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Abstract
We consider propagation of waves through a spatio-

temporal doubly periodic material structure with
checkerboard microgeometry in one spatial dimension
and time. Both spatial and temporal periods in this dy-
namic material are assumed to be the same order of
magnitude. Mathematically the problem is governed
by a standard wave equation (ρut)t− (kuz)z = 0 with
variable coefficients. The rectangles in a space-time
checkerboard are assumed filled with materials differ-
ing in the values of phase velocities

√
k
ρ but having

equal wave impedance
√

kρ. Within certain parame-
ter ranges, the existence of distinct and stable limiting
characteristic paths, i.e., limit cycles, was observed in
[Lurie, Weekes 2006]; such paths attract neighboring
characteristics after a few time periods. The average
speed of propagation along the limit cycles remains the
same throughout certain ranges of structural parame-
ters, and this was called in [Lurie, Weekes 2006] a
plateau effect. Based on numerical evidence, it was
conjectured in [Lurie, Weekes 2006] that a checker-
board structure is on a plateau if and only if it yields
stable limit cycles and that there may be energy concen-
trations over certain time intervals depending on mate-
rial parameters. In the present work we give a more
detailed analytic characterization of these phenomena
and provide a set of sufficient conditions for the energy
concentration that was predicted numerically in [Lurie,
Weekes 2006].
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1 Introduction
Dynamic composites are characterized as formations

assembled from materials which are distributed on a
microscale both in space and time. This material con-
cept takes into consideration the inertial, elastic, elec-

tromagnetic and other material properties that affect
the dynamic behavior of various mechanical, electri-
cal and environmental systems. In static or non-smart
applications the design variables such as material den-
sity and stiffness, yield force and other structural pa-
rameters are position dependent but invariant in time.
When it comes to dynamic applications, we also need
temporal variability in the material properties in or-
der to adequately match the changing environment. To
this end, in dynamic material design, dynamic mate-
rials will take up the role played by classical com-
posites in static material design. Many applications
of dynamic materials, including some unusual effects
demonstrated by them, are described in [Lurie, 2007]
and in reference therein. A dynamic disturbance on a
scale much greater than the scale of a spatio-temporal
microstructure may perceive this formation as a new
material with its own effective properties; for example
this is achieved by laminates in space-time (see [Lurie,
1997]). This is essentially true if the energy carried by
the waves or the net momentum flux are bounded; on
the other hand there are spatio-temporal assemblages
that may not demonstrate this property. Specifically, in
[Lurie, Weekes 2006] it was observed that the energy
in a checkerboard may, for certain parameter ranges,
exhibit exponential growth in time. It is certainly im-
portant to better specify conditions that lead up to such
growth. Particularly the growth was observed in con-
nection with the limit cycles that arise in a checker-
board within appropriate ranges of material parameters.

2 Analytic characterization of the limit cycles and
plateau zones

In this section we will certify analytically the numeri-
cal observation made in [Lurie, Weekes 2006], section
4, regarding the formation of limit cycles and the ex-
istence of the so called plateau zones for problem (1)
bellow. The units of space and time are so chosen that
the periods of the assemblage along the z and t axes are
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Figure 1. Space-time rectangular microstructure

dimensionless.

2.1 Analysis of the limit cycles
As in [Lurie, Weekes 2006] we will consider a doubly-

periodic distribution in the (z, t)-plane, i.e., in the rec-
tangle (0, δ) × (0, τ) (the periodicity cell). Mater-
ial 1 occupies the region formed by the rectangles
{(0,m)× (0, n)}∪{(m, δ)× (n, τ)}, with 0 < m < δ
and 0 < n < τ , the rest of the cell being occupied by
material 2, see Fig.1. Material i is uniform with para-
meters ρi and ki which play the role of the density and
stiffness, respectively. In this structure we consider the
wave motion governed in each material by the linear
second order equation

(ρut)t − (kuz)z = 0, (1)

with ρ, k taking the values ρi, ki, within material i. The
above equation can be equivalently reformulated as

ρut = vz, kuz = vt. (2)

Continuity of u and v across the material bound-
aries is imposed. As commonly used in the literature,

γi =
√

kiρi and ai =

√
ki

ρi
will denote, respectively,

the impedance and the phase speed. We will work in
the same setting as in [Lurie, Weekes 2006] and as-
sume that the two materials have the same value of their
wave impedance, i.e., γ1 = γ2

.= γ. Hence the two
constituent materials will differ in their phase speeds
ai alone. Without loss of generality, we will assume
throughout the paper that a2 > a1. The system (2) will
then be reduced to two independent first order equa-
tions

Rt + aRz = 0, Lt − aLz = 0,

for the Riemann invariants R = u − v

γ
, L = u +

v

γ
.

