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Abstract—New approach for modelling a physical hysteresis wherek, p, p are constant positive parameters. For a constant

damping the flexible spacecraft structure oscillations, is deve- parametera;, > 0 and zo = x(ty) a normed hysteresis
loped. New results on spacecraft attitude guidance and digital function r(t) =Hst (-, z(t)) with memory
gyromoment nonlinear control with precise pointing the large- ’

scale flexible antennas, are presented. r(t) = Hst(an, an, ky (1)), 7o, 2(t)); ’
I. INTRODUCTION r(to) =ro,=Hst(an, an, kv (z0), 70, To) “)

A correct mathematical description of physical hysteresig, | rastriction on its module by parametgr> 0, is defined

is a basic problem for an internal friction theory (N.N. Davi-_ ¢ o right-sided solution of the equations ’

denkov, 1938; A.Yu. Ishlinskii, 1944; W. Prager, 1956; J.F.

Besseling, 1958; Ye.S. Sorokin, 1960; Ya.G. Panovko [1]; N k, |r—anSignz(t)|*n &(t) |r| < ap

G.S. Pisarenko [2]; V.A. Palmov [3]; L.F. Kochneva [4] et r= 0 | > ah; )

al.) with regard to the well-known flexible-plastic micro- N

deformations of materials. The rigorous mathematical aspects r(to+0) =7o.

for qualitative analysis of general hysteresis models amifferential equation in (5) has a discontinuous right side

represented in a number of research works [5]. Recently, neywd ambiquitely depends on forcing functiafit) and its

approach was developed for description of physical hystergpeed:(t), e.g. it depends on all own pre-history which is

sis [6], [7], which is based on set-valued differential equatioexpressed by the functionai, (x) (3). At initial condition

with discontinuous right-side. The paper briefly presents ney, =y, = y(t,) for z = z, the hysteresis functiog(t) is

results on modelling a hysteresis damping and describes dafined as follows

detail their application to a communication spacecraft (SC)

attitude guidance and robust control with precise pointing  ¥(t)=m Hst(an, an, kv, 70, 2(t))i70 = yo/m,  (6)

the large-scale flexible weak-damping antennas. with the constant positive scale coefficient> 0. In deve-

I[l. MODEL OF PHYSICAL HYSTERESIS loped model (1) — (6) a parametgdetermines on the whole
Let z(t) is a real piecewise-differetiated function for= @ degree of convergence for a trajectoty) = F.(-, z(t))
Ty, = [to, +00). Let there be the values, = z(t,) of the I the planezOy on symmetric limiting static loop under a
furiction in the time moments,, v €Ny =1[0,1,2,- - ), when harmonic forcing function:(t) = A sin wt with fixed values

the last changing asign of a speedi(¢) was happened, e.g. 4w and any initial conditiony, = yo With [y,|/m < ay,.
For this model all requirements are realized, including the

&, = x(ly)|ty : Signi(t, 4+ 0) # Signa(t, —0). (1)  famous requirements on a model vibro-correctness by [5],

A local function z,(t) on each a local time semi-interval
T,=It,,t,+1) IS introduced as

B (t) = x(t) — 3, Vte T, @)

150

and the functionak, (z(t)) = k. (k,p, p, ,,) of the hystere- 1008

sis functionshapeis defined as
ku(x(t)):k(l - (1 _p) exp(_ﬁ‘ju‘»v te Tl/7 (3) = 0
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and also on a frequency independence and a fine return

concordance of initial conditions (6). Parameters a}, o]

a main symmetric limiting hysteresis loop after a short-termandk;, p;, p; by functionalsHst(-) and & (z;) for tones of
passage on a displaced local hysteresis loop [3], [4]. Lalte SC structure oscillations are defined by an identification
properties are verified in prearranged scale by Fig. 1 for thgrocedure starting from analysis of experimental hysteresis

hysteresis model with parameters: = 1, ap, = 1.5,a;, =
200,k = 5.125107%,p = 2, § = 0.7510~3. Moreover the
forcing function have the form:

:E(t):{ 0<t<m) & (2 <t <T3);

71 <t <719,
A =200; B=40; w1 =1; wy =5; 13 =40;
M=br—7% 7o =T —7" 7"~ 0.034157.
I1.

