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Abstract

We consider the problem of stability of the motion of
an deformable plate which is a part of the border divid-
ing the areas filled with viscous incompressible fluid.
Two models of a deformable solid are considered. The
first (nonlinear) model of an elastic body takes into ac-
count the longitudinal and transverse deformation of
the plate, but does not take into account its aging. The
second (linear) model of a viscoelastic body takes into
account the aging of the plate, but does not take into ac-
count longitudinal deformation. The stability research
method is based on creation of a functional of Lya-
punov type for the partial differential equations which
satisfy aerohydrodynamic functions and deformations
of plate. Sufficient stability conditions of the motion of
an elastic plate imposing restrictions for parameters of
mechanical system are received.
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1 Introduction

At the design and exploitation of structures, devices,
mechanisms for various applications, interacting with
a fluid, an important problem is to ensure the reliabil-
ity of their functionality and longer life. Similar prob-
lems are common to many branches of engineering.
In particular, such problems arise in missilery, aircraft
construction, instrumentation, and so on. The essen-
tial value in the calculation of structures that interact
with the fluid has a stability study of the deformable
elements, as the impact of the fluid may lead to its loss.

Thus, at designing of the structures and devices inter-
acting with the fluid, it is necessary to solve problems
related to the investigation of stability required for their
functioning and operational reliability.
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High number of theoretical and experimental stud-
ies deal with the stability of elastic bodies interacting
with gas and fluid. Among them should be noted the
studies [Ageev, Kuznetsova, Kulikov, Mogilevich and
Popov, 2014; Kheiri and Paidoussis, 2015; Kontzialis,
Moditis and Paidoussis, 2017; Moditis, Paidoussis
and Ratigan, 2016; Mogilevich, Popov, Popova and
Christoforova, 2016; Mogilevich, Popov, Rabinsky and
Kuznetsova, 2016; Naumova, Ivanov, Voloshinova and
Ershov, 2015; Sokolov and Razov, 2014; Zvyagin and
Gur’ev, 2017] and many others. Among the works of
the authors of this article about fluid-structure interac-
tion, note the monographs and articles [Ankilov and
Velmisov, 2013, 2015, 2016; Velmisov, Ankilov and
Semenova, 2016].

The definition of stability of an elastic body used in
this work corresponds to the Lyapunov concept of sta-
bility of dynamical systems. The problem can be for-
mulated as follows: for any values of the parameters
characterizing the system fluid-solid to the small de-
formations of bodies at the initial time ¢ = 0 (i.e., a
small initial deviations from the equilibrium position)
will correspond to small deformations and at any time
t>0.

2 Mathematical Model

We investigate stability of the motion (by Lyapunov)
of an elastic plate which is a part (z = a,y9 < y <
y«) of the border Ly dividing two areas S; and Ss,
filled with viscous incompressible fluid. Areas Sy, S
have borders L1, Ly and Lj of any form (for example,
Fig.1).

We introduce the notations: u(y,t) and w(y,t), y €
(Yo, y=) are deformations of an elastic plate in the di-
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rection of axes of Oy and Ox respectively;

’Ull(xay7t>7 (m,y) € Sl’
vl(xayvt) =

Ul?('xay7t)a (Qf,y) € 52’

U21($,y,t)7 (l',y) € Sla
’UQ(.’L',y,t) =

v22 (2,9, 1), (z,y) €S2

b

Figure 1. Example of the areas S, S

Function w(y,t) € C*?{[yo,y.] x RT}, i.e. it be-
longs to four times continuously differentiable func-
tions with respect to the variable y on the interval
(Yo, y«) and twice continuously differentiable with re-
spect to the variable ¢ at t > 0 and takes real values.

Function u(y,t) € C%2{[yo,y«] x R}, i.e. it be-
longs to twice continuously differentiable functions
with respect to the variable y on the interval (yo, y«)
and twice continuously differentiable with respect to
the variable £ at ¢ > 0 and takes real values.

Functions vy;(z,y,t), ve(x,y,t), Pi(x,y,t) €
C?1{S; x RT}, i.e. it belongs to twice continuously
differentiable functions with respect to the variables
x,y in the area .S; and continuously differentiable with
respect to the variable ¢ at t > 0 and takes real values.

