APS/123-QED

Optimal unambiguous discrimination problems under different a priori knowledge

Ming Zhang? | Min Lin!, Hong-Yi Dai®, Zongtan Zhou!, Dewen Hu!
LCollege of Mechatronic Engineering and Automation, National University of Defense Technology

Changsha, Hunan 410073, People’s Republic of China

2Department of Applied Mathematics and Theoretical Physics,
University of Cambridge, Cambridge, CB3 0WA, UK

3School of Science, National University of Defense Technology
Changsha, Hunan 410073, People’s Republic of China

(Dated: March 13, 2009)

We have recently explored optimum unambiguous discrimination problems under different a pri-
ori knowledge. In general, a priori knowledge in optimum unambiguous discrimination problems
can be classed into two types: a priori knowledge of discriminated states themselves and a priori
probabilities of preparing the states. It is further clarified that no matter whether a priori probabil-
ities of preparing discriminated states are available or not, what type of discriminators one should
design just depends on what kind of the knowledge of discriminated states. This is in contrast
to the observation that choosing the parameters of discriminators relies on both types of a prior:

knowledge.

PACS numbers:

I. INTRODUCTION

Recently, quantum information and quantum compu-
tation is the focus of research, and a great progress
of quantum information has been made in both theo-
retical and experimental aspects[l]. However, a care-
ful thinker may critically ask if there is any special
problems in the domain of quantum information pro-
cessing from the view point of decision theory. Re-
cently, we attempted to give an interesting answer: A
priori knowledge plays special role in the domain of
quantum information processing. Since quantum states
discrimination[2-5] is very fundamental in the domain
of quantum information processing[6], it is reasonable to
carefully explore optimum unambiguous discrimination
problems under various a priori knowledge. To authors’
knowledge, optimum unambiguous discrimination prob-
lems have not been thoroughly investigated under various
a priori knowledge so far. The rest of this paper is or-
ganized as follows. In Sect. II, we review the results
on optimal unambiguous discrimination with the knowl-
edge of the preparation probabilities of two discriminated
states. Furthermore, we study the optimal unambiguous
discrimination without a priori probabilities of prepa-
ration two discriminate states in Sect. III. The paper
briefly concludes with Sect. IV.

II. OPTIMAL UNAMBIGUOUS
DISCRIMINATION PROBLEMS WITH
KNOWLEDGE OF A PRIORI PREPARING
PROBABILITY

In this section, we first review the results on optimal
unambiguous discrimination problems with the knowl-
edge of a priori preparing probabilities. According to
what kind of classical knowledge can be utilized, the four
cases are discussed in the three subsections. (1)Case A1,

without classical knowledge of either state but with a
single copy of unknown states; (2) Case A2, with only
classical knowledge of one of the two states and a single
copy of the other unknown state; (3)Case A3, with only
classical knowledge of one of the two states and the ab-
solute value of the inner product of both states, and also
with a single copy of the other unknown state; (4) Case
A4, with classical knowledge of both states.

The Al and A4 cases will be investigated in subsection
A and C, respectively, and the A2 and A3 cases will be
studied in subsection B.

A. Optimal unambiguous discrimination problems
without classical knowledge of discriminated states

In this subsection, we review the result of Ref. [7], and
further discuss the optimal unambiguous discrimination
problems in which the preparing probabilities is given,
but none classical knowledge of discriminated states is
available.

Given two unknown quantum states |¢1) and |¢9), we
can construct a device to unambiguously discriminate be-
tween them. Two classically unknown states |¢;) and
|th2) are provided as two inputs for two program regis-
ters, respectively. Then we are given another qubit that
is guaranteed to be one of two unknown states |11) and
|th2) stored in the two program registers. Our task is to
determine, as best we can, which one the given qubit is.
We are allowed to fail, but not to make a mistake. What
is the best procedure to accomplish this? Our task is
then reduced to the following measurement optimization
problem.

One has two input states

U = [h1) altbe) BlU1) i [95Y) = [1) altb2) Ble2)e (1)

where the subscripts A and B refer to the program reg-
isters, and the subscript C refers to the data register.



Our goal is to unambiguously distinguish between these
inputs.

