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In the paper the problem of adaptive control for plants with time delay using in
output signal in conditions of prior uncertainty was solved. In such conditions,
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1. INTRODUCTION

The synthesis of systems of control for plants using
time delay requires taking into account the influence
of delay on stability and quality of transients in
closed-loop system (Huretskiy 1973; Kolmanovskiy
and Nosov, 1981). In this connection, there is a
necessity of delay account for fulfillment of target
conditions. In (Smith, 1959) design of a predicator is
considered on the base of supposition about complete
and exact possession of the information about the
plant. For control the plant in conditions of prior
uncertainty adaptive predictors were designed, both at
measurement of a state vector of the plant (Tsykunov,
2000), and in the case of measurement the scalar
input and output of the plant (Furtat and Tsykunov,
2005). The special interest is paper (Niculescu and
Annaswamy, 2003), where for design of closed-loop
system predicators was not used, however, relative
degree of the plant didn’t exceed two. It considerably
narrows down the class of investigated systems.

At present moment in a class of problems of adaptive
systems were received many approaches and methods
(for example Miroshnik et. al., 1999) for control of
linear plant on an output in the conditions of priory
uncertainty. These methods conditionally can be
divided into two classes: adaptive control with the
extended error (Nikiforov and Fradkov, 1994) and
adaptive control with algorithm of adaptation of the
high order (Feuer and Morse, 2000; Miroshnik et. al.,
1999; Morse, 1992; Nikiforov, 1999). The concept of
the extended error consists of reception of simple
scheme of the extending signal, what it is the sum of
the tracking error and the generator of extension.

Another approach is the method of algorithm
adaptation of the high order. These algorithms also
can be divided into two classes by the principle of
realization: algorithms with an estimation of
derivatives from a tracking error, for what different

observers are used. The order of the closed-loop
system in the second case is less than in the first case.
In this paper it is proposed to synthesize closed-loop
system for single input single output linear plant with
the help of new modified algorithm of adaptation of
the high order (Furtat and Tsykunov, 2006) with the
purpose of exception of influencing of delay and
reaching of a target conditions without a prognosis of
values of a controlled variable in conditions of prior
uncertainty.

2. PROBLEM STATEMENT

Consider single-input, single-output linear system
which dynamics are described by the following
differential equation

Ap)y(t) = kR(p)u(t = h), (1
where u(t), y(t) are scalar input and output; #>0 is
the known constant delay; Q(A), R(A) are monic
normalized Hurwitz polynomials with unknown
constant coefficients dependent on some vector of
unknown parameters ® e 2, Z is known set of
possible meanings of the vector ® and A is complex

variable in  Laplace transformation; £ >0;
degQ(P)=n; degR(P)=m; systems (1) has
relative degree y=n-m>1; p=d/dt denotes

differential operator.
And consider a reference model

Qm(p)ym([)zkam(p)r(t): (2
where r(¢) is uniformly bounded reference input;
O (p), Ry (p)
polynomials with unknown constant coefficients;
degQ,,(p)=n, degR,(p)=m. The target
condition is formed of the following inequality

limle(t)| = lim|y(t) -y, (1= h)| <&, 3)
t—0 {—>o0

are monic normalized Hurwitz



where o is enough small number, which can be
decreased by control law selection .

3. PARAMETERIZATION OF THE PLANT

EQUATION
Decompose operators Q(p) and R(p) on
addendums O(p)=0,,(p)+A0(p) and

R(p)=R,,(p)+ AR(p), where AQ(p), AR(p) are
operators with unknown coefficients of orders n—1
and m—1 respectively. The tracking error
et)=y(t)-y,(t—h), using procedure of
“operator’s division”, transforms to the form

kR, (p) AQ(p)
= I (= h) === (i~
W=, {”(t "o T 4
+Mu(t—h)_k_mr(t_h)}
R, (P)O(p) k

It is necessary to form the vector
1 _
0, = [u(t—h),pu(t—h),...,p” 1u(t—h)], (5)
o(p)

AQ(p)

for the component ——=—u(z — k) in (4). However,
o(p)

