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Abstract—This paper presents an application of the two for the Hopf bifurcation of scalar time-delayed systems. It
newly developed methods for the_ calcu_lation of the periodic shows that the main features of a Hopf bifurcation of a
solutions, resulted from a Hopf bifurcation, of a first order scalar delayed system can be determined by an artificially

time-delay system arising from laser dynamics and a single . .
inertial neural model with time delay. The two methods involve generated oscillator. The method leads to easy computation

easy computation only and yield estimation of the bifurcated OnNly, and gives accurate prediction on the periodic solution.

periodic solution with high accuracy. But the pseudo-oscillator analysis is not applicable to Hopf
bifurcation analysis of coupled equations with time delay(s),
|. INTRODUCTION to which a new iteration method is proposed in [12]. Analysis

Many physical systems can be modelled by delay dirshows that both the two methods may yield better results than
ferential equations of the first order [1]-[5], including thethe center manifold reduction [13]. Other routines for solving
famous Ikeda system [2] and the Lang-Kobayashi systefimilar problems include the work of [14]. This paper aims
[4]. Due to the existence of a time-delay, such systems ma} introducing the two methods, on the basis of [11][12], to
exhibit complicated nonlinear dynamics. They may admi¢alculate the periodic solution after a Hopf bifurcation of
periodic solution resulted from a Hopf bifurcation, quasi2 first order time-delay system arising from laser dynamics
periodic solution resulted from secondary Hopf bifurcatiornd @ single inertial neural model with time delay, presented
or from double-Hopf bifurcation, and even chaotic solutionin Sections 1l and Ill respectively, and it ends up in Section
In the literature, the problem of Hopf bifurcation of time- 1V With a few remarks.

delay systems has been investigated intensively [6]-[9]. The ||, HopFBIFURCATION OF A FIRST-ORDER SYSTEM

existence of a Hopf bifurcation can be determined from . . . .

linear stability analysis. As for the bifurcation direction, thearigicr)\gs;?:r; flgitg ;f;]isrgél()[\i\l]lng scalar time-delay system
stability of the bifurcated periodic solution, the contribution
of the nonlinear terms must be taken into consideration. Due z(t) = —(ﬁ +e)sinz(t—1) (1)

to the Hopf bifurcation theory [6], at the vicinity of the Hopf ) 2

bifurcation, the frequency of the periodic solution is close td/here|| < 1is a small parameter. Eq. (1) undergoes a Hopf
that of the linearized system at the critical point. A routindifurcation at= = 0, because (j). for smalf < 0, the solution
for calculating the frequency of high-order approximatior = 0 of Eq. (1) is asymptotically stable; (ii). at= 0, the
with respect to the small parameter is given in [10]. Th&haracteristic functiop()) := A+ (5 +e)e™* has a pair of
amplitude of the periodic solution can be estimated usual§°MPIex conjugate roots = i3, and the other roots of
by using the center manifold reduction plus the normat(}) have negative real parts; (iii)2 (%], # 0. where
form theory, or the singular perturbation methods that ar8(2) stands for the complex conjugate-ofThe key features
widely applied in nonlinear dynamics, including the method? the vicinity of the Hopf bifurcation can be determined

of averaging, the PoincasLindstedt method, and the methodfrom the following truncated equation

of multiple scales. Each of the methods has advantages over T »t-1) 2°(t-1)
the others. For example, the center manifold reduction i (t) + (5 +e)lalt—1)~ 6 + 120 =0
a tool with rigorous mathematics, but it involves usually a (2)

great deal of tedious computation. The singular perturbatidrecause Hopf bifurcation is a local property. In what follows,
methods are simpler than the center manifold reductiothree schemes will be used to find out the periodic solution.
from the viewpoint of computation, but they may fail for . .

some systems. The Poinéaktindstedt method works not A. The Pseudo-OsgIIator Analyss [11] ]
only in determining the amplitude but also the frequency T.he pseudo-qscnlato_r analysis constructs firstly a pseudo-
of the emerging periodic solution, but it does not work irPScillator associated with Eq. (2) as follows

studying the stability of the solution. Recently, a method 2

LT .
named “pseudo-oscillator analysis” was developed in [11] Tt () + ¢(2(t),2(t = 1)) = 0 ®)

