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Abstract 2 Switched Systems

A reduced form of switched linear systems is in- Definition 2.1. A Switched Linear System is given by
troduced as a simplification of switched linear sys- an evolution equation on the form
tems. Reachability properties of the original systems
are studied by using the reachability of the reduced sys-
tems. This will yield a simplification of the involved
Computaﬁons_ $(t + 1) = Aa(t)x(t) =+ Bo’(t)u(t) } (1)
wherez € K" is the internal state of system,c K™

Key words is a external input (or control) of system, together with

hybrid system, reachability, equivalence

1 Introduction o(t) = (t,o(t—1),z()) } ()
Hybrid systems have been attracting much attention

in the recent past years because of the arising problems

are not only academically challenging but also of prac-

tical importance in a wide field of applications ranging

from manufacturing systems to information processesd_ ) tth ‘ fthe inout and of th itch
and modeling ecosystems, among others [Mosterman., Imensions otne system, otthe inputand ot the switch-

2007]. ing alphabet respectively.

which is the next command function. Commands (or
switches) are finite sequences (words) on the finite al-
phabety = {0,...,s — 1}. We calln, m and s the

Switched linear systems belong to a special class of ., simplicity we denote a Switched Linear System
hybrid control systems which comprises a collection byl = (A,, B,)

of subsystems described by linear dynamics (differ- It is interesting to study the behavior of a given
ential/difference equations) together with a switching switched linear system for a fixed sequencef com-

rule that specifies the switching between the subsys-mands (or switching signals) and a fixed sequanoé
tems (see [Sun and Ge, 2005]-[Yang, 2002]). external inputs -

The paper is organized as follows: Section 2 is de- First we need a preparatory result.
voted to reviewing switched linear systems by giving
some motivating examples and main results about be-| emma 2.2. The behavior of a switched linear system
havior of a switched linear system. I' is given by the equalities

Section 3 study reachability property by giving a new
method which reduces the ca&é,, B,,) to the case
(As, B). The reduced system allows a simplification of
the reachability condition and permits the construction
of a tree that represents the behaviour of the system.
An example is also given.

Thanks to this tree structure, Section 4 provides an al- wheres € %, 7 € &, u € (K™)* andv € K™.
gorithm to check reachability of a switched linear sys-
tem. Section ends with a discussion about the compu-Proof.- Direct application of the definition of switched
tational improvement given by this new method. linear systeni

O (zg, 07, uv) = A Pr(x0,0,u) + Brv 3)
O (zp, 7,0) = Arxg + Brv



Theorem23.LetT' : z(t + 1) = A,pz(t) +
Byyu(t) be a switched linear system .The behav-
ior of systemI’ from initial state xy, with sequence

o = o(0)o(1)---o(s) of commands, and sequence
u = u(0)u(1),...,u(s) of controls is
(I)F($0,g, ﬂ) = AO’(S)AU(S—l) U Aa(2)Aa(1)z0+

}

(4)

Proof.-The cases = 1 is clear, we prove the result by
induction. Assume the result for that is,

+ 20 Ao()Ao(s—1) - Aot 1) Boyu(i)

(I)F(xnga ﬂ) = Aa(s)Ao(sfl) T
+ im0 Ao Ao(s—1)

Ag2)As(1)Tot
Ao(iJrl)Ba(i)u(i)

|

®)
Consequently, by 2.2

Or(zg,00(s + 1), uu(s+ 1)) =

= Aa(s+1)Aa(s) to AO’(Q)AO'(l):rO +

+AO’(S+1) <Z Aa(s)Aa(s—l) T

1=0
+Ba(s+1)u(s + 1) =
A1) As(0)To

Aa(i+1)Ba(z‘)U(i)>

= Aa(s+1)Aa(s) to

+ Z Aa(s)Aa(s—l) T

=0

Ag(ig1) Bogiyuli)

[
Reachability is a central property of (dynamical) sys-

tems. In the switched linear case we research the set of
internal states that can be reached by a given switched

linear systenT” for any sequence of commandsand
any sequence of external inputs

Definition2.4. Let I' : z(t + 1) = Ajpa(t) +

B yu(t) be a switched linear system. Letandw be
two internal states. We say thats switched reachable
from initial statex if there exists a chain of commands
o and a chain of inputg such that

®p(zo,0,u) =w }

(6)

We will denote this fact by ~(,.) w Or simply by
o ~ W.

We say thal is reachable if for every pair of states
1, T2, one has that; ~ xs.

Note that for switched systems reachability is also
equivalent to controllability (see [Xie and Wang,
2003)). Interested reader is referred to [Xie and Wang,

2003] and [Sun and Ge, 2005] for the study of reacha-

bility and other related properties.