O(A) is unknown polynomial, therefore let’s take the
tuned filter

01(t) = Fu0y (6) + by 7" (6] +boju(0),
6,(0) =0,
where (1) e R™! is the state vector; F,, € R™" is

matrix

(6)

in Frobenius form with characteristic

polynomial Q,,(1); bOTl =[0,...,0,1] is vector of
corresponding dimension; z(¢) € R is the vector of

adjustable parameters. Transform the equation (6) to
the form

0, (1) = (Fy, + o174 ()0, (1) +

+bo1 (1)~ 70) " 0,(1) + bou (),
is the constant vector of unknown

(M

where 7

parameters, such that the matrix F,, + bOlz'OT has the
characteristic polynomial Q(A). Therefore, if the

target condition (7(1) ~7¢)” 6 (1) ————0 is true,
than, using filter (7) is possible to receive the
demanded vector 6,(¢). If this target condition is
true, let’s take a controlling input by the form
u(t) = —clT(t)Hl (t) +uy(?), then the first equation of
the filter (7) will be conversed to the form

61(t) = Fu0y (1) + b (z() = 79)T (06, (1) +

+ bojuy (1) = oy (¢ (1) =79)" 6.
So, the vector 7 depends on coefficients of a

®)

polynomial OQ(A1) . Let some vector c(; . It depends on

coefficients of the polynomial AQ(A). Then from

operator’s division of the polynomial Q(A) follows
that the vectors of unknowns parameters 7, u cq

are equal on modulo and are opposite on the value,
that is 7y =—cp;. Thus, the equation of a filter (8)

can be rewritten as
01 (1) = F, 0, (1) + bogu(t) ©)
AR(p)O,, (p)
R, (p)O(p)

equation (4) consider a shaping filter. Bring in the

Now, for the component u(t —h) in the

variable £(t) = Ma(l —h) which will be formed
o(p)

as qgﬁl(t), where ¢,, is the vector which
dependents on coefficients of polynomial Q,,(A).

Then, from the filter (8) we will receive second
vector

0, (1) = !

0, pS @), p"C @) (10)

R, (p)
Therefore, the vector of regression can be formed in
the form wy (1) =[6; (), 0, (1), #(1)]" . On the basis of

vectors (5), (10) and vector of regression the equation
(4) will be rewritten to

_ kR, (p)
0 On(p)

Here ¢y € R™! is a constant vector of unknown

u(t —h)—cd w (t—h|. (11)

parameters depending on coefficients of polynomials
AR(A) and AQ(A) .

4. THE MODIFIED ALGORITHM OF
ADAPTATION OF THE HIGH ORDER
Due to absence of information about derivatives of an
input and output of control plant (1) and reference
model, let’s form the law of control as
w@t) =T(p)v(t), vy =c" (Om(e),  (12)
where v(f) is a new control influence;

C(l) c R(2n+m+1)><1 is

parameters; v(¢) is the estimation of function v(¢);

the vector of adjustable
T'(A) is any Hurwitz polynomial of y —1 degree.

For estimating a variable v and it’s derivatives let’s
use any observers (Khalil, 1996; Mahmoud and
Khalil, 1997; Morse, 1992; Nikiforov, 1999; Slotine

et al,, 1987;). Let's take an algorithm proposed in
(Khalil, 1996; Mahmoud and Khalil, 1997)

E(1) = Go&(t) + Dy (7 (1) — (1)), ¥(t) = CE(t), (13)
d _dy dy-1 17
ILI b ﬂz b b #}/_1

are chosen from Hurwitz matrix

0 171,, .
G=Gy—-DC, where G, = o o |’ I, is

where

B

EecR7, Dy =[-

and dl yeeesy d}/—l



identity; D=[d),dy.d, 15 C=[10,..0]; g is

enough small value.

In this case in (12) variables from the observer (13)
will be used. It means that in conditions of not
measurability of derivatives of functions: y(¢), u(?)
and r(¢), the control law (12) is technically

realizable as it has measurable and known functions.
Transform the tracking error (11) with using (12) and

(13)
e(t) = kH(p)|(c(t —h)—co) T w(t—h)+
+(t—h)—v(t-h)}
H(p) =R, (PT(p)Q; (P).
w(t)=w(¢)/T(p) is the new vector of regression.

(14)
where

Let's take into consideration the vector of deviations
7=r"'¢-9), r:diagW‘{y?‘l,...,ﬂ,l},
0=[v,v,.., vy_l] .