Let us introduce the inertial reference frame (IRK),
the geodesic Greenwich reference frame (GIRE)and the
geodesic horizon reference frame (HRE). There are also
standard defined the SC body reference frame (BRF)
(Ozyz), the orbit reference frame (ORK) (Ox°y°z°) and
the antenna (sensor) reference frame (S&Eyz°y®2°) with
an originS. The BRF attitude with respect to the IRE is
defined by quaternioth = (Ao, A), A=(A1,A2,A3), and

with respect to the ORF
/| — by the column¢ =
{¢ii = 1,2,3 =1:3}
of Euler-Krylov elemen-
tary anglesg; in the se-
guencel3’2”. Let us vec-
tors w(t) and v(t) are
standard denotations of
the SC body vector angu-
lar rate and its mass cen-
ter velocity with respect
to the IRF, respectively.
Applied further symbols
(-,),x,{-},[-] for vectors andax], (-)* for matrixes are
conventional denotations. For a fixed position of flexibl

Asinwit
B(1+sinwst)
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Fig. 2. The normed hysteresis

structures on the SC body with some simplifying assump-

tions andt € Ty, = [to, +00) a SC spatial motion model is
appeared as follows:

A=Aow/2; A°{vs, &, 4} ={F},F* F}; B=us; (7)

§=-m

F (wxvs)+wx (Lxw-2L)+ R L=M,q;
FY=-L X (w x v§) + M8& —wxG + M ME=—A,20;
Fi={—(Q0)*m;r;(t)}; G=G’+Dyq; q={g};

ri(t) = Hst(a], o, k), woj, 2;(1));  2;(t) = q;(t) /my;

ml; [-Lx] M, A, =[0H(B)/IB];
A=| Lx] J D, |; G°=Jw + H(B);
Mz Dfl 1 H(B) = hy ¥ hp(ﬁp)a

wherev; is a velocity deflection with respect to its nominal
value by the gravity forcesh, is a constant own angular
momentum (AM) of each gyrodine (GD), vectgBs= {(,};
w = {w;}; M8 = {M?} and z,; = g;(to)/m; with a

loop for normed deformatiof and strengtla of the structure
material, see Fig. 2. At standard linear modelling one can
have

F1 = {—((6]/m) Qg5 + (2)* 4;)}, 8)

whered! € [1072,2107%] is
decrement byj-tone of the
SC structure flexible oscilla-
tions. The antenna’s flexibil-
ity results in additional angu-
lar deflection columné¢p =

d
Yo

Pra(” /5

yi  {0¢;,i=1:3} of the SRFS
with respect its nominal posi-
tion in the BRF, including the
by \y antenna’s line-of-sigh§z*:
y P 06 =Qa, (9
Co\Ugy

where matrix Q, is calcu-
lated by its shape modes. The
gyro moment cluster (GMC)
is applied at schem2-SPE based on four GDs [8], fig. 3.

Fig. 3. The2-SPEscheme

IV. THE PROBLEM STATEMENT

In precession theory of the control moment gyros the GMC
control torque vectoiM® is presented as follows:

ME = —H——An(B)ut(t); B =uF(t) = (u(1)}. (10)

Here ug(t) a® Zh([Sat(Qntr(u);, by), Bu), T] with a
constanta® and a control period’, = tx11 — tx, k € Ny;
discrete functionsu), = uj(t;) are outputs of nonlinear
control law (NCL), and function§at(x,a) and Qntr(x, a)

are general-usage ones, while the holder model with the

eneriod T, is such:y(t) =Zh[xy, Ty | =2k VE € [tr, tht1)-

Applied onboard measuring subsystem is based on initial
gyro unit corrected by the fine fixed-head star trackers.
This subsystem is intended for precise determination of
the SC BRFB angular position with respect to the IRF
I.. Applied contemporary filtering: alignment calibration
algorithms and a discrete astatic observer give finally a fine
discrete estimating the SC angular motion coordinates by the
quaternionA;’ = AgsoA%, s € Ng, whereA,=A(t;), AL is

a "noise-drift” digital quaternion and a measurement period
Ty =tey1 — ts < T, is multiply with respect to a control
period T,,. When the SC is moving at a distant part of the
high-elliptical orbit (HEO) byMolniya type (with apogee
46370 km and perigee 7370 km, fig. 4) there are fulfilled
sequence of its angular modes:

1° the SC antenna pointing to a given point at the Earth
surface and then the target tracking during given time
interval T,, = [tg, %]
the SC antenna guidance from any Earth point to next
the same point during times T, =[tg, %], th =tg+ T,
whereT,, is given, see fig. 4.
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For the VLFv : ‘H — Rf with componentsv® (x) >
0, v*(0) = 0,s = 1 : k and the norm|jv(x)|| =

FERNTES 3

S I ;
e Y
s = A R
Lo < !\\ ¥

2 e max{v®(x),s = 1 : k}, defined are the scalar function
i 5 S U(x) = max{v®(x),s=1:1;,1 <1, <k} and alower right
b @ ! f“% derivativewith respect to (11):
: T i V(0= lim {(u(x+ 8t X(Ex) — o(x)/ot).
Ve / ¢ ) ot—0+
{ ?%%/ I Theorem. Let there exist the VLR, so that
\ N I I ) (GeR) (e plx) <a-o(x);
2)  (3beRY) (Vxo € Ho) [lo(xo)ll < (b, p"(x0));
Fig. 4. Antenna pointing by the HEO spacecraft guidance 3) I, € R+ and a functiorkp’y(.) exists so thaty, <
At the SC lifetime up to 15 years its structure inertial and pr(2,7); . o
flexible characteristics are slowly changed in wide bound- 4) V(%) € (Tfo x 'H) the conditions are satisfied
aries, and the solar array panels (SAPs) are slowly rotated a) UL (x)<fe(t, vy (x)) =Py (x) + fo(t, vy (x));
on the angley(t) € [0, 2x] with respect to the SC body for b) Hurwitz condition for positive matri®;
their tracking the Sun direction. Therefore at inertial matrix c) Wazewski condition on quasi-monotonicity
A° and partial frequencieQ? of the SC structure are not for the functionf..(, y);
complete certain. Let ud”(t) is a quaternionw?(t) and d) Carateodory condition for the function
wP(t) = eP(t) are angular rate and acceleration vectors of f.(t,y), bounded in each domaif; =
the SC body programmed motion in the IRE. Problems (Ty, x S7), wherer > 0 and S! =
consist in synthesis of the SC antenna guidance laws for {yeR":|ylg <r};
calculatingA” (t), wP(t), e?(t) by tasksl®, 2° and the GMC e) (Ety)/Iv) "0 for y — 0 uniformly
controluj = {u;, } on the quaternion valueA;" when the with respect to timet € T,

SC structure characteristics are uncertain and its damping

\%ere =v—,.. Then solutionz(¢) = 0 of the systenfl1
very weak,5?~10~% in (8). Uy =V (t) ysteni11)

is pp°-exponential invariant and the matrix3 has the form
V. SYNTHESISoF FEEDBACK CONTROL B =c-ab® with ¢ € R;.

Applied general approach to synthesisiwhlinearcontrol  Proof.  The basis of inequality for vector norm(z(t))
system (NCS) with a partial measurement of its state is pr& attained by theomparison principleusing themaximum
sented, moreover the method wéctor Lyapunov functions "ght-sided solution z.(t) = X.(to, xc0;t) of a comparison

