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Abstract— Conceptions of relative degree and minimum an affine system can be provided by virtual outputs with
phase are connected to many control problems. To apply these yniform asymptotically stable zero dynamics and how to find
conceptions to nonautonomous nonlinear systems one needsg,ch outputs if any exists. For autonomous affine systems

to know an output map which renders an nonautonomous ith | trol find soluti f1h bl
affine system to be uniformly minimum phase. Necessary with scalar control one can find solutions or these problems

and sufficient conditions of the existence of such outputs are for virtual outputs with relative degree 1 and 2 (in the

presented in the multy-output case. Obtained conditions result general case) and for virtual outputs with relative degree
in new se_tting of _t_he stabilization problem and in a new set of greater then 2 (in the special case) in [4], [5], [6]. For SISO
time-varying stabilizing feedbacks. An example of a hovercraft 515 tonomous systems this problem is partially solved in
trajectory stabilization is considered. 7]

I. INTRODUCTION The main contribution of this paper consists in finding

One of stabilizing control design methods for a nonlineaf Virtual time-varying multy-output for an nonautonomous
system is based on changes of variables in the state sp&fEne system with multiple control whose associated zero
and in the control space. The goal of these changes 8ynamics is uniformly asymptotically stable.
variables usually consists in obtaining an equivalent system The structure of this paper is as follows. In Section 2
for which we know how to solve the control problem. Fornecessary definitions are introduced and related results are re-
example, one can often try to transform the original nonlined@lled. Section 3 contains necessary and sufficient conditions
system into a linear one or a partially linear one. Thesgf the existence of virtual outputs of relative degreand
methods can be applied both to autonomous systems [2] ahdor nonautonomous affine systems with the corresponding
to nonautonomous systems [8]. uniformly asymptotically stable zero dynamics. A method of

It is well-known that the stabilization problem can pefinding of such virtual outputs is proposed as well. In Section
solved by the zero value output stabilization if the au# an illustrative example is considered.
tonomous system under investigation is a minimum phase
one [1], [2], [9]. It is worth to note that even in case of the Il. PRELIMINARIES
complete knowledge of the state vector the use of propertiesCOnSider an nonautonomous affine control system of the
of minimum phase systems often allows essentially enlarqgrm
a set of stabilizing feedbacks. For nonautonomous systems

same ideas can be applied. &= A(z,t) + Bi(z, t)ur + ... + By (2, t)um,

From physical point of view asymptotically stable zero r €R™ u=(u1,...,uy)’ € R™. (1)
dynamics are an internal property of the nonlinear dynamical
system which garantees that the system is asymptoticalijere A(0,¢) = 0, A(z,t) = (ai(z,t),...,an(z,1))7T,
stable by the part of variables. This property may be helpfuB(z,t) = (Bi(z,t),...,Bm(z,1)", Bj(z,t) =
for feedback design because one needs to control only a §&}(z,t),..., 07 (x,t))", j = 1,...,m, rankB(0,t) = m,

of "unstable” variables. So one can hope that controls wilki(z,t), b’ (z,t) € C*>°(2 x [0,400)), 2 € R” is an open

be smaller and designed feedback will be more favourabiet which contains equilibrium point = 0.

for a stabilized system. System (1) is one-to-one corresponded(r [0, +c0) to
In this paper any smooth time-varying output map of awector fields

affine system will be called a virtual output similarly to the n n

use of term "virtual control” in the backstepping method [3]. 4 = i ai@ g + gy By = il (@, )5

This output may not be a real output of an affine system. 7 = L...,m. 2
Lyapunov converse theorems are used hereafter, so uBi— (2)

) i o . enote Lie derivative of a functiop(z,t) along a vector
form asymptotic stability of zero dynamics is considered. field X as Lx(z, 1)
Uniform asymptotic stability of zero dynamics depends XTm T
Let a vector functionp(z,t) = (p1(x,t), ..., pm(z,t))*,

on choice of a virtual output. So one needs to know Whergpv(x 1) € C(Q) x [0, +00), @i(0,1) = 0, 7 — 1 m)
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1T 2T