3 Reduced form of a system

Next we introduce a way to study a given switched
linear systeml” by using a new switched linear sys-
temF directly obtained fron’. Main advantage is that

(A,,, B) and all subsystems have same control

matrix B. This will yield a simplification of reachabil-
ity calculations.
LetT' = (A,, B,) be a switched linear system, we

define a new switched linear systé]'*n: (ZU,E),
0 0

(BUAU)E( )}

During the rest of the paper, a syst@m (ﬁg, B
will denote a system obtained from a systém=
(A,, B,) as explained. If systedi is of n dimension
we will say that systend is also of dimensiom, not
n + m (the dimension of the new matrif) as we may
suppose. N

Behavior ofl" and ofI" are closely related. In fact we
have that reachability from zero-state is an equivalent
notion inI" and inT". First we need to note an easy
previous result.

i, - Id 0

Lemma 3.1. Given a systerht = (4., B,,) and its re-
duced systerii = (ZU, E) we have:

N <‘I’F(Q,U(1)---a(s),u(1)...
®)

Proof.- It is easily checked by induction cnill
Theorem 3.2. Switched Linear Systeinis reachable

from 0 if and only if systenf is reachable frorr< %) .

Proof.- Suppose that systeinis reachable from zero
and let us prove that every internal st tt,rl of T

can be reached from zero. SinEdas reachable from
zero it follows that

wy = Pr(0,0(1)---0o(s),u(l) -

Consequently

()00 (



_(w which is a contradictioll

Wo _ _ First note thaReach™(T") is not a linear subspace of
And we are done. The converse result is proved in & the state spack&” but it is finite union of linear sub-
similar wayl spaces oK" (see [Sun and Zheng, 2001]). To be con-

Definition 3.3. LetT : a(t + 1) = A a(t) + Bu(t) €S8 if we denote bReach, g)...o(s—1)(I) the set of

be a switched linear system. DenoteRach® (T') the reachable states from zero by using the sequence of
linear subspace of all reachable states fromvith at commandg then

mosts commands; that is to say

Reachg(l“) = Im(B, Aa(l)B; veey Aa(s—l) o ~Aa(1)B) }
Reach™(T) = {z : @r (0,0,u) = z;|a|, |u| < s} } (13)

(10) and consequently

In the classical case of linear systems without switch
it is well known thatT is reachable if and only if Reach™(T') = U=, Reach(T') }  (14)
Reach™(I') = K™. We will state the same result for
the case of switched linear systems wti€is an infi-
nite field.

Obviously we have thatReach®(T") is a subset
Reach*t!(T") for all s. But we can say something
more: Lemma 3.5. Given a systemI’ = (A4,,B)
Reach"(I') = K" if and only ifReach, (I') = K" for
someg with o] = n.

Since we are working on infinite fields, a union of sub-
spaces is the whole vector space if and only if one of
involved subspaces is. Thus:

Lemma 3.4. In a systenT’ = (4,, B):

That is to say, if a system is reachable, all the states
Reach®(T") = Reach®™(T') = (11) of the system can be reached with just one clzaf
= Reach® ™! (I') = Reach*"?(I) switching signals (and the adequate inputs).
On the other hand it is not difficult to check that
Proof.- It is sufficient to prove that the following state- Reach, (I') is a linear subspace &feach,.(I") for all

ment yields a contradiction: T € X*. Therefore dimensions can only increase
times (all of them are subspaceskit). Consequently
the chain

Reach®(I') = Reach®™!(T') ¢ Reach®™*(T") } (12)

s s+1
Let z € Reach®?(T') — Reach®*™ (I') and assume -+ C Reach®(T") € Reach™™ () C -~} (15)
that

stabilizes at index:. If an internal state cannot
z=®r(0,0(0)0(1)---0(s+1),u(0)u(l)---u(s+1)) be reached using commands then it can never be
reached.
Then it follows that Above discussion is the proof of the following result:

Theorem 3.6.LetK = R,C. Letl : z(t +1) =
Agyz(t) + Bu(t) be a switched linear system. Then
2’ = ®r (0,0(0)a(1) - o(s), u(0)u(l) - - u(s)) [ is reachable fronp if and only ifReach™(T') = K"

€ Reach®"! = Reach®(T") . L
As main consequence we have the criterion of reach-

ability of switched linear systems with common input

Consequently matrix B in terms of reachability from zero.

2’ = ®p (0, 7(0)7(1) - - 7(s — 1), v(0)w(1) - --v(s — 1)) Theorem3.7.LetK = R,C. LetI : x(t+1) =
Agyx(t) + Bu(t) be a switched linear system. Then
I' is reachable if and only if is reachable fromd

for somer, v.
On the other hand: = ®r (z/,0(s + 1), u(s + 1)). Proof.- = is straightforward. To prove the converse
Therefore note that, by previous result we have thas reachable

from zero if and only if
z=r (0,7(0)7(1)---7(s — Do(s+ 1),
0(O)u(1) (s — Dju(s + 1)) €
€ Reach*t1 () Reach"(I') = U|,/—, Reach,(I') = K" }  (16)



And from 3.5 we have thaK™ = Reach,(I") for Now, systerﬂT“ is given by
somego such thatg| = n. In particular,

000 0 000 0 1

To — Ag(s) - Ag(0)T1 € Reachy (1) +_ 1211 | &= _f0000 = _|o
v Y N A=1oo10 [N~ |o102 ['B7 |0