In the model of the viscous incompressible medium
we write the equations describing the motion of the
fluid in the fields S7, So:

p(v1e + v1v15 + V2v1y) = (Vige + Vigy)—

(1)
_P:m ($7y) € Sl USQ7
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p(var + V1V2y + VaV2y) = U(Vogs + Vayy)—

_Pyv (x,y) € SlUS2;
(z,y) € S1US2. (3)

(2)
Vig + V2y = 0,

We introduce the conditions for the sticking of a vis-
cous fluid:

vi(Ly) =va(Ly) =0, k=1,2; )

v1 (Lo\ (%0, ¥x)) = va (Lo\(%0,¥x)) = 0;  (5)

U1 (aaya t) = ’LU(y, t)7 UQ(a7y7t) = 07 (6)
Y € (Y0, Ys)-

Consider two models of the deformable solid — the
two-stage nonlinear model of a elastic body (7), taking
into account the longitudinal and transverse deforma-
tion of the plate, but not taking into account its aging,
and the single-stage linear model of a viscoelastic body
(8), taking into account the aging of the plates, but not
taking into account longitudinal deformation:

1) first model

!/
—EF (' (y. 1)+ Ju(y. 1))+ Mii(y,t) = 0

~BF [u/(,0) («/(0.1) + Ju(w.0)] +
+Dw""(y,t) + M(y,t) + N(t)w” (y, t)+
+B20" (y, ) + Brib(y, t) + Bow(y,t) =
= Pi(a,y,t) — Px(a,y,1), y € (Yo,y);

)

2) second model

"

D{w"(y,t)/o Wm”(y,ﬂm] +

+ M (y, t)+N(t)w" (y, t)+B20"" (y, t)+Br(y, t)+

60 [uwtnt) - [ 22T, pyar) =

:Pl(a7yut)_P2(a7yat)7 RS (y07il/*) (8)

The indices x, y, f below denote partial derivatives with
respect to x, y, t; the bar and the point denote the partial
derivatives with respect to y and #, respectively; p, u
are density and dynamic coefficient of viscosity of the
fluid; D = Eh3/(12(1—1v?)) is flexural stiffness of the
element; £ is the thickness of the plate; M = hp,, is the
linear mass of the plate; F' = h/(1—v2); E, pp are elas-
ticity modulus and the linear density of the plate; v is
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the Poisson coefficient; N (t) is compressing (N > 0)
or tensile (N < 0) forces of the plate; 82, 31 are coef-
ficients of internal and external damping; 3 is stiffness
coefficient of the base (bed); Q1(y, 7,t), Q2(y, 7,t) —
measures of relaxation of the plate and base materials.

Compressive (tensile) force N(t) element may de-
pend on time. For example, if a non-stationary heat
exposure to the plate the N (¢) is as follows:

N (t) = No + Nr(t),

h/2
T
Nr(t) = —10_(tZ,TO(t) = Far / T (z,t)dz,
—h/2

where a is the temperature coefficient of the linear ex-
pansion, T'(z,t) is the law of temperature change over
the thickness of the plate, Ny is the constant component
of the force generated when fixing the plate.

The equations (1)-(3) describe the motion of the fluid
in areas S, .S2, the equation (7) describes the dynamic
of a plate; conditions (4)-(6) are conditions of sticking
of the viscous fluid.

For a two-stage model of an elastic body the boundary
conditions at the ends of the plate at y = yg and y = .
can take the form:

1) rigid clamping (Fig. 2a):

w(y,t) =w'(y,t) = u(y,t) = 0; ©)

2) hinge securely fastened (Fig. 2b):

w(y,t) = w"(y,t) = u(y,t) = 0; (10)

3) rigid mobile jamming (Fig. 2c¢):

w(y,t) =w'(y,t) =u'(y,t) = 0; (11)

4) hinged movable anchorage (Fig. 2d):

w(y,t) =w"(y,t) =
1 (12)
= u/(y,1) + Ju(y,1) = 0.
! e
a) b) c) d)

Figure 2. The method of fixing.
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For single-stage model of an elastic body the bound-
ary conditions at the ends of the plate at y = yp and
Yy = ¥, can take the form:

1) rigid fastened:
w(y,t) = w'(y,t) = 0; (13)

2) hinge fastened:
w(y,t) = w"(y,t) = u(y,t) = 0. (14)

We will notice that for the description of the move-
ment of the fluid the nonlinear equations of Navier-
Stokes are used, and boundary conditions (6), as well
as the right part of the equation (7), are written down in
the assumption that deformations of the plate are small.

