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Abstract— Recent findings indicate that ventricular fibrilla-
tion can arise from spiral wave chaos. Our objective in this
computational study was to investigate wave interactions in
excitable media and to explore the feasibility of using overdrive
pacing to suppress spiral wave chaos. This work is based on
the finding that in excitable media, propagating waves with the
highest excitation frequency eventually overtake all other waves.
It was analyzed the effects of two simultaneously applied low-
amplitude forces: (i) constant current and (ii) high-frequency
pacing in one-dimensional and two-dimensional networks of
coupled, excitable cells governed by the Luo-Rudy model. In
the one-dimensional cardiac model, it was founded narrow high-
frequency regions of 1:1 synchronization between the input
stimulus applied to single cell and the whole system’s response.
Importantly, the frequencies in this region were higher than
those present in fibrillation episodes. When it was locally
paced the two-dimensional cardiac model with frequencies from
this region, it was founded that spiral wave chaos could be
suppressed. As a result of such doubled force, spiral waves
behavior becomes more regular. This allows to suppress the
spiral chaos more effectively. These findings suggest that low-
amplitude, high-frequency overdrive pacing, in combination
with low-amplitude positive constant current may be useful
for eliminating fibrillation.

I. I NTRODUCTION

Cardiovascular diseases are the root cause of mortality in
economically developed countries. That’s why propagation
mechanisms of arrhythmia study, diagnostic technique de-
velopment and methods of their prevention and treatment
are all-important today. Physicians, biologists, physicists and
specialists in the area of mathematical modeling perform
research heart arrhythmias. Heart is a dynamic system: pro-
cesses toward here are able to describe as evolution of some
state variables: electric membrane potentials, conductivities
of ion channels, ion currents. Cardiac tissue is able to con-
sider as medium consists of stable and excitable elements-
cells. And a mathematical model of a heart is a system of a
great number of ordinary differential equation. It is necessary
to use methods of parallel computing and modern computer
engineering.

Under sinus rhythm, waves of electrical activity propagate
throughout the heart, eliciting a simultaneous contraction of
the ventricles. It is known that a spiral wave arise from one
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of arrhythmias in cardiac muscle - tachycardia. Its rotation
frequency is higher than a frequency of normal sequence of
dirge pulse. That spiral waves break up into spiral waves
chaos. And ventricular fibrillation might arise.

Today is only one clinical method of treating a heart in
ventricular fibrillation - applying a large voltage shock to the
heart. That shock is defibrillation. It may be realized with the
help of outside or implanted defibrillators. Once the heart
cells repolarize in synchrony, it reduces to recommencement
of normal cardiac contraction. Although the shock is suffi-
cient energy to annihilate fibrillation, it is also of sufficient
strength to damage the underlying cardiac tissue, cause pain
to the patient. However, means of management of processes
with the help of light signals is known at nonlinear dynamics.
The development and adaptation these methods with low -
amplitude signals is the important modern problem.

Current ventricular defibrillation techniques rely on the
application of a large voltage shock to the heart. This forces
the entire medium into an absolute refractory period, which
serves to prevent local re-excitation. Once the heart cells
repolarize in synchrony, electrical waves from the sinoatrial
node take over and a sinus rhythm resumes. However,
the energy necessary for successful defibrillation using this
technique is quite painful and often large enough to damage
the tissue.

The one of alternatives methods of annihilate spiral waves
chaos were propose [1-6]. It was basis on the property that
the wave with the highest frequency will eventually overtake
all other waves.

It was propose to apply a localized outside impact, which
frequency must be higher than medium frequency of spiral
waves chaos. The effect of this impact is not successfully
always because it is the effect of bistability. It was shown that
the pacing can be optimized if it is used in conjunction with
antiarrhythmic drugs , especially those which block calcium
channels [7].

Although, it was study a collective phenomena in nonho-
mogeneous chain and lattices of coupled models of cardiac
cells.

We analyze the effects of two simultaneously applied low-
amplitude forces: (i) constant current and (ii) high-frequency
pacing in one-dimensional and two-dimensional networks of
coupled excitable cells governed by the Luo-Rudy model. In
the one-dimensional case, we found high-frequency regions
of 1 : 1 synchronization between the input stimulus applied
to single cell and the whole system’s response. Importantly,
the frequencies in this region were higher than those present
in fibrillation episodes. When we locally paced the two-



Fig. 1. One isolated Luo-Rudy cell - (a)frequencies of oscillations (Hz)
versus the constant depolarizing currentIext (mA/cm2); the evolution of
the membrane potential (b) for the excitable cell, (c) for the oscillatory cell.

dimensional cardiac model with frequencies from this
region, it was founded that spiral wave chaos could be
suppressed.