The equation of deviation, using the equation (13)
and vector of deviation, will has the form

e ) =v@)-v(t)=u” -2 C7(¢) . The dynamic of the
vector of deviation is described:

70 =u"' 60+ @).
Converse the equation of deviation and vector of

deviation to the equivalent equation concerning the
output &;(¢)

7(6) = 1 Gr(t)+boyv(0) , (1) = o), (15)
Rewrite the equation (14), taking into consideration
(15)

e(t) = kH(p)|(c(t — h) — o) w(t —h) +

+u2Cn@ - h)]

Introduce the

X0 =[x @), w! )], where x(¢) is the state
vector of system (1). Compose the extended plant as

X (1) = AX (1) +b|(c(t—h)—co)T w(t—h)+

a2~ 1) v = LX),
Where L(AI—A)'b=R,,(1)/0,,(1); matrixes
(A4,b,L) are realizations of the system (17) and have

(16)

extended vector

(17)

corresponding dimensions.
For extended plant (17) let’s take extended reference
model with a state vector X, , such that the dynamic

of the extended tracking error () = X(t)— X,,(¢) in
the force (15) will be set by the equation

&)= Ae(t) + b[(c(t —h)—co) w(t—h)
+u’2en@ - h)], e(t) = Le(t).

Since vectors &) (f) and 6,(¢) are subcomponents of

(18)

a vector of regression w(¢) , which one in turn depend
on control law u(¢), then following estimates are:
@] < k| X @, k>0, [wo)| <|X@). (19

Theorem. Let polynomial 7(4) is Hurwitz of y —1
degree. Then there is a number x4, and algorithm of
adaptation

(1) = —pe®)w(t = h), (20)
and when u <y, and p >0, the control systems

(5), (10), (12), (13), (20) are dissipative and the target
condition (3) will be satisfied if the system starts in
some set Q.

Proof of the theorem. Let's rewrite equations (15)
(18) of the form

é(t) = Ae(t) +bl(c(t —h)—co) T w(t—h) +
+ 1" 2 Cy(t = )], e(t) = Le(0), 1)

() = ur CT(0)+ G (@),

where gy =py=p. Let’s use a lemma (Brusin,
1995; Fradkov, 1990).

Lemma (Brusin, 1995; Fradkov, 1990). If the any
system is  described by the  equation
x:f(x,/ulhuz) » X € R > ﬂ=COl(y1,y2)€RS2 >
where f(x, 11, 445 ) is uniformly bounded continuous
function on x. If u, =0 this function has the
bounded closed set of dissipative
Q, ={x| P(x)<C,}, where P(x) is undermined

piece-smooth positively determined function in R*!.
If wr <pg, po >0 and for some numbers C; >0,

;1 >0 and y, =0 the condition

T

OP(x

sup <{J} S ,0)> <. @)
g Ox

‘ﬂl‘slﬁ

is satisfied for P(x) = C;. Then the initial system will

provides the set of dissipative Q; .

Following to the lemma, consider the system (26)

with u, =0, then
é=Ae+blct—h)—co) wt—h),e=Le,

mn=Gn.
Solutions of the third equation of the system (23) are
asymptotically stable because the matrix G is
Hurwitz. Consider Lyapunov-Krasovskiy functional
I =Vi(e,c—cqg,c(t —h)—cqy) on the following form

Vi =l (0016 +kp (1)~ o) (c(t)—co) +

(23)

0o f
+ j dar j T ()2,
~h  f-h
where matrix Q; should satisfy to matrix equations
470,+014=-0,. 0b=1". 0 =0{ >0 and

0, =05 >0.
Using the Leibniz-Newton formula for (20), we have



t
ct—h)y=c(t)+p Je(s)w(s — h)ds . (24)
t—h
Difference functional ¥; in the force equations (21)
and (24):
; T 2 2
Vi <=&' (1(0.50, — p” h|w(t—h)|)e(t) -

—0.25¢7 (t)ng(t)—(O.ZSs:T ()0, &(t) -

t
—2eT ®)01bp I e(s)w(s—h)dsw(t —h)+
t—h

t
4+ p? j||e(s)w(s —)|7ds | <
t—h

< (O.5Q2 — p 2w —h) )g(t) -

2
t
| I lllel-2ort] [letsywts—mfas | - @s)
t—h

lim e(f)=0 the

t—0

0.50, - p2Hwiz—m)|* >0 and

For fulfilling a target condition

inequalities

|02 > 4018]” should be fulfilled. However the

inequality (25) has a vector of regression depending
on reference influence r(¢), which is  bounded

function, and from vectors 6;(¢) and 6,(¢), which
depend on law of control u(f). The proof of
boundedness of a vector w(z) is based of works

(Niculescu, 2001; Niculescu and Annaswamy 2003).
Consider vector w(f) on the interval [ty —h,t(],

where # is some initial time of counting. Evidently

sup ||u(01)||2S)/01, where 79 >0. Then
o1€ltg=h.t]

sup ||w(o-1 )||2 <y, where y; >0. Thus, on the
oy €lty—h.ty]

given interval of time there may be such positive real
number P=p1> that the inequality