(VLF), which has a strong mathematical basis for analysi®YStemke(t) = Pxc(t) + fe(t, x.(?)). _
There is such an important problem: by what approach is

of stability and other dynamical properties of various non- : X : i
linear interconnected systems with tHiscontinuous right- it possible to createonstructive techniques for constructing

hand side is used in cooperation with thexact feedback the VLF v(x) andsimultaneousynthesis of a nonlinear con-

linearization(EFL) technique. Let there be given a nonlineaf™®! law u = U(x) for th% close-loop system (11) with given
controlled object vector normsp(x) and p”(xq) ? Recently, a pithy technique

on constructing VLF at such synthesis has been elaborated.
D x(t)=F(x(t),u); x(to)=x0; t € T, This method is based on ronlinear transformatiorof the
where x(t) € H C R" is a state vector with an ini- NCS model and sglving'the pro_blem in.two stages.
tial condition xo € Hy € H; u = {u;} € U C R" In stagel, the right sidef(-) in (11) is tr_ansforr_ned as
. —1  F()=f(x)+G(x) u+F(t,x(t),u), someprincipal variables
is a control l/clactor. Let someector normsp(x) € Ry ' ciate vectok € HCR™ CR” with 7i<n, xo € HoCH
and p°(x) € Ry’ also begiven For any control law (CL) are selected and simplified nonlinear modebf the object
u=U(x) the closed-loop system has the form (11) is presented in the form of an affirguite smooth
D x(t) = X(t,x); x(to) = %o, (12) nonlinear control system
x = F(x,u) = {x) + Gx)u = f(x) + > g x)y;,
where X (t,x) = F(x,U(x)), X : Ty, x H—H is adiscon- which is structurally synthesized by the EFL technique.
tinuousoperator. Assuming the existence and the non-locg} this aspect, based on the structural analysisgivkn
continuability of theright-sidedsolution z(¢) = x(to,x0;t)  vector normsp(x) andp®(x), and also vector-function&x)
of the system (11) for itextended definitiomn the aspect zpg g;(x), the output vector-functionh(x) = {h;(x)} is
of physics, the most important dynamic property is obtainegarefully selected. Furthermore, the nonlinear invertible (one-
that is pp°-exponential linvarianceof the solutionz(t) =0  0-one) coordinate transformatien= d(x) Vx € Sy C H
under thedesiredy € R, : with ®(0) = 0 is analytically obtained withsimultaneous
—Ixlo o 0 constructing the VLF. Finally, bilateral component-wise in-
(BaeRy)(EBeBL ) (30 € RY) (V' (x0) < 9) equalities for the vectors, z, v(x), p(x), p°(xo) are derived,
p(z(t)) < v+ B p°(x0) exp(—a(t —ty)) Vt e Ty,. it is most desirable to obtain thexplicit form for the



nonlinear transformatior = ¥(z), inverse with respect to
z = ®(x), and the VLF aggregation procedure is carried ou
with analysis of proximity for a singular directions in the
Jacobian[0F (x, U(x))/0x].

In stage2, the problem of nonlinear CL synthesis for the
complete modebf the NCS (11), taking rejected coordinates,
nonlinearities and restrictions on control, into account i
solved by the VLF-method. If a forming control is digital,
a measurement the model's state is discrete and incot
plete, then a simplified nonlinear discrete object's mode
is obtained byTeylor-Lie series, anonlinear digital CL is
formed and its parametric synthesis is carried out with
simultaneously construct @iscrete sub-vectovLF.

VI. THE ANTENNA GUIDANCE LAWS

The analytic matching solution have been obtained fo
problem of the SC angular guidance at its z.mtennf'i pOIntInq:ig. 5. Symmetric ) and asymmetric) modal shapes of the SAPs
to the Earth target and the same target tracking at tigi€,,
with t =t{ + T, Solution is based on a vector compositionbasesE, about unitse;, of Euler axes, which position is
of all elemental motions in the GRE. using the HRF defined from the boundary conditions (13) and (14) for initial
El, the SRFS and orthogonal matrixC; = C =| ¢; || spatial problem. For all 3 elementary rotations with respect
which defines the SRES orientation with respect to the to unitse; the boundary conditions are analytically assigned.
HRF E!. Normed to the communication oblique range Into the IRF I the quaternionA”(t) is defined by the
vectorv and the SC body programmed angular rate vectgrroduction
w? with respect the GRHE, are presented in the SR AP(t) = ABoAP(t)oAb(t)o AL (1), (15)
asvd = {v,,i =1:3}andw? = {wFi=1: 3} o
Calculation of vectot*? is carried out byexplicit analytical Where Aj(t) = (cos(¢}(t)/2), sin(¢},(t)/2) ex), ex is unit
relations of Euler axis by ks rotation, and functionsy} (¢t) present
the elementary rotation angles in analytical form. These
functions were selected in class of splines by 5 degree.
FExplicit time functionsA?(t), w?(t) andeP(t) are applied
at onboard computer for the time momertsby the SC
antenna guidance at its both pointing € T,,) and rotation
maneuver {; € T}).