Given the initial conditions:

w(y,0) = fi(y),
u(y,0) = f3(y),

w(y,0) = fa(y),

(15)
u(y,0) = fa(y),

which must agree with the boundary conditions (9)-
(12).  According to the definitions of the func-
tions w(y,t)u(y,t): fi(y), fa(y) € C*yo.yul,
f3(y), fi(y) € € C?[yo,y.]. The norms in the spaces
C*[yo,y.] and C?[yo, y.] are defined by the equalities

d™ fi(y .
Il = s s [TE 1
0<m<4 YE[Yo,yx] dy
d"fi(y)| .
Il = s max [TEI G
0<m<2 YE([Yo,Yx] dy

Given also initial conditions:

'Ul(IE,y,O) = f5(x7y)a 02(x7y50) = fG(I7y)a (16)

which must agree with the boundary conditions (4),
(5) and (6). According to the definition of the func-
tions vy (1’, Y, t)v 'UQ(xa Y, t): fS(mv y)a fﬁ(l'v y) €
€ C?{S1 U S2}. The norm in the space C? {G} is de-
fined by the equality

m-+n £,
||fL H = sup max W

0<n+m<2 (z,9)€S1 U S2

)

i=5,6.
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3 Stability Investigation
3.1 Stability Investigation for the Two-stage
Model of an Elastic Body

Definition 3.1. The solution of the problem
(W=7, (9)-(12) for five unknown functions
u(y,t) € C**{[yo,ys] x RT}, w(y,t) €
0472{[3407:‘/*] X R+}’ ’Ul(xvyvt)7 UQ(xay7t)v
P(z,y,t) € C**{S1US2x R"} is called sta-
ble with respect to perturbations of the initial data
(15), (16), if for any arbitrarily small positive number
0 > 0 there exists a number ¢ = £(8) > 0, such

that for any functions fl(y)7 f2(y) € 04@07%]’
f3(y), fa(y) € C?[yo,ys] and f5(x,y), fo(z,y) €
C?{S1 US>}, satisfying the boundary conditions
and the conditions of the smallness by the norm
AW <e [0 <ellfs <e Ifa@ <
e, fs(x,v)ll <e, |fs(z,y)| < e the inequalities
w(y, )] < 6, |u(y,t)] < 6, y € [yo,y«] and
‘Ul(‘ray;t)‘ < 57 |U2(Z‘,y,t)| < 67 |P(£177y,t)| < 67
(z,y) € S1 U Sa will hold for any time t > 0.

The similar definitions of stability with respect to per-
turbations of the initial data can be given separately for
the functions themselves u(y,t), w(y,t), v1(z,y,t),
vo(x,y,t), P(x,y,t) and its partial derivatives.

We introduce the followig notations: Aq, 11 are the
smallest eigenvalues of the boundary value problems
for the equations """ = —X\¢”, """ = ),y €
(Yo, y«) with boundary conditions corresponding (9)-
(12).

Theorem 3.1. Let the conditions

Bomi + B >0, N(t) >0, (17)

N(t) < \MD. (18)

Then the solution w(y,t),v1(x,y,t),va(z,y,t)
of the problem (1)-(7), (9)—(12) and the
derivatives  u(y,t),w(y,t) are stable  with
respect to perturbations of the initial data
v1($7y,0), Ug(l‘,y,O), ’ll(y70), u/(y70)’

w(y,0), w'(y,0), w"(y,0).

