Q ®)

Substitution of expressions (3) to the formula (2) gives
dependence of distribution of the normal contact
stresses on the value and direction of rolling velocity:
&(x,y>=a<x,y)[1+ - (XCOSﬂ—ysinﬁ)] 0

The typical behavior of function (4) for different val-
ues of the rolling coefficient %, at the supposition that

at the absence of rolling distribution of the normal con-
tact stresses (solid line) is described by Hertz low

3N x>y
ox,y)=——Fl-—5-= 5
y)= - ®)

is presented at fig.3 by the dash lines.
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Figure 3.

Integration of the expressions (1) on the spot contact
taking in account the formula (4) gives the exact inte-
gral model of combined friction of sliding and rolling,
that in dimensionless variables: x=X%R, y=3R,

o(%,7)=6(%7)N/R* in supposition that distribution of
contact stress at the absence of rolling has central sym-
metry o(x,y)=0(r), has in polar coordinate system

with origin at the center of contact circle
x=rcosg, y=rsing,re[0,1], p €[0,27] following form

F fNZJi’j(v—ursin(p)ra(r)(l—krrsin(psinﬂ)dd
= rd g
: 00 JuPr? +v? = 2uvrsing
271 3 2
ur’o(r)cos” pcos
F = Nk, | [P0 090y, ©
0 0\/14 r°+v° = 2uvrsing

27 1

Me=rn[ ]

00 JuPr? +v? = 2uvrsing

(ur’® —vrsin)ro(r) (1 —k,rsingsin ﬂ)

drdg

where F

force directed correspondently on the tangent and nor-
mal to the trajectory of motion, and M. is the torque of

and F, are the components of the friction

whirling respectively the center of circle area directed
perpendicularly to plane of whirling.

One of the distinguish feature of model (6) is appear-
ance of none zero component of friction force normally
directed to the trajectory of motion. At the presence of
combined motion of rolling and sliding the net vector of
friction forces is not opposite directed to the vector of
sliding velocity.

At supposition that the distribution of the contact
stresses G(x,y) is play role of density the violation at its
central symmetry defined by the formula (4) leads to
shift of the gravity center of contact circle respectively
the geometric centre in the direction of whirling (along



axe & (fig.2)) on value s, the projections of which to
axes x and y are defined by the formulas:

1
s, =sk.cos B, s, =—sk,sinf}, s= ﬂ'RJ. o(rridr (7
0

The shift of the center of gravity of contact spot, de-
fined by formulas (7) leads to appearance of torque of
rolling M, parallelly directed to the plane of sliding the
projections of that on the directions of the tangent M,
and normal M, to the trajectory of motion are defined
by expression:

M, =-M,cos B, M, =—M,sinf§, M, =skN ®)

Thus the net torque of friction forces at rectangular
coordinate system one axis of that is directed on the
tangent of trajectory of motion is

M:(MH’MU_MC) ©)

Expressions (6) for torque M, and force compo-
nents £, F, as function of u,v have several significant

properties detailed investigated in
[Kireenkov, A.A., 2008]. These properties allow sim-
plifying the friction modeling with the aid of replacing
of the exact integral models (6)-(7) by the approximate
models based on the Pade approximations of corre-
sponded order. This approach permits to escape the in-
tegration over the spot of contact. In corresponded with
results of the work [Kireenkov, A.A., (2008)] the
combined model friction rolling and sliding of the first
order based on the partial-linear Pade approximation
has form:

_ Mu+kM, vsin B

M =——"—2—— M =M. M, =M.

C u+my 0 Cly=0 ur Cly=0
FH:E)v-i—k,‘F,,usmﬁ’E]:m E=F|

v+au u=0 v=0
k.Fucosf (10)
Fl=—r—"
u+by
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The model of the first order (11) is sufficient for the
dynamics investigation [Kireenkov, A.A., 2008].

3. Dynamics of heavy (billiards) ball on the rubbed
plane

Using combined models of friction of rolling and slid-
ing enable correctly describe the deviation of the trajec-
tory of the ball mass center from the straightline. Practi-
cally in all previous publication of the different authors
this effect had been described under additional supposi-
tions on motion character hardly realized on the prac-
tice [Zhuravlev, V.Ph., (1998)].

The equations of motion of the heavy ball of the ra-
dius R, and mass m, in the projections on the axes of

the fixed coordinate system {OXYZ} (fig.4) has form
Jo =M, mi=F,(J=2/5m,R}) (11)
Connection of components of the net vector and torque

at this coordinate systems with their components de-
fined at the section 2 are given by the formulas

F,=-Fcosa+F| sin(a),

x

F,=-Fsina—F, cos(a),

M,=-M_ (12)
M, =RF,-M cosa+M, sin(a),
M, =-RF —Msina—-M, cos(a),

where  components F, F, of friction force and

torque M, are defined on the base of model of com-

bined friction of rolling and sliding of the first or-
der (11), coefficients of which at the supposition that
distribution of contact stresses is describe by the Hertz
law (5) are

Fy= JN.F, =32 /N[32.M, =3zN/R/16,5 = R/5,
a=8/37,b=157/32,m=157/16,M,, = fNR/5

Velocity of point of ball coincident with the center
of spot of contact

vxzic—way,vyz)'/vLR,,wx (13)
is convenient to express in polar coordi-
nates [Zhuravlev, V.Ph., 1998]

v=\V+Vv. 20,cosa=v,/v,sina=v, /v (14)

Figure 4.

Thus, the full equations system of dynamics of the
heavy ball rolling with friction on rubbed plane is

Jo,=M,, Jo,=M,, Jo.=M_, mi=F, mj=F, (15)



Transition at the equations (13) from the variables
0,0,,0.,%,7 10 Q,Q uv,a gives

x=(+RQ cosa+ RQ sin(a)
y=(-RQ )sina+RQ cos(a)
JQ =-F R -M +Q

JQ, =FR-M -Qa

Jit =—RM.

myy=~TF, [2+5M  [2R,

myva =~TF, [2-5M, 2R,

(18)

From the last equations of this system immediately
follows conclusion about the deviation of the trajectory
of the ball mass center from the straightline. The nu-
meric  solutions  of the  initial  problem
v(0) =1.0,u(0) =3.0, x(0) = y(0) =a(0) =Q,(0)=Q,(0)=0
for the full system got with the aid of Runge-Kutta
method of the fourth order is presented on the fig.6 -7.

Figure 6 demonstrates the real trajectory of the ball on
the plane at coordinates {x, y} .
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Figure 7 illustrate numerically got result that the ve-
locities of sliding v and whirling # convert to zero

simultaneously.
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Figure 7.
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