Looking at a solution L = 0, R = 2u, we consider
the waves travelling in a positive z-direction. Every
such wave propagating through any material gives birth
to only one secondary wave that travels into adjacent
material after it enters it through a horizontal or verti-
cal material interface. Without loss of generality, we
will consider the R-waves alone, assuming that L = 0
throughout the structure.
Let the grid on the plane be formed by horizontal lines

t = iτ, or t = n+ iτ, with i ∈ N, and by vertical lines
z = iδ, or z = m + iδ, with i ∈ N.
Let iδ ≤ z1 ≤ (i + 1)δ for i ∈ N fixed. We denote by
Cz1 the class of all characteristic lines (trajectories) for
all possible material parameters, originating at points
(0, z1) on the line {t = 0} and having the property that
they first intersect a vertical line of the grid, and after
a vertical intersection there follows a horizontal inter-
section, and vice-versa. For a given characteristic line
in the class Cz1 we denote by zj the z coordinate of the
point of intersection with the j-th horizontal line of the
grid defined above. The first line of the grid is the line
t = 0. In general, it is easy to observe that depending
on j the j-th horizontal line of the grid is of the form

t =
[
j − 1

2

]
τ if j is odd or t =

[
j − 1

2

]
τ + n if j

is even, where here and below, [·] stands for the integer
part associated to any real number. It is easy to ob-
serve, from its definition, that {zj} form an increasing
sequence. Consider also wj to be the euclidian distance
from zj to the closest node of the grid, located to the
left of zj .

Definition 2.1. Let iδ ≤ z1 ≤ (i + 1)δ for i ∈ N and
let q ∈ N with q > 1. The average speed V q

av over q
material periods of a characteristic line belonging to
the class Cz1 is defined by

V q
av

.=

q∑

i=1

z2i+1 − z1

iτ

2q
+

q∑

i=1

z2i+2 − z2

iτ

2q
.

Next we will define the notion of a limit cycle.

Definition 2.2. Let iδ ≤ z1 ≤ (i + 1)δ for i ∈ N fixed.
A characteristic line in the class Cz1 is a limit cycle if
there exist p, q ∈ N with p 6= q and p ≡ q (mod 2)
such that

wp = wq.

A limit cycle is called stable if it attracts neighboring
trajectories, i.e., there exists ε > 0 such that for any
characteristic line Lε in the class Czε

1
with |zε

1−z1| < ε
(if we denote by zε

j the intersection of the line Lε with
the j-th horizontal of the grid) we have

|wε
j − wj | j→ 0.



where wj , wε
j are defined as above. A limit cycle which

is not stable will be called unstable.

It has been numerically observed in [Lurie, Weekes
2006] that, in the case of a square lattice, i.e., δ = τ ,
there will be exactly two limit cycles per material pe-
riod, one stable and the other unstable. For exam-
ple, for material parameters m = 0.4, n = 0.5, a1 =
0.6, a2 = 1.1, the origination points have the form
i + 0.4953 for the stable limit cycles, and i + 0.375,
with i ∈ N for the unstable limit cycles. We are able
to completely characterize the formation of limit cycles
in the class Cz1 with iδ ≤ z1 ≤ (i + 1)δ, i ∈ N, their
origin and their character, stable or unstable. Indeed,
by using Definition 2.1, Definition 2.2, the definition
of the class Cz1 and elementary arguments, we obtain

Proposition 2.3. Recall that a2 > a1. Then
(i) There exists a unique stable limit cycle per material

period in the class Cz1 , with the point of origination
in material 2, i.e., iδ + m ≤ z1 = w1 + m + iδ ≤
(i + 1)δ for i ∈ N, and this cycle is characterized by
the following conditions

w1 =
A2a

2
2

a2
2 − a2

1

w2 =a1

(
n− δ −m

a2

)
+

A2a1a2

a2
2 − a2

1

δ −m− a2n ≤ w1≤ a2

a1
m−a2n +δ −m,

m− a2(τ − n) ≤ w2

w2 ≤ a2

a1
(δ −m) + m− a2(τ − n)





(3)

where

A2 = a1

(
τ − δ

a2
+

(
a1

a2
− 1

)
n +

δ −m

a1

(
1− a1

a2

))
.

Moreover, for any j ≥ 0, wj on the stable limit cycle
are given by

w2j+1 =w1 =
A2a

2
2

a2
2 − a2

1

,

w2j+2 =w2 =a1

(
n− δ −m

a2

)
+

A2a1a2

a2
2 − a2

1





(4)

Therefore the stable limit cycles originate at points m+

iδ +
A2a

2
2

a2
2 − a2

1

, for i ∈ N.