As a result of such doubled force, spiral waves behavior
becomes more regular. This allows to suppress the spiral
chaos more effectively. These findings suggest that low-
amplitude, high-frequency overdrive pacing, in combination
with low-amplitude positive constant current may be useful
for eliminating fibrillation.

II. M ETHODS

A. Cardiac Model

We conducted all of our computational experiments with
a monophasic description of ventricular myocardium. The
model [8] is given by the expression:

Cm
∂V
∂t = −(Ii + Ist + Iext) + CmD∇2V (1)

where V is the membrane voltage,Cm = 1 mF/cm2 is the
membrane capacitance, D = 1.25cm2/msec is the diffusion
coefficient,Ist and Iext are the input stimulus, andIi is the
sum of six ionic currents:

Ii = INa + Isi + IK + IK1 + IKp + Ib (2)

as specified in the Luo-Rudy phase I model. The form of the
sodium currentINa , the slow inward calcium currentIsi,
and the potassium currentIK , is given by:

Ii = Gigi(V, t)(V − Ei) (3)

Fig. 2. (a) Output frequency (Hz) of oscillations of an isolated Luo-Rudy
cell versus the input frequency (Hz).Iext = −1.5mA/cm2. Input periodic
signal is50% duty cycle, amplitudeA = −2mA/cm2. (b) Maximal output
frequencies (Hz) versus the input constant current(mA/cm2). Amplitudes
of input high-frequency current are (1)A = −2; (2) A = −5; (3) A = −10
mA/cm2

Fig. 3. Examples of (a) 1:1 synchronization and (b) 2:1 synchronization
for the chain of 10 cells with the schematic image of the input signal. We
paced the first cell in the chain.

where Gi is the maximum constant conductance of the
ion, gi is the product of one or more gating variables, and
Ei is the reversal potential of the ion. The dynamics of each
gating variable is modeled as:

dgi

dt = g∞−gi

τgi
(4)

whereg∞ = αgi

αgi+βgi
is the steady-state value,τgi = 1

αgi+βgi

is the time constant, and theα’s and β’s are functions of
the membrane voltage. The form of the time-independent
potassium currentIK1, the plateau potassium currentIKp,
and the background currentIb, is given by:

Ii = Ai(V − Ei) (5)

whereEi is the reversal potential of the ion andAi is a
scaling factor. Note thatAi is a function of voltage forIK1

and IKp. The conductances and reversal potentials used in
the simulations are:GNa = 23.0;ENa = 54.44;Gsi = 0.705;
Esi = 7.7-13.0287ln([Ca]); GK = 0.705;EK = -77; Gcab

=
0.06;GK1 = -87.23;EK1 = -87.23;GKp = 0.0183;EKp =
-87.23;Gb = 0.03921;Eb = -59.87.

B. Theoretical Basis of our Approach

The behavior of interacting waves in excitable media is
governed by the following fundamental properties:

1) The wave with the highest frequency will eventually
overtake all other waves [7]. This is due to the fact that
slower waves are progressively invaded by faster waves.

2) A given medium supports spiral waves of a single fre-
quency [7]. This characteristic arises from general properties
of the system’s action potential, in particular, its refractory
period. The spiral wave frequency varies from medium to
medium, even though a unique frequency exists for every
medium.

3) The time to suppression of colliding periodic waves
depends inversely on two factors: (i) the frequency difference
between the waves, and (ii) the velocity of the wave with
the highest frequency. Thus, a slower wave is more quickly
invaded by a faster wave as the frequency and/or velocity of
the faster wave increases [7].

It was used the above properties to guide experiments.
For example, it was explored stimulation frequencies greater
than those present in fibrillating cardiac tissue, we utilized
the highest input frequencies supported by the medium.