0.50, - pthy; >0 will  be

0.50, —p12h||w(l—h)||2 >0 will be satisfied for
l e[ty —h,ty]. Consequently Lyapunov-Krasovskiy

satisfied. So

functional is non-increasing on the same time-
interval. Thus:

2
Amin (2 )”g(l)" <Py, for L e[ty —h,tp],
Vi0Amin (02)+ X o = X3, (26)
Vio =Vi(etg), c(to) —co, (de(t) [ dt),— )
X0 18 a bounded quantity, that depending on initial

where

conditions of the plant (1). As inequalities (26) are
satisfied, than from inequalities (19) following
conditions will also be fulfilled:

||w(l)|| <X, for I e[ty —h,ty], and
0.50, - pthX¢ >0.
Therefore, the inequality (25) will be satisfied on the
interval [ty —h,ty], and then ¥} <0, i.e. functional
7 is non-increasing on the same time-interval.
Now, we shall consider a vector w(f) on the interval
[tg,t0 +1]. Obviously, that

sup ||u(0'2 )||2 <702, where yp >0, then
o, €[ty ty+h]

sup ||w(o-2 )||2 <y,,where y, >0.
o, €[ty ty+h]

Thus, on the given interval of time there is such
positive real number p=p,, that the inequality

0.50, —pahy, >0  will  be

0.50, — p3hw(l—h)|>0 will be satisfied for
[ €ty,tg +h], and it follows that the Lyapunov-

satisfied. So

Krasovskiy functional is non-increasing on the same
time-interval. Thus:

2
Amin Qe <Vyg for I e[tg,tg +h],
Viodps (02)+ X o 2 X, 27)

Therefore, inequalities (27) had been satisfied, than
conditions, which are followed from inequalities (19)

[w)|| < Xo for 129,10 + 4], and
0.50, — p3hX 3¢ >0,

will also be satisfied.
Consequently, the inequality (25) will be satisfied on

the interval [¢,¢y +/]. Then ¥, <0, i.e. functional
7 is non-increasing on the same time-interval.

Considering, subsequent time-interval for any ¢, it’s
possible to conclude, that for any w(¢;), where i is

chosen time-interval, the

condition  sup ||u(0',- )||2 <7%0i> Yoi >0 should be
oelt—h,t;]

sup ||W(O'i )"2 <Vis
o;elti—h.t;]

satisfied, and consequently

¥; > 0. Then, choosing parameter from the condition

p=min{p;} for i =lL,n in the algorithm of
adaptation (20) the Lyapunov-Krasovskiy functional
is non-increasing for all ¢>¢;. Consequently, the
w(t) 1is bounded, so the

inequality (25) is satisfied. The satisfy of inequality
(27) provides boundedness of the tracking error &(¢).

vector of regressive

Then, according to boundedness &(¢) and equations
(21) the function (c(t —h)— cO)T w(t —h) is bounded
too. As a vector w(¢—h) is bounded, than from
(c(t=h)—co) w(t—h)  the

product function



c(t—h)—cq 1s bounded. Le. vector ¢, is constant
therefore vector c(¢) is bounded. From the equation
(12) and boundness of vectors w(¢) and c¢(¢) the
is followed. It
means, that in closed-loop system all signals are
bounded and conditions ¥; >0, ¥; <0 are satisfied,

then lim e(¢) =0 is satisfied too.
t—0

As a vector w(f) is bounded and the functional V()

is non-increasing, than it means, that, if the system
starts to work from some set of initial values Q, that

boundedness of control law v(t)

will be exist of set
€ = {e(0), (o), (1), W(0), (1)
w(0)| <y, [e)] < R, )] < s || < g }
with some set of attraction €, for which the

condition lim e(#) =0 is satisfied.
t—w

Evidently, the condition of a lemma had been
fulfilled. Consequently the system (21) has set of a
dissipativity Q . However, the set of attraction may
be another. Therefore consider the functional P(x)

and take the Lyapunov-Krasovskiy functional

A ZETQ25+%(C—C0)T(C—CO)+

0 t
+ j df J'c'T (2)é(2)dz +0T R 6, + 6T R,0, +

-h t=h
0
T T T
+07R,0, + Ny + I’? (t+5)Ny3(t +5)ds,
—h

where Ry, R,, N, N; are symmetric positive
definite matrixes. Choose a number C; so, that a
bounded P(x)=C;, where

closed surface

xlT(t):[g,nT,Hl,Hz], is in set Q on variables
x1(¢). As set of attraction Q; lays in open set
V(x)<Cy and the
variables x(z) will tend to the set of attraction Q.