(ii) There exists a unique unstable limit cycle per ma-
terial period in the class Cz1 , with the origination point
in material 1, i.e., iδ ≤ z1 = w1 + iδ ≤ iδ + m for
i ∈ N, and this cycle is characterized by the following
conditions

w1 =
A1a

2
1

a2
1 − a2

2

w2 = a2

(
n− m

a1

)
+

A1a1a2

a2
1 − a2

2

m− a1n ≤ w1 ≤ a1

a2
(δ −m)− a1n + m,

δ −m− a1(τ − n) ≤ w2

w2 ≤ a1

a2
m + δ −m− a1(τ − n)





(5)

where

A1 = a2

(
τ − δ

a1
+

(
a2

a1
− 1

)
n +

m

a1

(
1− a2

a1

))
.

Moreover, for any j ≥ 0, wj on the unstable limit cycle
are given by

w2j+1 = w1 =
A1a

2
1

a2
1 − a2

2

,

w2j+2 = w2 = a2

(
n− m

a1

)
+

A1a1a2

a2
1 − a2

2

,





(6)

Therefore the unstable limit cycles originate at points

iδ +
A1a

2
1

a2
1 − a2

2

for i ∈ N.

As a corollary we observe that

Corollary 2.4. Let iδ ≤ z1 ≤ (i + 1)δ, i ∈ N. A
necessary and sufficient condition for a characteristic
line in class Cz1 to be a limit cycle is that the average
speed V q

av introduced in Definition 2.1 satisfies

V q
av =

δ

τ
for all q ∈ N. (7)

2.2 Characterization of plateaux zones
Another numerical observation made in [Lurie,

Weekes 2006] was that if one considers the average
speed associated with a trajectory in the composite with
the two phase speeds a1, a2 fixed, then there exist in-
tervals of n for which the average speed is constant for
a given m value; these intervals were called ”plateaux”
and the associated structure was referred to as ”being
on a plateau”. It was conjectured in [Lurie, Weekes
2006], that a structure is on a plateau if and only if the
structure yields stable limit cycles. Using Proposition
2.3 we can analytically describe this behavior of trajec-
tories in the class Cz1 for iδ ≤ z1 ≤ (i + 1)δ, i ∈ N.
We have

Proposition 2.5. A structure yields two limit cycles,
one stable and the other unstable if and only if the
structure is on a plateau, i.e., the following two pairs



of inequalities hold simultaneously:

a1τ +
(

1− a1

a2

)
m− δ

a1 − a2
≤ n≤

a1τ +
(
1− a2

a1

)
m−δ

a1 − a2

m− a2τ +
a2

a1
(δ −m)

a1 − a2
≤ n≤

m− a2τ +
a1

a2
(δ −m)

a1 − a2





3 Conditions on material parameters necessary
and sufficient for energy accumulation

The phenomenon of energy accumulation in a time-
space checkerboard microstructure originally observed
in [Lurie, Weekes 2006], came up as a consequence
of some special kinematics of characteristics, such
that the energy is periodically pumped into the wave
as it travels through the checkerboard. This happens
each time as the characteristics enter the material with
higher phase velocity from across the horizontal inter-
face. The energy growth then appears to be exponen-
tial, with the exponent defined as the ratio of higher/
lower phase velocity. In the case when this ratio ex-
ceeds the unity only slightly, the characteristics may (in
certain circumstances analyzed below) become close to
the straight lines. To preserve the energy accumulation,
it is then sufficient that these lines continue to enter the
higher phase velocity material from across the horizon-
tal interface. In this section, we will give bounds for a
small parameter µ > 0 such that a given microstructure
with parameters aµ

1 =
p

q
− µ and aµ

2 =
p

q
+ µ will ex-

hibit a limit cycle in the class Cz1 . The results obtained
will help us understand for which values of p, q > 0, a
straight line with slope

p

q
can be viewed as asymptotic

limit (µ → 0) of the above microstructure and prescribe
a set of necessary and sufficient conditions on the ma-
terial parameters for such situations. From Proposition
2.5 applied to aµ

1 and aµ
2 we obtain

Theorem 3.1. Suppose τ 6= 2n. Let µ > 0 be a small
parameter. Consider the microstructure with phase ve-
locities aµ

1 =
p

q
−µ and aµ

2 =
p

q
+µ respectively. Then

there exists µ̄ > 0 such that the microstructure will
form a limit cycle in the class Cz1 for any µ ∈ (0, µ̄] if
and only if the following two conditions are simultane-
ously satisfied

1.
p

q
=

δ

τ
, (8)

2. if τ > 2n then
1
2

<
n

τ
+

m

δ
≤ 3

2

if τ < 2n then
1
2
≤ n

τ
+

m

δ
<

3
2





(9)

If at least one of the above conditions 1., 2., is not sat-
isfied, there exist two positive values, 0 < µ1 < µ2,

such that the microstructure will exhibit limit cycles in
the class Cz1 for any µ ∈ [µ1, µ2].