Let the elements of our POVM (positive-operator-
valued measure) be IIy, corresponding to unambiguously
detecting |11), I3, corresponding to unambiguously de-
tecting [12), and Iy, corresponding to failure, respec-
tively. The probabilities of successfully identifying the
two possible input states are given by

(UL YY) = pis (05" [T 95") = ps (2)
and the condition of no errors implies that
IL|P5") = 0; M[¥7") =0 3)

In addition, because the alternatives represented by the
POVM exhaust all possibilities, we have that

H1+H2+H0:I (4)

Since we have no classical knowledge about [¢)1) and |1)2),
the right way of constructing POVM operators is to take
advantage of the symmetrical properties of the states.
Denoting |1) and |0) as two vectors of a basis, we define
the antisymmetric state

B

\/5(‘0>B‘1>C —[1)B|0)c) (5)

¥po) =

and
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and introduce the projectors to the antisymmetric sub-
spaces of the corresponding qubit as

5 = Wpe)(Vpols Tie = [Yac) (Vacl (7)
We now can take for Iy and II; operators
My = Mla @ 9%c; 2 = Aol @ §5¢ (8)

To assure that IIy, IIy and IIg = I — II; — II; be semi-
positive operators, the following constraints should be
satisfied:

[Vac) = —=(0)all)c — (1) al0)c) (6)

2—)\1—)\220;1—/\1—)\2+%/\1)\220 (9)

After some calculations, we have p; = %)\i(l - 3%,
where ¢ = 1,2 and 8 = [{¢1]12)|. Suppose that n; is
the preparation probability of i), the average success
probability is P = p1n1 + pa(1 —n1).

Since we have knowledge of 71, our task is reduced
to designing A1(m1) and Aa(n1) such that the following
average success probability

P= s+ -m1-5)  (10)

is maximal with the constrains given by Eq. (9). This is
to say, the loss function can be expressed as

. 1 2
J:max?}?ﬁl{§[/\1771+/\2(1—7)1)](1—/3 )b (1)

In this case, the optimum success probability has been
summarized as follows

t L1~ ) (1— 5?) m<l
PP (B,m1) = { 2 (-2 L<m <4
sm(1—p?) m> 3

[
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(12)
where the subscript 0 of P3?" means that we have no a
priori classical knowledge of |11) and |¢2) and the corre-
sponding optimal action parameters are given by

0 m <3

Ao = {325 psmst 09
1 m>g
1 m <t

gt = {3 B bsmst
0 m> 3

B. Optimal unambiguous discrimination problems
with partial classical knowledge of discriminated
states

In this subsection, we re-discuss the optimal unam-
biguous discrimination problem for the cases A2 and A3
from the view point of decision theory, and throw some
new insights, which are different from those in Ref. [8, 9].

Given one known quantum state |¢; ) and one unknown
quantum state |1)2), we can construct a device that unam-
biguously discriminate between them. We shall consider
the following problem which may be a simple version of
a programmable state discriminator. The unknown state
|th2) is provided as an input for the program register.
Then we are given another qubit that is guaranteed to
be in the known state [11) or the unknown state |1)s)
stored in the program register. Our task is to determine,
as best we can, which one the given qubit is. As in case
Al, we are allowed to fail, but not to make a mistake.
What is the best procedure to accomplish this?

In line with Ref. [7], one can construct such a de-
vice by viewing this problem as a task in measurement
optimization. The measurement is allowed to return an
inconclusive result but never an erroneous one. Thus, it
will be described by a POVM that will return outcome
1 (the unknown state stored in the data register matches
the known state [¢)1)), 2 (the unknown state stored in
the data register matches |1)9) in the program register),
or 0 (we do not learn anything about the unknown state
stored in the data register). Our task is then reduced to
the following measurement optimization problem.

One has two input states

[O3°) = [$2) alvn) 53 [W5") = [v2) alto)s (15)

where the subscript A refers to the program register (A
contains |1)2)), and the subscript B refers to the data reg-
ister. Our goal is to unambiguously distinguish between
these inputs.