Proof. We will write down the equations (1), (2) as

(v -+ vavry —vavar) = = (P+ 30V), +
+/LAU17

19)

(V2 + V1v2, — V1V1y) = — (p 4 %pV2>y +
(20)
+MAU27

where V2 = v? +v2 is fluid velocity square, A is lapla-
cian.
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Multiplying the equation (19) by vy (z, y, t), the equa-
tion (20) on vs(x, y,t), and summing the obtained ex-
pressions, accounting for the equation of continuity (3),
we will obtain

1 5 Lo
- - _ PL- _
(327°), == [ (7o 207)].
1
— |:’U2 <P + 2pV2>] + [('Ulvlz + v2”2m)m+
Yy

2 2

+(v1v1y + Vav2y )y — vfm - vfy — V5, — vzy] . 2D

Considering the boundary conditions (9)-(12), we will
obtain equalities

Yo Yo
Y
/] l 1 2 / 2
= [ww (w+-w” |dy+ [ @ (v + -w™* |dy =
Yo Yo
Yo 2
1 1
A(Jebye).
Yo +
Y Y
1 ;
/wwdy =5 /w dy | ,
Yo 0 t
Y Y
- 1 2
widy = 5 udy |
Yo 0 t
) Y Yy
/ww””dy _ /w',/w//dy P /w”Qdy ,
Yo Yo 0 t
Y Y
N(t) /ww"dy = —N(t) /u)’w’dy =
Yo Yo
1 Y 1 Y
=5 N(t)/w’Qdy + iN(t)/w’Zdy,
Yo t Yo
Y Y
/u')u'}”"dy _ /u‘/’Qdy.
Yo Yo

Multiplying the first equation of the system (7) by
u(y,t), the second equation of system (7) by w(y, t),
and summing the received expressions and integrating
from yg to y., accounting for the equalities (22), we
will obtain

Yx

:/

Yo

<EF <u’(y, t) + %w’Q(y, t))2 +
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+M (W2 (y,t) +0°(y, t) + Dw(y, t)—

NP, + ow’(y, t)) dy> .

Yx

=~ [ (B0 5ri2(0.0) + 5N (0.0~

Yo

— (Pi(ay.t) — Pala,y.1)) (. t))dy. 3

Now we consider the following functional

J(t) = % / / PV2(z,y, ) dS+
S

+;7 (EF <u’(y,t) + ;w’Q(y,t)>2 +

Yo

+M (@3 (y,t) + 2 (y, 1)) + Dw"(y,t)—  (24)

—N(t)w™(y,t) + Bow?(y, 1)) dy,

where S = 51 | So.
oJ

For the time-derivative 3 of this functional, using
expressions (21), (23) and applying the Green’s for-
mula, we find

1
f [_Ull (Pl + 20V12> + p(vi1v11e+

L,ULg

07 _
ot

1
+'U21U21z):| dy + [’021 (Pl + 2PV12) — w(viiviiy+

1
—‘r’U21’U21y):| dx + % |:—U12 (P2 + 2pV22) +

LoULg
1 9
+11(v12V125 + V22V222) | dy + Vo2 | Po + §PV2 -
—,U(U121)12y + ’U22U22y):| de — i // (U%$ + Ufy-&-
s
Y

o3, + vgy) s — /

Yo

(6211)//2 (y7 t) +

5102y, 0) + SN (w0, 1)~

- (Pl(aa Y, t) - P2(aa Y, t)) ’li)(y, t)) dy (25)
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Considering the boundary conditions (4)-(6) and the
equations (7), we have

Yx
%t] = / [1)11 <P1 + ;pv%)] dy+
Yo
Yo
+/ [—m (Pz + ;pvfz)] dy — p /(viﬂL
Y S
Yx
+u7, + vh, +03,) dS — / (B2t (y, 1) +  (26)

Yo
81020, 0) + SN Ow (0, 0) — (Pala, 1)~

Y

~Pa(a g t) ilet)) dy = — | (52w"2<y,t>+

Yo

502000+ SN O 0.0) ) dy

— // (v%gg + vfy + U%w + vgy) ds.
s

Consider the boundary value problems for the equa-
tions /" = —A\", " = mb, y € (yo,y.) with
boundary conditions (9)—(12) for the function w(y, t).
These problems are self-adjoint and completely de-
fined. For the function w(y,t), using Rayleigh’s in-
equality [Kollatz, 1968], we obtain the estimates