000 -1 100 -2 0

Hence one has the equality

Now system is reachable if and onlylifis reachable
T2 — Ag(s) - As(o)r1 = Pr(0, 0, 1) using a chain of at most + m = 4 commands. Note
the reverse indices from the sequence of commands and
the indices of matrices. It is not difficult to complete
the table and obtain that = 2010, withaz = 0|1, is a
sequence of commands that reaches every state (using

which is equivalent to the equality

29 = Op(z1,0,u) adequate input sequenggbecause
Thereforer; ~ , for all 21, 2, andT is reachablda span{B, Ao B, AgA1 B, AgA1 Ao B} =
As a consequence of 3.2, 3.6 and 3.7 we obtain the 1 0 0 0
main result of the paper: 0 1 1 1
= Span 0 ) 0 ) 0 ) 1 =
Corollary 3.8. Letl’ = (A,, B,) be a switched linear 0 0 1 0
system and' = (AU, B) its reduced system. Thén — pntm

is reachable if and only iReach™ (I') = K"

Thus to obtain the reachable states ofaswﬂched linear SO the original syster’ = (4., B, X = {0,1}),

systems it is sufficient to obtai;_ (#E) blocks is reachable using the switching sigral= 010 (the
that need to be adequately arranged In the case of aMe chain without the first symbol) and the adequate

switched linear systeml : x(t + 1) = A )x(t) + input sequence.
Bu(t) wheres € {0, 1} (i.e. two subsystems) we need
to evaluate the following tree of block matrices: 4 Computational considerations

Using the previous results we can build and algorithm
to easily check the reachability of a switched linear sys-
tem. If we start with a switched system in the form
I' = (A, B,), first we need to transform it to the re-

duced fornT = (/L,E).
Then, we can use the next recursive function to check
[AyAoB | [AAB | [AA,B | [AAB the reachability of the reduced system. This function

returns "true” (system is reachable) if it finds a base of
/ \&] / \] G/ \] J \D the vector spacK” (stored in the variable newVectors)
and "false” (system is not reachable) in other case. This

function can be seen as a preorder traversal of the tree
described in the previous section. The function is first
called with Reachable(1, 0, B, null).

We write down an explicit example for a switched lin-
ear system proposed in [Xie and Wang, 2003]:

Example 3.9. Consider the three-dimensional & 3) Global variables: n, s ... As—1, B
single-input (n = 1) switched linear systenk(= R)
given byl' = (A,, B,, % = {0,1}) where: Reachable(current,
currents,
,currentMatrix,
211 1 ,currentVectors)
Ag={010 [,By= {0 newMatrix = Acyrrents * currentMatrix

00-1 0 newVectors = completeBase(currentVectors
,newMatrix)
if dim(newVectors) = n then
result := true
00 0 0 else
Ar=|102 |,Bi=10 if currentn < n then

00 —2 1 fori:=0tos — 1



result := Reachable(current1
i
,newMatrix
,newVectors)
else
result := false
return result

The first two instructions evaluate the current node,
building a base of the subspace of currently reached
states. If this subspace is not equaktb then the func-
tion is called recursively for eachto compute the next
level of the tree, until we reach thelevel.

Note that we are looking for a base I§f* in spite of
K"t in n iterations (not. + 1). The missing iteration
is the one corresponding to the processing of the root of
the tree (matrixB). As matrix B always has the same
structure, its columns always complete the calculated
base to a base &"*™, so this operations are omitted.

first subspac#®; is build usings=+n matrices. Next sub-
spaces are obtained usingn matrices multiplications

for each one of the matrices calculated for the preced-
ing subspace. So we can see that the complexity of this
algorithm is ofO ((s * n)™) = O (s™ x n!).

If we compare both results we can see that there is an
important jump in the complexity order of calculating
the reachability of a system.

If we suppose the order of the system constant, both
methos result in an exponential complexity But, on
the other hand, in the most common case, the number
of subsystems will be a small number, and we want to
know how the algorithm behaves when the dimension
of the systerm grows arbitrary. In this case, the pre-
vious algorithm has factorial complexity!, the worst
possible; while our algorithm has exponential complex-
ity k™. This is also the complexity order when both
dimensions can be freely increased.

Besides this computational improvement, our algo-

The function completeBase() searches for new vectorsfithm can be easily modified to calculate, if the system

for the base of the space. If any of the columns of the
matrix "newMatrix * B” is linearly independent with
the vectors of "currentVectors”, this column is added
as a new vector of the base.

The complexity of this function is given by the recur-
sive equation:

(n) 4+ s * reachable(n — 1, s)

(n)
(17)
Whereg (n) is the complexity of the first two instruc-
tions of the algorithm (the processing of each node).
One can verify that the solution of this equation is:

)

The complexity ofy (n) is given by a matrix multipli-
cation and the evaluation of the linear dependency of
vectors. The matrix multiplication has complexity.

reachable(n, s)
s

=g
reachable(l,s) = g

s"—1
s—1

reachable(n, s) = g (n) * (18)

is reachable, the chain referenced in Lemma 3.5 (the
one that reaches all the states of the system). This is
because the tree structure under this system represents
the behaviour of the system: each path to a leaf node
computes the reachable states with each possible chain,
and the leveh of the tree computeBeach™(T").
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