: _ where ¢(&(t), z(t — 1)) stands for the left hand side of Eqg.
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A positive rootry exists only ife > 0, thus the bifurcation

12- is supercritical. With such a, (the smaller one if the fourth
n n n n n ” " n n n n ﬂ f order equation has two positive roots, because Hopf bifur-
087 cation is a local property), the emerging periodic solution is
0.4- given by
- 00l z(t) = xo(t) =ro cos(g t)

0.4 up to a shift of the phase angle. The periodic solution is
stable becausg’(rg) < 0.

081 U u u U U u U u b u U U As shown in Figure 1, the pseudo-oscillator analysis yields

12l very accurate prediction on the emerging periodic solution,
and as shown in [11], it provides a better result than the

70 760 m 780 790 800 multiple scaling method that has been applied in [1], where

‘ ro = 4\/5/7 was obtained.

B. The First Iteration Scheme [12]
Fig. 1. The time history ofz(¢) of the stable periodic solution for Eq. (1) . L . .
with e = 0.25, the two curves obtained by using numerical simulation and The bifurcated periodic solution can also be obtained

by usingz(t) = 1.0742 cos(% t) respectively are almost the same, wheresimply by using the following iteration scheme
the stepsize of the integration via Runge-Kutta method is 0.005.
j}n-ﬁ—l(t) = mn(t) - ¢(xn(t)a xn<t - 1)) (8)

as done in applications of the method of multiple scaled0r 7 = 0:1,2,---. Letay(t) = rcos(3 ¢ + ) be the initial

wherer := r(0), 6 := 6(0) for shozrt. It means that Eq. (4) iteration, then one has
is slightly perturbed fromi(t) + - 2(t) = 0. So one can 21(t) = o(t) + ez (755 + 3045) ©° sin (5 ¢ + 50)

. . 4 1920
define an energy function 2 +% ((ﬁ + ﬁ) o (116 + ) 3 +T€) sin (%t+ 9)
polpa T ~ain (583 78) 7™~ (s + 50) ™) s (3 £+ 30)

If the initial guess is good enough, then the term involving

and computes the power function
P P sin (Zt+6) in a1(t) should disappear, which results in
dﬂ‘ = —p(i(t), z(t — 1)) - (1) Eqg. (7). Because the terms of high-order frequency:ifr)
dt 'Eqe-(3) ’ . . . . . .
. ) contributes little to the periodic solution, the approximation
R = (@ (t), wa(t — 1)) - (1) x(t) =~ zo(t) can be kept unchanged.
where z.(f) = rcos(3¢ + ) is the main part of the o o go0ond teration Scheme [12]
bifurcated periodic solution. It follows that approximately, ) ) )
the power function is periodic inwith periodT = 27 = 4, The iteration method works for general time-delay sys-
and thus it can be replaced with the following averagetms. For simplicity, let us revisit Eq. (1) or Eq. (2). To this
pseudo-powefunction end, we firstly define a linear operator (corresponding to the
AE LT bifurcation points = 0) L : C := C([-1,0],R) — C and its
E|EQ-<3> ~ h(r) = 7, Gliy(t), 2. (t — 1)) - &, (t)dt  adjoint operatorL* : C* := C([0,1],R) — C* as follows
U . . . e 9e[-1,0)
sually, the averaging technique requires L(¢) =4 48
U SEo(-1), =0
o =0 ® rw-{ 2, s5e (0,1
This condition always holds if the scaling — ez is —-53¥%(1), s=0

made, f:on_5|der|ng that Hopf blfurcatlon is a local Property. ihe sense that
In applications, however, such a scaling is not necessary.