Yx Yx
Jotw 0w .0y = =i futy. (0.1,
Yo Yo
Y Y
/w(y,t)w””(y,t)dy > nl/w(y,t)w(y,t)dy-
Yo Yo

Integrating by parts and taking into account boundary
conditions (9)-(12), we will obtain inequalities

Y Y

/w”z(y,t)dy > A1/w’2(y7t)dy7
Yo Yo

N 5 Q27
/w”z(yvt)dy > m/w2(y,t)dy~

Yo Yo

Similarly, considering the boundary value problems
for the equation """ = —X\”, y € (yo,y«) with
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boundary conditions (9)-(12) for the function w(y,t)
we obtain the estimate

/ w”Q(y,t)dyZm/ W3 (y, t)dy.  (28)

Yo Yo

Using the inequality (28) and (26), we obtain

—u//(ﬁx+vg4w§,+@ﬁd5— (29)
S

Yx

_/ ((ﬁ2771 + B (y, t) — ;N(t)w@(y,t)) dy.

Yo

Under conditions (15) from (29) it follows, that
% < 0. Integrating from O to ¢, we obtain the inequal-

ity
J(t) < J(0). (30)

We make the evaluations of the functional with the
boundary conditions (9)-(12). Using the inequalities
(27), we obtain the upper bound on J(0):

1

—5//Mﬁww%W&F
S
17 1
+2/Ma%+w@+EFQ%+fﬁ)+(M)
Yo

+ (D + 7|]\;(0)|+ ﬂo) w({2> dy.

1 T

Here are introduced the notations vig = v1(z,y,0),
voo = va(x,y,0), 4o = 0(z,0), uy = v'(x,0), wy =
w(z,0), w) = w'(z,0), w] =w"(x,0).

Using the first inequality (27), we obtain the lower
bound for J(t):

Y

sz%//m%w+%/0ﬂﬁwﬁ+

S Yo

+i?(y,t)) + (M D — N(#)w?(y,t)) dy.  (32)

Using the Cauchy-Bunyakovsky inequality at the
boundary conditions (9)-(12), we obtain the estimate

Y

w?(y,t) < (Y« — Yo) /W’Q(y,t)dy- (33)

Yo
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Under conditions (18) the inequality (32) takes the

form
1 1 Y
> 5//p(uervg)dSJr§/M(iﬂ(y,t)+
S Yo

MD — N(1)

2(y,t). 34
=) " (y,1) (34)

+i?(y, t))dy +

Thus, taking into account (30), (31), (34), we obtain
the inequality

[[ o+ idyas+ 7M<u2<y,t> (g, )dy+
S Yo

// 010—1—020 dS+
Yx 1 9
+/ <M(u§+w§)+EF (u0+ 2w62> +

Yo
+ (D L INOI ﬁo) w{{2> dy.  (35)
A1 1951

)\1D N(t
Y« — Yo

From inequalities || f;(y)[| <e, i = 1,4, || fi(z,y)|| <

< &,1 = 5,6 it follows that |vig| < €, |va| < €,
[do| < g, |ugl < e, |wol < &, |wi| < e, |wi| < e.
And as u(y,t) € C??{[yo,y«] x R}, w(y,t) €
c2 {[y07y*] X R+}7 vl('x’yat)vv2($ay’t) €
C?2{S;JS2 x R*}, then (35) implies, that for
any arbitrarily small positive number § > 0 there
exists a number € = ¢(J) > 0, such that the inequal-
ities |w(y,t)| < 6, |w(y,t)] < 6, |u(y,t)] < 9,
Y € [yo,y«] and [vi(z,y,t)] < 6, |v2(x,y,t)| < 6,
(x,y) € S1JS2 will hold for any time ¢ > 0. Hence,
according to Definition 3.1, the theorem is proved.