system is dissipative, than

Consequently there is a number C,, for which the
(22) is satisfied. Only variables 7(¢) and their speed
of convergence to zero depend on choice ;. Thus,
according to a lemma, there is a number gy >0. If
M < U, than the set of dissipativity of systems (5),

(10), (12), (13) and (20) there is a set Q.
Let in (21) gy =y =y . Let's consider, that the

moution of the system starts in initial set of initial
conditions Q. Consequently all trajectories of the
system will be in the field of dissipativity Q.
Consider the Lyapunov-Krasovskiy functional
V =Vi(e,c—co)+Vo(n,n(t—h)) of the form

V:gTQ15+kpfl(c—co)T(c—cO)+77TN77+

0 t 0

+ J' dar j T (2)é(z)dz + jnT (t+ )Nyt +5)ds .
-h  t-h —-h

Take a derivative from the functional V(f) on

trajectories of the system, using results (24)

V< —gT(o.sgz — p2Hjw(r —h)||2)g -

t
—10256T 0,626 01bp I e(s)w(s — h)ds - w(t — h)
t—h

t
4+ p? j||e(s)w(s — )| ds |+ 20" NC@ET w+cT )
t—h
—ug'n" (03 — 1o N )77—(0-25€TQ25—
=227 by 2 Cope—hy 417 (L= )Nyp(e— 1)) (28)
where GTN+NG = —(03. As trajectories of the

system are in the set €2, than following estimations
will be fair:

2n" NC(&"w+ ") < 2n(t)|K g, where K =
-1 T
=|NCl(kyky +koks) . 2nlKo < po ™" 1] 1]+ 10K -
also take advantage of estimations
~n" (t=h)Ny(t—h)+
+2eT Hbp] 2t —h) - 0.256T 0,6 <

(osloNllnc—ml o ) <o

for 141§ ‘2c“2 <0.25[03 V|,

O —poNy =+ pg) 1,1 =04 20.
To put estimations in the inequality (28), and using
the result (25), we shall receive

V<7 (0505 - p2hXd)e - uy'nT O4n -
2
t
=1 VIo: el -2l I||6(S)W(S —hds | -
t—h
2
(ool m-Jeree el +

4‘/10[(8.
It means, that all signals in closed-loop system will be
bounded, and the target condition (3) has been
satisfied, where by decreasing of the parameter

the value of the function ¥ can be as much as small.

5. SIMULATIONS
In this section the adaptive control algorithm is
applied to a third order linear system described by the
following differential equation

(P+q ) (p+a2)p+q3)y@)=ku(t—h), (29)



where ¢;, ¢,, g3 and k are unknown parameters,
h is known time delay. The reference model
described of the next equation

(p+1)° Ym (@) =0,5+2sin1,5¢+0,5sin 0,057 . (30)
Choose the control law according to equations (12).
For relative degree y =3 the polynomial 7(4)

choose as T(A) = A+ 0,l4+1. Taking into account
the equations of plant (29) and reference model (30),
the filters of the state and the vector of regressive are
formed according to (9) and (10). For estimating
auxiliary control v(¢) and it’s y —1=2 derivatives,
the algorithm of estimation (13) choose in the form
(13), where dy =d, =1, u=10.

Results of a computer simulation for the tracking
error e(t) and p = 0,3 in the algorithm of adaptation

(20) and zero initial conditions in closed-loop system
are presented at figures.

1
05
o
-0.5

R i & A
o 10 20 30 40
Fig. 1. Tracking error e(¢) during the first 40 seconds

(the case ¢; =0.1, g, =02, g5 =1, k=1and
h=1).

0.5

u]

-0.5

A

0 10 20 20 40
Fig. 2. Tracking error e(¢) during the first 40 seconds
(the case ¢ =0.1, g, =0.7, g5 =4, k=2and

h=2).

6. CONCLUSION

The modified algorithm of adaptation of the high
order was considered in the paper. It designed for
plants with time delay using in output signals in
conditions of prior uncertainty. Thus, the time delay
doesn’t affect on stability of closed-loop system.
Also, for obtaining a convenient parameterized model
the special filters of a state was used. It is allows to
receive a strictly positive real transfer function with
known parameters. The simulation on a computer
demonstrates the small error & in final periods of
transients.
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