neiborhood of the point = 0, ¢t > 0; the matrix there £(0,0,t) = 0, ¢(0,0,t) =0, z = (2, 227, ...,
Ay (z,t) = zf:h):;%nd the matrix{g;;(0,0,?)}; ;_77 is nonsingular
Lp, L% Yo (2,t) ... Lp, L% "oy (x,t with ¢ = U.
I ot e DY @) e syste
LBIL’A’”*lapm(x7 t)... LBmL’;{”*lapm(:107 t) 1= 4q(0,n,%), ©)
is nonsingular at the point = 0, ¢ > 0. In this case is corresponded to system (8) and is called zero dynamics.
p = (p1,...,pm) is said to be the vector relative degreelf the equilibrium point;) = 0 of (9) is uniformly assimptot-
of system (1) with the virtual multi-outpuy = ¢(z,t) at ically stable then affine system (1) with the mulpitle output
the pointz = 0. y = p(z,t) is called uniformly minimum phase (at the point
If the vector relative degree is equal to(1,...,1) at = =0). _ _
point z = 0 then the matrix Suppose thaty = o(z,t), »(0,t) = 0 is a virtual
multy-output of system (1) and a vector relative degree
Lp,or(a,t) oo Lp,ei(@,t) p1+. ..+ pm = |p| is defined at the equilibrium poiat = 0.

o o “) If the system is uniformly minimum phase at this point then
L (z,1) L (z,1)
_ _ BrPm T, T ?m‘pm L the input of type (6) locally stabilizes the equilibrium point
is nonsingular at the point = 0 with ¢ > 0. If p; > 1then ;= 0 (with respect top(z,t) and its Lie derivatives) of the
from first condition it follows that a functionp;(z,t) is a  system.

solution of the system of PDE equations
[1l. STABILIZATION OF AN AFFINE SYSTEM WITH

LBlejﬁpizov k=0, pi—2,j=1,m, (5) p:(L,l)

in some neighborhood of the point = 0 with ¢ > 0. So Suppose that the function

if |p|”= prt..dpm =0 then necessary and sufficient Y = B t) = (ha (2, 1)+ (2, 8))7,
conditions of existence of such virtual multy-outpu{x) hi(,t) € Co(Q), ha(0,8) = 0,7 = 1

are conditions of equivalence of affine system (1) to a linear i MG == 4T
control system in some neighborhood of the paint= 0 is the virtual multy-output of system (1) and the vector

(10)

(see [8]). relative degree of system (1), (10) at the paint 0 is equal
If these conditions are fulfilled then a control top =(1,...,1), |p| = m. Assume that the distribution
u = A;l(x,t)~ G :.Span{Bl, ..., B} is involutive. Rewrite system (1),
~Liei(a,t) = i en i (a,0) 0y the normal form
Z:f(zan7t)+gl(zvnat)ul+ (11)
—Lf{”wm(% t) — Zkzal kaLExSDm(xvt) oo gm (2,0, )um,
stabi_lize; the e_quillibrium point = 0 with respect tap(z, t) _ n=q(z,n,1). (12)
and its Lie derivatives. Here one need to choose the matrix T . T
of coefficients{c;; } in (6) so that all roots of equationd” +  Here 2 = (z1,....z;m)" € R™ u = (ug,....um)" €
j R™ n = (,-...;m-m) € R, fz,nt) =

]’?;’Ol ¢ijA] =0, 1 <i <m have negative real parts. m
If above conditions are not fulfilled then there is no a(f%(zm,t)’--~7f:Z(Z,777t))T, f(0,07t) =0, g;(zm:1) =
virtual multy-output with|p| = p1 + ... + p; = n. In this (gj (z,m51), ... 1 95 (z,m 1) g=1,....,m,

case for any virtual multy-output a vector relative degree at gi(zmt) o gh(zm,1)

the pointz = 0 is not defined op; + ... + pm = |p| < n. Gz, t) = :
If a relative degree is definedlp| < n and the distribution g (zmt) ... g™zt

G = span{By,..., By} is involutive, where vector fields

Bj,j =1,...,m, corresponds to system (1), then in somé&letG(0,0,t) # 0, ¢(0,0,¢) = 0, z = h(z,1), n = W(,1),

neighborhood of the point = 0 there exists a change of ¥(0,%) = 0. S
variables Theorem 1: Assume that the distributiorG =

i it — P §pgn{Bl,_. .., B} generated by vector fields of system (1)
;- c Rpi(x’ )e’}lg”*P'(?f)’l — ’ (7) is involutive. Let system (11)-(12) be the normal form of
_ 1 o system (1). System (1) has a virtual multy-output with the
where ®*(0,t) = 0, ¥(0,t) = 0, ®*(z,t) = (pi(z,t), vector relative degreg = (1,...,1) at the pointz = 0 and