On the basis of the inequality (35) it is possible to
receive an assessment of the amplitude of the great-
est possible fluctuations of an elastic plate at any time
point:

[l 81 < /5 )

3.2 Stability Investigation for the Single-stage
Model of an Viscoelastic Body
Definition 3.2. The solution of the problem (1)-
6), (8), (13)-(14) for four unknown functions
’U.)(y,t) € 04’2 {[y()ay*] X R+}’ ’Ul(l’,y,t),
va(w,y,t), P(z,y,t) € C?*2{S1US2x R} is
called stable with respect to perturbations of the initial
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data (15), (16), if for any arbitrarily small positive
number § > 0 there exists a number ¢ = €(6) > 0,
such that for any functions f1(y), f2(y) € C*yo,ys]
and fs(z,y), fo(z,y) € C*{S1US:}, satisfying
the boundary conditions and the conditions of the
smaliness by the norm ||fi(y)]| < . [ f2(y)]
gllfs(z, ) < e, |fs(z,v)|| < & the inequalities
‘w(yvt” < 4, Yy € [y()vy*] and |’U1(:L’,y,t)| < 4,
‘UQ(xayat)‘ < 6; |P(:vaat)| < 57 (x,y) € SlUSQ
will hold for any time t > 0.

Theorem 3.2. Let for all y,t, T the conditions

Bom + B1 >0, N(t) >0, (36)

N(t) < >\1Dirylf(1 +Q1(y,0,1)), (37)

Qi

9Q;
ot 0

Ql(yatat):() - (y77—7t)203

0*Q;
oTot

Tiy0.t) <0,
(38)
(y, 7,t) <0,14+Q;(y,0,t) >0, (i=1,2).

Then the solution w(y,t), vi(z,y,t), va(z,y,t) of
the problem (1)—(6), (8), (13)-(14) and the derivative
w(y,t) are stable with respect to perturbations of the
initial data vy(zx,y,0), va(x,y,0), w(y,0),w (y,0),
w"(y,0).

Proof. We note that the inequalities (27), (28), (33) are
valid under the boundary conditions (13) - (14).

Considering the conditions (13) - (14), (38) we will
obtain equalities

Ya
Q/w [w”

Yo
[0Q: (5,71
AW _ 1y, 7t)
w”(y,1) / 5 W',

"

(yﬁ_/ 3Q1(8y,r,t)wﬂ(y’7)dT] dy =

T
0

T)dT|dy =
Yo 0

Y

_ /(w”2(y,t) (1+Qi(y,0.1) +

0

t
o
+/%(ymt) (W (y,t)—w"(y, 7)) dr |dy | +

0 t

+/ 5 2 (y, t ) w" (y, t)dy—
Yo

Y t 9
-/ ( [ Gt 7.0) (0 ()" (3. 7)) dT) dyt

Yo 0
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Yx
0 0
+/W”2(y,t) ( ;il (y,t,t) — 821 (y,O,t)) dy,
Y
aQQ(va t)

( ( aiwmw(m—w(y,

+w?(y,t) (1 + Q2(y,0, t))) dy) + (39

t

(y,T)dT] dy =

T))2 dr+

+ 6Q2(y,tt> 2(y,

o t)dy—

Yo

_/ (/ a%(y”vﬂ <W<yat)—w<w)>2df) dy+
0

Yo

Y«

0Q2 0Q2
2y, t) | = (y, t,t 0,t) | d
+/w(y,) 5 Wbt =5 ,0.1) ) dy.
Yo
Multiplying the equation (8) by w(y, t) and integrat-

ing from yg to y., accounting for the equalities (39),
we will obtain

2
Yo

(1/(Mw2(y,t)+D(1 +Qu(y, 0,8) w" (y, t) +

[0 ' .
4D [ S ) 0 (0.0) — () drt
0

+B0 (1 + Q2(y,0,t)) w?(y, t) — N(t)w'

+ﬁ0/ 8622 (yaT t) (w(yat)_UI(y,T))z d’r) dy) —

0

(y, 1)+

Y

=- / <lz'v<t)w’2<y 0 - D2t w0+

2
Yo
0 [ LDy ) 1) — (g, )
0 a’rat y7 ) y) y7
" an Ql
~u0) (52 o) - S 0) ) +
8™y, 1) By, 1) o 22 31, 1y, 1)+
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t