W= LT e = (12)
11

By numerical solution of the quaternion differential equatio
A.” = A®ow? /2 one can obtain values of vectod? =
AP (ts) for the time momentg, € T, with period T, =
ts+1 —ts, s =0 : ng, ng = T,,/T, when initial value
AP (tg) is given. Further solution is based emtrapolation VIl. THE SC STRUCTURE OSCILLATIONS
of the vectors’ A}, = Al(¢;) values which are defined
for t, € T, with stepT, = tx11 — tg, & = 0 : ng,
ne = T,,/T,. Extrapolation is carried out by a set of, 3- fo(B) =0 O,f th? GMC nor_meq AMK(B) = Ehy(0,)
degreevectorsplines with analytical obtaining a high-preciseb_ewveen GD's pairs ensures its singular state only_.at ;eparate
approximation the SRS guidance motion with respect to time moments (withLebesgueero measure) and bijectively

the GRFE, on vectors of both angular rate and acceleratior{;.onneCtS the vectoMs(t) _Wi_th vectorsﬁ(_t) _and ﬂ_(t) =

Required functions\” (), wP () ande? (¢) for this guidance us(t). Therefore for preliminary study it is rational to

mode are calculated b@/’xplicit formulas considerate the columMs(¢) = {M$,i=1 : 3} as control
Fast onboard algorithms for the SC antenna guidance Eé)ZCtor' Applying the state vector = {¢, vs,w,4,q} and

its rotation maneuver into given time intervalc T, with notztlon&;(fk)] :Sg/lg(tzj’ |y($) :t ¢(.t)h{;3r ahllnzarlfz[[rr]]g sc
restrictions tow?(t) ande?(t) corresponding restrictions on procedure of the model (7) at neighbourhood of the

h(B(t)) and3(1) in a class of the SC angular motions, Wereequilibrium in the ORFO one can obtain continuous models

elaborated. Here the boundary conditions on left ;) and %X =Ax+Bu,y = Cx; W(s) = C(Is — A)"'B,
right (t:tfc) trajectory ends are given as follows:

Presented in [9] and applied here the distribution law

, for which research the SC angular motion it is necessary

AP(t5) = Ag: wP(tg) =wp; € (t7) =eg; (13)  to take into account only asymmetric modal shapes of the

Ap(#}) :Az}; p(t;})zw?; €p<t;}> :g? (14) ﬁtructure. oscillations,' see fig. 5. Comparison of linear (8) anq

ysteresis (7) modelling the SC structure weak-damped oscil-

Developed approach to the problem is based on necess#ations was developed by nhumerical methods. The SC natural

and sufficient condition for solvability dbarbouxproblem. frequency characteristics on roll channel are presented in
Solution is presented as composition of thrége=(1:3) Fig. 6 at linear modelling with decremerzig’ = 21073

simultaneouslyderived elementary rotations of embeddedor all tones. These characteristics were computed on the
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basis of a transfer functioW, (s) = ¢2(s)/M5(s). At hys- €r = —2e;; grt1 = Bgr + Cex; (19)
teresis modeling the same "frequency characteristics” were M; = K&(g, + Pey),

also .computegd by nymencal simulation for a set of 'nqunatricesB,C,P andK# have diagonal form with
amplitudesMs5. Obtained results are close, but resonance

"peaks” have very narrow form for hysteresis modelling. a; = [(2/Tyw)m — 1]/[(2/Ty) i + 1];
bi = [(2/Tu)m2i — 1]/[(2/Tu)72s + 1;

o N pi=(1—=0;)/(1—a); ¢i =pi(bi —ay),
Actual error quaternion i€ = (eg,e) = AP(t)oA, the )
Euler parameters’ vectorf = {eo,e}, and the attitude where 71;, 75; and kf are constant parameters which are
error's matrix isC, = C(€) = I, — 2[ex|Qt, Q. = thoroughly selected for the robust properties of gymomoment