Lagi(z,t),..., Ly oi(a,t)T, 20 = (24,...,25 )T, 1 < with uniforly assimptotically stable zero dynamics iff the

i < m,n = (M,---,Mm—|p)", that transforms affine equilibrium point; = 0 of the nonlinear system

system (1) with the virtual multy-output = ¢(z,t) to the )

normal form n=q(v,n:1) (13)
z{ =2, .., 20 =2, with the controlv = (vq,...,v,)" is uniformly sta-
z,. = fi(z,m,t) + ®) bilizable by a smooth feedback = wv(n,t) =

gi1(z,, )ur + .o+ Gim (2, Oy, (v1(n,t), .. vm(n, )T, v(0,t) = 0. Any smooth stabilizing

n=q(z,nt), y=(21,22,..., 2/ i=1,m, feedback for system (13) corresponds the virtual output



y = p(x,t) = h(z,t) — v(¥(x,t),t) for system (1) with with the controlv = (v, ..

the vector relative degreg = (1,...,1) at the pointz = 0
and uniformly asymptotically stable zero dynamics.

Let system (11)-(12) be the normal form of system (1). If
affine system (1) with output = ¢(z, t) (from theorem 1) is
uniformly minimum-phase then control (6) locally uniformly
stabilizes the point: = 0 with respect top(z, t) and its Lie
derivatives.

.,vm) T is uniformly stabilizable

by the smooth dynamical feedback

v=u(r,n,t) = (vi(T, 1), ... o (T, 1))T
7.-:(9(7-777’15)77-e}Rpa @:(617-”7@]))Ta
v(0,0,¢) =0, ©(0,0,t) =0,

(18)

then the equilibrium point: = 0 of system (1) is uniformly
stabilizable by the dynamical feedback (with respect to

Theorem 2: Let system (11)-(12)be the normal form di(z,?) and its Lie derivatives).

system (1). If the equilibrium point = 0 of the nonlinear
system

n=q(v,n,t) (14)
with the controlv = (vq,...,v,,)" is uniformly stabilizable

by the smooth dynamical feedback [

v=uo(1,n,t) = (vi(T,10,t), ..., vm (7,1, t)) 7T,

v(0,0,t) =0, (15) 2l
7=0(rnt), T€ERP, 3]
0= (01,...,0,)T, ©(0,0,t) =0,

(4]
then the equilibrium point: = 0 of system (1) is uniformly
stabilizable by some dynamical feedback (with respect tgs
o(z,t) and its Lie derivatives).

(6]
V. STABILIZATION OF AN AFFINE SYSTEM WITH |p| > m.

For system (1) let us choose some virtual multy-
output (10) with the vector relative degree of system (1),(10
at the pointz = 0 being equal top = (p1, ..., pm), Where
lol = p1+ ...+ pm > m, pi > 1,4 =1,m. Assume that
the distributionG = span{By,..., B,,} is involutive.

Theorem 3: Assume that (8) is the normal form of affing9]
system (1) with multy-output (10) in some neighborhood
of the point x 0, and ¢(z,n,t) p(y,m,t)
p(zt, 23, ..., 20, t).

Affine system (1) has virtual multy-output with the relative
degreep = (p1, ..., pm) at the pointz = 0 and uniformly
asymptotically stable zero dynamics iff the equilibrium point
n = 0 of the nonlinear system

Y

(8]

1= p(v,n;1) (16)
with the controlv = (vq,...,v,,)" is uniformly sta-
bilizable by the smooth feedback v(n,t)
(v1(n,1), .-, vm(n, )T, v(0,t) = 0. Every uniformly stabi-
lizing feedback of above type in (16) corresponds the virtual
multy-outputy = h(x,t) — v(¥(z,t)) of system (1) with
relative degreep = (p1,...,pm) at the pointz = 0, and
the zero dynamics corresponding to this output is uniformly
asymptotically stable.

Theorem 4: Assume that (8) is the normal form of affine
system (1) with virtual multy-output (10) in some neighbor-
hood of the pointt = 0, t > 0, and ¢(z,7n,t) = p(y,n,t) =
p(z1,22,..., 27, n,t). If the equilibrium pointy = 0 of the
nonlinear system

7 ZP(Uﬂ%f) (17)

V. EXAMPLE

The example of trajectory stabilization of a hovercraft will
be considered.
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