Straightforward computation gives (Y, Lp) = (L™, ¢), (Vo eC, Y eC*)
R T 6_(L 2, 1 a1 2 with respect to the bilinear form
h(r) = (15367T +76857r)7“ (647T —1—3257r)7= + 577(2) p O
i
If £ <0, thenh(r) < 0 holds locally, so the trivial solution ¥, ¢) =¥(0)¢(0) - 5 / 1 (€ +1)e(§)dE

x = 0 of Eqg. (1) is asymptotically stable. ¥ > 0, then _ _
= 0 is unstable, and a bifurcated periodic solutioft) ~  Then solving two eigenvalue problenis) =i $¢, (¢ € C),
rocos(% t + 0) emerges, with the amplitude, determined and L™y = —i 54, (¢ € C*), give the basis matrice®(6)

from h(ry) = 0, namely from and ¥ (s) as follows
T (T Eye mow
(384 + 192)T0 (16 + 8)7“0 +e=0 @ D(0) [5111(26‘), cos(2€)]



4 mcos(5s) + 2sin(5s)
w(s) = 72+ 4 | 2cos(§s) — wsin(5s)
satisfying (¥, ®) = I, (the identical matrix).

Let z(¢) be the solution of Eq. (2);.(6) := xz(t+0) € C,
then it has a decomposition

24(0) = ®(0)=(t) + v(0),

z=(T,2¢), veEQ (9)

Becausex;(#) depends ort, so doesv(d). From the def-
inition, z can be found to satisfy the following differential

equation
5= Qz+ W(0)F(®(0)z + v(0), ®(—7)z 4+ v(—7),p) (10)

where 0
_ —Wo

In addition, v is governed by a differential equation with

respect tat. Such a procedure above is also required for the
We assume that the system admits a Hopf bifurcation at

center manifold reduction.

Ill. HOPFBIFURCATION OF A SECOND-ORDERSYSTEM

Now we consider the following time-delay system after a
Hopf bifurcation [15]

() +az(t)+bx(t)—c(f(z(t)) — hf(z(t —7))) =0 (15)

where f(z) = tanh(z). The characteristic quasi-polynomial

for the trivial solutionz = 0 is
p(A) = A2+ ad+b—c(l —he ™)

Let h be the bifurcation parameter, then a Hopf bifurcation
occurs ath = hg only if for fixed a, b, ¢, 7, there is avy > 0
such thatp(iwg) = 0, namely

—wi +b—c(1 = hgcos(wor)) =0
awy — chsin(wet) =0

(16)

Now, because is in the stable manifold), any bounded h = ho. Because Hopf bifurcation is a local property, the

solution of v must havev = O(Je|) ast — +oo. Conse-

main features of the system near the Hopf bifurcation can

quently, in the vicinity of the Hopf bifurcation, is governed be determined from the approximate system

by an ODE

2~ Qz+ U(0)F(P(0)z,®(—7)z,p) (11)

E(t) + ai(t) + ba(t) — c(fo(x(t)) — hfo(z(t —7))) =0
17)

Namely,z = [21, 2o]T is governed by the following ordinary where fo(x) = = — %x3 is the third-order truncated function

differential equation

Z1 0o -Z z1 T
sl TR lelE] e
where
_ A(ez — 15(m +26) 28 + 555 (T 4 26)27)
= w2+ 4
Taking

(21,0, 220]" = [~rsin(5 ¢ +6), reos(5 t+6)]"
as the initial guess of the iteration, and define
Ze+1 | | 0 =3 21k m
X =| + Mg 13
)=l e e]E] e
fork=0,1,2---, where
Alezrp — 73(m + 2)z3 , + 715 (T + 2¢)27 1)

w2 +4
then the first iteration gives

Mk =

21 =-r sin(gt +0) +ci(r) cos(gt +6)+htft

291 = C2(T) cos(gt +6)+hit

where h.f.t stands for high frequency terms, and
r((2e47)r* —24(2e+7)r?4+384¢)

c(r) = I8(r%+4)
(r) = r((2e47)r* —24(2e+7)r> +384e+247° 4967)
C2\1r) = 24n (n214)

of f(x) = tanhz.

The problem of Hopf bifurcation of Eq. (15) has been
investigated in [15] by means of the center manifold re-
duction and normal form theory. It has also been studied
in [16] by using the pseudo-oscillator analysis and found
that the pseudo-oscillator analysis yields better prediction
on the emerging periodic solution than the center manifold
reduction. From the viewpoint of computation, the pseudo-
oscillator analysis is really simple. In what follows, the
iteration method is applied to calculate the periodic solution.