In order to find the highest frequencies supported by the
medium, it was characterized the frequency response



Fig. 4. The example of output frequency (Hz) of oscillations in the chain
of 10 Luo-Rudy cells (from the last cell) versus the input frequency (Hz).
We paced only the first cell in the chain. Input periodic signal is50% duty
cycle, amplitude isA = −30mA/cm2, Iext = 3mA/cm2.

of the system by examining the synchronization between
the applied stimulation and the resulting action potentials of
the medium. Note that high-frequency stimulus in excitable
media typically do not result in 1:1 synchronization between
the input (pulse stimulus) and the response (action potential).
This effect is due to the system’s refractory period.

III. R ESULTS

A. One cell

When the value ofIext in an isolated cell is in-
creased above a bifurcation value approximate equal to 2.21
mA/cm2 at the chosen values of parameters, a limit cycle
appears in the phase space of the model, thus the cell
becomes oscillatory.

Though this approach might not account for real phys-
iological mechanisms of cell oscillation, the development
of a more adequate model is hindered by the lack of
understanding of the mentioned mechanisms in in-vitro ex-
periments. However, in real situations, it is known that the
leakage (depolarization) current of the non-pacemaker cells
can increase turning them into oscillatory cells when they
are dissociated from the heart tissues.

The measured dependence of the oscillation frequency
of the cell upon the value of the depolarizing current is
presented in Fig.1(a).

So, it may be different regimes for both kinds of cells
under external forse: (i) synchronization for oscillatory cells
or (ii) stimulated oscillations for excitable cells. (The evolu-
tion of the membrane potential of the excitable cell and the
oscillatory cell is presented in Fig.1(b,c).)

Fig. 5. Maximal output frequencies (Hz) (from the last cell in the chain)
versus the input constant current(mA/cm2). For the chain of 10 cells.
Amplitudes of the input high-frequency current are (1)A = −10; (2)
A = −30; (3) A = −50 mA/cm2. Where (a) is for 50% duty cycle and
(b) is for 14% duty cycle.

Fig. 6. Propagation of the pulse in the chain of 1000 cells for (a)Iext =
−2.4 and (b)Iext = 5 mA/cm2. The initial conditions are equivalent.

We periodically paced the one isolated Luo-Rudy cell with
a square-wave stimulus (amplitude A= -2, -5, -10mA/cm2).
The example of input-output frequency characterization for
the Iext = −1.5mA/cm2 is shown in Fig.2(a).

The results are presented in Fig.2(b). It is presented the
maximal values output frequencies versus the input values
of high-frequency current.

So, the most perspective amplitudes of input high-
frequency current are:

1) For amplitude ofIst: A = −2mA/cm2 it is the area
which corresponds to oscillatory cell;

2) For A = −5mA/cm2 and A = −10mA/cm2 it may
be the positive values of input high-frequency current.

B. One-Dimensional Simulations

We periodically paced the first cell in the chain of
10 cells with a square-wave stimulus -50% duty cy-
cle (amplitudes of input high- frequency currentA =
−10,−30,−50mA/cm2). There are synchronization 1:1,
2:1, 3:1 and other (Two examples of synchronization are
presented in Fig.3).

The example of output frequencies from the last cell for
the Iext = −30mA/cm2 in the chain is presented in Fig.4.

Discussion:
1) The amplitude of input high-frequency current=

−10mA/cm2 for 10 cells is insufficient for high-frequency
response of the last cell in chain. Maximal frequency is
13.0764 Hz.

2) Values of input high-frequency current =
−30mA/cm2, = −50mA/cm2 allow to get frequencies
20-35 Hz, synchronization 1:1.

Fig. 7. Pulse width(msec) versus the input current(mA/cm2) for the
chain of 1000 Luo - Rudy cells.

Results are presented in Fig.5. It is the maximal values
output frequencies versus theIext for two types of input
periodic signal - with 50% and 14% duty cycle.



Fig. 8. Histograms of mean frequencies of oscillations of all cells for the
grid 300 to 300 cells. For (a)Iext = 0, (b) Iext = 0.5, (c) Iext = 1, (d)
Iext = 2 mA/cm2.

The most perspective amplitudes of input high-frequency
current are: (i) For minimal amplitude of input high-
frequency current= −10mA/cm2 it is the area of values of
low constant current from0.5mA/cm2 to 1.5mA/cm2;(ii)
for = −30mA/cm2 it is values of Iext higher than
2mA/cm2;(iii) for = −50mA/cm2 it is values of Iext

higher4mA/cm2.
For the 1000 cells it was shown that the application of

positive current leads to decrease of pulse width, if the initial
conditions are equivalent. Propagation of the pulse in the
chain of 1000 cells for different values ofIext is presented in
Fig.6. And the results (pulse width versus the input current)
are presented in Fig.7.