Corollary 3.2. If the above conditions are satisfied
then the microstructure will form a limit cycle in the
class Cz1 for all µ ∈ (0, µ̄] with µ̄ given by

µ̄ =





min
{

δ
(m

δ + n
τ − 1

2 )
τ
2 − n

,
δ

τ

}
if τ > 2n,

min
{

δ
( 3
2 − m

δ − n
τ )

n− τ
2

,
δ

τ

}
if τ < 2n.

(10)

For the case when τ = 2n we prove

Remark 3.3. In the case when τ = 2n no limit cycles
are formed in the microstructure when µ → 0 if C 6= 0,

where C
.=

p

q

(
δ − p

q
τ

)
. On the other hand, if C = 0,

then one always has limit cycles for arbitrarily small µ.
That is, in this case, the limit cycles approach the line
with slope r = δ

τ as µ → 0.

4 Numerical Verification
In this section, we provide numerical support for the

theory developed herein (the results of this section be-
long to prof. S. L. Weekes). We use δ = 2, τ = 3. The
first set of results investigates the checkerboard struc-
ture described by n

τ = 0.4 and m
δ = 0.15. Condi-

tion 2 of Theorem 3.1 is thus satisfied, and according
to the Theorem and Corollary and (10), there is a criti-
cal value

µ̄ = 0.5 δ/τ = 1/3

such that, when a1 = 2/3− µ and a2 = 2/3 + µ, limit
cycles with speed δ/τ = 2/3 for µ ∈ [0, µ̄] develop.
The figures in this section show the behavior of paths
of right-going information R = u − v/γ; these paths
originated at uniform locations on the interval [−2, 2].
Figures 2 and 3 show these paths in the cases when µ

is chosen in the subcritical zone, taking values 0.4 δ/τ
and 0.499 δ/τ . It is clearly seen that the paths converge
to limit cycles so that information propagates with an
overall speed of δ/τ = 2/3 as predicted. When su-
percritical values of µ are considered, we find that no
limit cycles form. Figures 4 and 5 illustrate this for
µ = 0.51 δ/τ and µ = 0.6 δ/τ .

5 Conclusion
In the above, we considered trajectories belonging

with the class Cz1 introduced in subsection 2.1 . The
specifics of this class is that every trajectory enters the
higher phase velocity (hpv) material 2 from across the
horizontal (temporal) interface, and leaves it through
the vertical (static) interface (see Fig 1.). With special
behavior of characteristics, the wave energy increases
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Figure 2. Characteristic paths when µ = 0.4 δ/τ
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by the factor
a2

a1
at each entrance into the hpv-material,

and the energy flux remains continuous at each depar-
ture from this material. As a result, we create a non-

stop wave energy accumulation by the factor
(

a2

a1

)2

per period. The advantage of such an arrangement is
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Figure 5. Characteristic paths when µ = 0.6 δ/τ

obvious: it avoids entrances of the characteristics into
the lower phase velocity (lpv) material 1 from across
the horizontal interface: every such entrance would
cause the decrease of energy by the factor

a1

a2
. Instead,

the characteristics enter the lpv-material through the
vertical interface which does not affect the energy due
to the continuity of the energy flux. The Corollary 3.2
in Section 3 establishes conditions necessary and suffi-
cient for a microstructure with parameters aµ

1 =
p

q
− µ

and aµ
2 =

p

q
+ µ to exhibit limit cycles in the class

Cz1 within the range (0, µ̄] for µ. The closure of the
range includes the point µ = 0 which means that the

line of slope
δ

τ
may then be viewed as a limit of neigh-

boring trajectories that approach it as µ → 0; at the
same time the energy blows up for all such trajectories
with µ 6= 0, but in the limit (when µ → 0) the energy
does not approach the value associated with the line
δ

τ
. This is another reason for which homogenization as

classically understood is not possible for this problem.
Instead, the study of the limit behavior of the character-
istics appears to be the only instrument through which
one can gain information about the wave propagation
through the checkerboard structures.
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