Q(€) = Isep + [ex] with det(Q.) = eo. As for con- control system. Here digital information on only the SC

temporary communication SC, their large-scale SAPs arfftitude filtered error vectore, is applied for forming the
antennas have first minimal natural frequeney).1 Hz by control vector (19), moreover measured error quaternion is
the structure flexible oscillations. At given digital controlEs = (€os,€s) = AP(is)oA’, the measureduler parame-
period T, discrete frequency characteristics are computel@'s’ Vector€, ={eos, e}, then filtering is executed by the
via absolute pseudo-frequency = 2tg(wT,/2)/T,. For relations

perlt_)d’s .multlple Ng anq a filtering penoqu. = T,/nq %or1 = AR, +]§es;e£ — €%, + De., (20)
applied filter have the discrete transfer function

VIIl. FILTERING AND CONTROL

where matricesA, B, C and D have diagonal form with
Wi(zq) = (L+Db1)/(1+bazgh); (16) a; =—bt; by =bl; & = —(1+bl) andd; = 1+bf. The discrete
b1 = —exp(—T,/Tt); zq = exp(sTy) filtering efficiency is demonstrated by fig. 8 for the same SC
_ roll channel. There is not stability on this channel without
and discrete frequency characteristi®é;(j)\,) via own the discrete filter (16) and the same ones (20). In stage 2 a

absolute pseudo-frequency, = (2/7,)tg(wT,/2) = nonlinear digital CL is formed, its parametric synthesis is
nq(2/Ty)tg(arctg(A T, /2)/ng) : carried out with a simultaneously constructiiacreteVLF.
We(jAq) = Wi(Eq) = K7 (8q — @))/(Bq — 1), (A7) IX. COMPUTER SIMULATION

The MatLab system was applied for simulation and analy-
sis of the flexible SC antenna pointing model (7) and (8)
with discrete filtering (20), discrete CL (19) and forming the
GMC digital control (10). For considered variants of digital
gyromoment control some results on the SC stabilization in

Lm(\) =20[lg K} + 1g |jtg(arctg(A T, /2) /ng)| the ORFQ are presg_nted in fig. 9_and fig. 10 when for

. A\ t = to = 0 initial conditions on all variables are zero except
— lgljtg (arctg(ATu/2)/nq) + K7 l; ag) ¢i(0) = 0.5 deg for alli = 1 : 3. Additional angular
o (N\) = [arctg (AT,/2)/ng] deflection by antenna’s flexibility¢ (9) are presented in
—arctgltg (arctg(A Tu/2) /nq) /K2]. fig. 11 (sequence of the SC antenna guidance mades-
pointing and target tracking2® — guidance by a rotation
As an example fig. 7 presents frequency characteristics nfaneuver to next target and agaifi — the same next
discrete filter (16) for control period, = 4 s,7; = 2 s and target tracking, see fig. 4) and in fig. 12 (the antenna’s weak-
the period’s multiplen, = 4. Applied digital control law is damped oscillations at a longtime tracking).

wheresq = jA KR = (1+b1)/(1—b1) <1, ¢} =—(2/Ty)

and pj = —K{(2/T,). Therefore logarithmic amplitude
characteristicd.m(\) (LAC) and logarithmic phase charac-
teristicsp(\) (LPC) of discrete filter (16) are appeared as:



X. CONCLUSIONS x 10°
New approach for modelling a physical hysteresis wa — &4,
developed and it application for digital gyromoment attitude o 8¢,
control of a flexible spacecraft structure was considere( 2 + 30,
In progress of [10] — [11] new results on the SC antenn 1 | | ‘
guidance, a digital gyromoment spacecraft attitude contre | W gl " © " g T
and a flexible antenna fine pointing, were presented. 20
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Fig. 10. Transient pI’OtC(SESSES by angular rates
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Fig. 12. The SC antenna’s weak-damped oscillations at a longtime tracking
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