C. Two-Dimensional Simulations

First, we try to get time-dependent characteristics for the
different values of constant current in the grid 300 to 300
cells. We make histograms of the mean frequencies of oscil-
lations from every cells in the grid (Fig.8). One can tell, that
the width of histogram in Fig.8(a) and Fig.8(b) is sufficiently
great. After increasing constant current to 1 and 2mA/cm2

the width of histogram became more narrow (Fig.8(c) and
Fig.8(d)). It is possible to say, that in 2D simulation the
increase of external current leads to more regular behavior
in the lattice coupled cells. Our numerical experiments show
the nonprogressive suppression of spiral waves chaos without
using constant current. When the collective behavior is more
regular ( e.g.Iext = 1; 2mA/cm2) the suppressing chaos
can be archived using overdrive pacing with correctly chosen
external frequency. Note, that the signal with 50% duty cycle
don’t allows to get the response of the system with the
required frequency for suppressing chaos(Fig.5(a)), and we
used the periodic signal with 14% duty cycle (Fig.5(b)) for
suppressing.

Using the previous results, we try to suppress chaos,if we
add the external current equal 1mA/cm2. The frequency
sufficient to annihilating chaos is 23.8 Hz, which is seen in
Fig.10(c). We periodically paced the two-dimensional grid
of 300 to 300 Luo - Rudy cells with a square-wave stimulus
(amplitudeA = −30mA/cm2). The area of pacing is the
central rectangle of the grid. Constant current applied to all
cells in the grid.

(a) (b)

Fig. 9. Suppressing spiral waves chaos. Grid 300 x 300 cells.Iext =
1mA/cm2 A = −30mA/cm2, frequencies are (a)ω = 23.8 Hz; (b)
ω = 25.5 Hz.Time axis is vertically. The first bar shows the input signal.

It was shown that the method is successfully for suppress-
ing spiral waves chaos (Fig.9).

The spiral waves chaos was eliminated after 4.00 sec
pacing.

IV. CONCLUSION

The application of positive current leads to more regular
behavior in the lattice coupled cells, which helps to annihilate
spiral waves chaos.In 2D simulations it was found that the
increase of external current leads to more regular behavior in
the lattice of coupled cells.It was shown that overdrive pacing
method ia able to annihilate spiral waves chaos. (Note, that
the most perspective area of values of constant low amplitude
current stands over0mA/cm2).

REFERENCES

[1] Allessie M, Kirchhof C, Scheffer GJ, Chorro F, Brugada J. Regional
control of atrial fibrillation by rapid pacing in conscious dogs.Circu-
lation. 1991;84:1689-1697.

[2] Capucci A, Ravelli F, Nollo G, Montenero AS, Biffi M, Villani
GQ. Capture window in human atrial fibrillation.J. Cardiovasc.
Electrophysiol.1999;10:319-327.

[3] Daoud EG, Pariseau B, Niebauer M, Bogun F, Goyal R, Harvey
M, Man KC, Strickberger SA, Morady F. Response of type I atrial
fibrillation to atrial pacing in humans.Circulation. 1996;94:1036-
1040.

[4] Kalman JM, Olgin JE, Karch MR, Lesh MD. Regional entrainment of
atrial fibrillation in man.J. Cardiovasc. Electrophysiol.1996;7:867-
876.

[5] Kirchhof C, Chorro F, Scheffer GJ, Brugada J, Konings K, Zetelaki Z,
Allessie M. Regional entrainment of atrial fibrillation studied by high-
resolution mapping in open-chest dogs.Circulation. 1993;88:736-749.

[6] KenKnight BH, Bayly PV, Gerstle RJ, Rollins DL, Wolf PD, Smith
WM, Ideker RE. Regional capture of fibrillating ventricular my-
ocardium: evidence of an excitable gap.Circ. Res.1995;77:849-855.

[7] Stamp A.T., Osipov G.V., Collins J.J. Suppressing arrhythmias in
cardiac models using overdrive pacing and calcium channel block-
ers.Chaos2002; 12; 3; 931-940.

[8] Luo CH, Rudy Y. A model of the ventricular cardiac action potential.
Circ. Res.1991;68:1501-1526.