To this end, an iterative sequence is firstly constructed:

g1 (8) = —adn ()= (8) ¢ (fol@n(t)) = hfo(za(t — 7))
(18)
forn=0,1,2,---. Let h be a value close tdy, and let

xo(t) = r cos(wot)

be the initial guess of the emerging periodic solution (up to
a shift of the phase angle), then the first iteration gives

Z1(t) =arwsin(wt) + (—Zr?’ +7(c—b)) cos(wt)

h

+ %(—47‘ + 73 cos(wt — wr) — 1—027"3 cos(3wt)
h

+ 61—27“3 cos(3wt — 3wT)

or in short

Here again Eg. (7) is obtained because the coefficient of

cos(5t + 0) in 2z, should be zero. In this case, the
approximation of the (stationary) periodic solution is found

to be (up to a shift of the phase angle)

2(t) ~ ®(0)20(t) = 1o cos(g t) (14)

Z1(t) = ay(r) sin(wot) + as(r) cos(wt) + h.f.t

where the coefficienty; reads

1
a1(r) =rawy + (47"3 - r) ch sin(woT)
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gives better estimation of the periodic solution than the center
manifold reduction.

IV. CONCLUSIONS

The problem of Hopf bifurcation is an ‘Old Problem’ in
nonlinear dynamics and has been investigated intensively in

literature. This paper is an application of two newly

developed methods, the pseudo-oscillator analysis and the
iteration method, for calculating the periodic solutions re-
sulted from a Hopf bifurcation. The two new methods are
easy computational tractable and can produce better estima-
tion of the emerging periodic solutions than the available
methods such as the multiple scaling method and the center
manifold reduction. Though the two methods are originally

developed for delay differential equations, they work actually

Fig. 2.
(15) witha =1, b=1.1, ¢ =1 and7 = 1. The solid line is the plot of

r;(h), obtained by using the iteration method, the dashed line is the pl
of rc(h),

The amplitude of the stable bifurcated periodic solution for Eqfor ordinary differential equations [12]. On the other hand,
as pointed out in [11][12], both the two methods may fail for
obtained by using center manifold reduction, and the dots ar80OMe systems with or without time delays, while the center

obtained by using numerical integration via Runge-Kutta method with fixednanifold reduction works for general systems near a Hopf

step-size 0.005.

If 2o(t) is accurate enough, the term involvism(wet) in -~ [
Z1(t) should disappear, thus
1. 2
rawg + (47‘3 - 7’> ch sin(wer) =0 (29)
which is exactly the same as that obtained by means of thg]
pseudo-oscillator approach [16]. Eq. (19) gives the approxi{4]

mate amplitude as

chsin(wyt) — awg g
r; = -

chsin(weT) 6

Therefore, the bifurcated periodic solution is found to be
x(t) ~ xo(t) = r; cos(wot) (20) 7
or refined ase(t) ~ z1(t), up to a shift of the phase angle. 8]

For demonstration, let =1, b=1.1, c=1 and7 =1,

then the system undergoes a Hopf bifurcatioh@t 1.1496 [9]

for which p()\) has exactly one pair of simple roots =

+iwg with wy = 0.9017. On the basis of center manifold (10]
reduction and normal form theory, the governing equation
for the amplituder is obtained as following [11]

= (h — ho)KlT + Kg’/‘g + h.o.t

where h.o.t stands for higher order ternfs; = 0.2627
and Ko = —0.3408. Hence the amplitude of the emerging[ls]
periodic solution is found approximately to be

—1
Kitho=h) V0.7708(h — hy)

As shown in Figure 2y, gives much poor prediction on
the amplitude of the periodic solution than The latter is [15]
in very good agreement with numerical simulation at the
vicinity of the Hopf bifurcation. [16]
If 7 is taken as the bifurcation parameter, then similar
results can be obtained. Here again, the iteration method

[12]

[14]

bifurcation with or without time delays.
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