9°Qy
+B0 910t (y7 T, t) (UJ(y, t) - ’U}(y,
0

7'))2 dr—

0 0
o) (S 1. 0) - B 0.0) -

—(Pi(ay,t) — Pala,y.1)) (. t))dy. (40)

Now we consider the following functional

1
= 5///)V2(I,y,t)d5+
S
Ysx

4y [ (I (.0+D (14+Qu(0:0.0) 0 (0. 0+

/ 0
4D [ Z2 ) (0 (0.0) — (7)) drt

4o [ FL ) (wl.0) - i 1) dr— @D
0

_]\/v(t)w/2 (yv t) =+ 50 (1 + QZ (y7 07 t)) w2 (y’ t)) dy

For the time-derivative 22 of this functional, using

expressions (21), (40) and inequality (28), similarly
(29), we obtain

up

o< [ (Gom + 8000+ 35 002

Yo

(y, 1)+

+D%( " (y, )+

T))2 dr—

t
aQQl " "
+D/ IOt (vavt) (’LU (yat) —w (yv
0

—Dw"?(y,t) (aa%( tt) — %(y,o t)>

Q2

_50 (y>t t) (y7t)+

2
g g; (7:1) (0, 0) —

0

0 0
—50’(1}2(3/,1‘;) (g;(y?tat) - %(y’ 0’t>>) dy_

+Bo T))2 dr—
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—p / / (v, +vi, + 03, +v3,)dS.  (42)
S

Under conditions (36), (38) from (42) it follows, that

%tp < 0. Integrating from O to ¢, we obtain the inequal-

ity
(1) < @(0). (43)

We make the evaluations of the functional with the
boundary conditions (13)—(14). Using the inequalities
(30), we obtain the upper bound on ®(0):

1
0)25//p(vfo+vgo)d5+
S
17 N (O
+f/ Mg + p+ NI, So wll® ) dy.
2 A T

Yo

44)

Using the first inequality (27) and inequalities (38),
we obtain the lower bound for ®(¢):

(t) > ;é/pVQdS—i- ;Z(MwQ(y,t)—f— (45)
+()\1D12f (1+Q1(y,0,t))N(t)> w'z(y,t)) dy.

Using the Cauchy-Bunyakovsky inequality (33) under
condition (37) the inequality (45) takes the form

Yx
1 1
> 5//p(vf+v§)d5+§/Mu')2(y,t)dy+
S Yo

2(y,t). (46
+ CTe— w(y,t). (46)

Thus, taking into account (43), (44), (46), we obtain the
inequality

Ysx
//p(UerU%) d5+/Mw2(y7t)dy+
S Yo

M Din (1+ Ql(% 0,t)) — N(t)

+ — ) w?(y,t) <

// Ulo + 1)20 dS+ 47)
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Y
+/ <ng + (D + INOI, ﬂo) w32> dy.
A1 m

Yo

From inequalities |f:(y)|| < e @ = 1,2,
Ifi(z,y)|| < e, i = 5,6 it follows that |vig| < &,
lvao] < €, Jwo| < &, |wi|l < & Jwj] < e
And as w(y,t) € C%*{[yo,y.] x BT}, vi(z,y,1),
vo(x,y,t) € C%2{S;|JS2 x RT}, then (47) im-
plies, that for any arbitrarily small positive number
0 > 0 there exists a number ¢ = £(d) > 0, such
that the inequalities |w(y,t)| < §, |w(y,t)] < 4,
Yy € [yo,ys«) and |vi(z,y,t)| < 8, |va(z,y,t)| < 4,
(x,y) € S1US2 will hold for any time ¢ > 0. Hence,
according to Definition 3.2, the theorem is proved.

Remark. For example, the kernels of the form
Qi(x,s,t) = a; (et — 1) satisfy the conditions (38),
where 0 < a; < 1 are some positive parameters.

4 Conclusion

In this work to study the dynamics of a deformable
body proposed two models. We constructed the two
relevant functionals of Lyapunov to investgate the dy-
namic stability of an elastic plate contacting a fluctu-
ating viscous incompressible fluid. Accounting for the
aging of the plate material in the second model led to
more stringent constraints on the parameters of the sys-
tem (on the flexural stiffness of the plate D and on the
compressing forces V).
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