Let the elements of our POVM be II;, correspond-
ing to unambiguously detecting |¢1), IIa, corresponding
to unambiguously detecting |¢)2), and Iy, corresponding
to failure, respectively. The probabilities of successfully
identifying the two possible input states are given by

(WL ) = pos (U5 |T2|5) = ps (16)
and the condition of no errors implies that
IL[P5") = 0; M,[¥7") =0 (17)

In addition, because the alternatives represented by the
POVM exhaust all possibilities, we have that

I, + I + I =1 (18)

Since we know nothing about |¢)2) but have the classical
knowledge of |¢1), the right way of constructing POVM
operators is to take advantage of the symmetrical proper-
ties of the state as well as the classical knowledge of |11).
Denoting |1{) as the unit vector orthogonal to |t1), we
define the antisymmetric state

1
V2

and introduce the projectors to the antisymmetric sub-
spaces of the corresponding qubit as

Wap) = —= (W) alti) s — 91 ) alvn)s) (19)

45 = [Vap) (Vapl (20)
Furthermore, in terms of [11), i) and the absolute
value of inner product 8 = [|{¥1]12)|, we can obtain

[a) = € B|1b1) + /1 — B2|pi) where § and 3 are un-
known real and 0 < g < 1.

Even though 8 may be unknown, it can be clearly il-
lustrated from the geometric point of view. Therefore,
we still consider the success probabilities of unambigu-
ously discriminating two states as a function of both the
preparation probabilities and the absolute value of inner
product S of two discriminated states.

By making full use of the knowledge of |¢;) and |¢{),
we construct the measurement operators II; and Iy to
satisfy the no-error condition given by Eq.(17) as follows:

I, = 9% (21)

and

By assuming that the preparation probabilities of |¢)1)
and [¢2) are 1y and 1y (where 13 = 1 — 1), respectively,
we can define the average probability P of successfully
discriminating two states as

P = [0+ Mo + (1 w1 - 57)  (25)

where 8 = [{(¢1|¢2)], and our task is to maximize the
performance Eq. (25) subject to the constraint that
Iy, = I — II; — Iy is a positive operator. It can be
demonstrated that one cannot maximize Eq. (25) every-
where simultaneously without the classical knowledge of
(. Still, we can give some further analysis.

To assure that Iy, II; and IIs are positive operators,
we have the following inequality constraints:

1
L= M= Ao+ 5 hde >0 (26)

Subsequently, we will discuss our strategies for the A2
and A3 cases.

(i) For the A2 case, we have the knowledge of preparing
probability 77, but no knowledge of (.

Our strategy is to design )\}’wﬁ(n), )\é’wﬂ(n) and

)\é’wﬁ (n) to maximize the minimal performance

J = max r{ng?[%)\lm+)\2(1—771)-1-()\3—)\2)(1—52)(1_771)]

(28)
subject to the constraints described by Egs. (26) and
(27).

No matter what 7; is, one should always choose
AP (1) = 1. As for A1™P (1) and AY™? (1), they have
to depend on 7.

In short, we have

Iy = Aa|th1) al¥i) BB (Wi a1+ As]01) alvi ) B (1 | a (¥ |and

(22)
where A1, Ay and A3 are undetermined nonnegative real
numbers. Using the Egs. (21) and (22), we have

4 , 1
p1 = (U IL[¥") =

=M (2

p2 = (VST |U5") = X2 (1 — B%) 4+ As(1 — 5%)° (24)

0 m<s3
= {20- 5B) bsmst @)
1 m> 3
1 m <3
Mwwn={2a F) t<m<i (30)
0 m>3
Ay (m) =1 (31)

Furthermore, we obtain the actual optimum success
probability in this strategy:

1

=3
ﬂmenz{fﬁW@m>;<m<g (32)

4
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with

PP (Bom) = (1—m1)(1 - B2)) (33)

m (1 —n)](1-5
(34)

F-m)-p%)  (35)

P (Bm) = 1452 (1—m)—(1+5?)

PEP(B,m) = (1~ gm —
where the subscript 1 of P}"  means that we just have
a priori classical knowledge of |11), one of two discrimi-
nated states, and the superscript wg of P;" s implies that
the optimum success probability is defined in terms of
the worst case for .

(i) With a priori classical knowledge of both
[{(¢1]1p2)] = B and np in hand, our task in the third case
is to get the optimum values )\H’Opt(ﬁ m), Ay PN (B, m)
and )\1+ °op t(ﬁ, 71) to optimize the average success prob-
ability

1
T =[5 A+ AB% (1 =) + As(1 = 5%)(1 = m)](1 = 5%)
(36)
subject to the constraints Eqgs. (26) and (27).
After some calculations, we have

62
0 m < 132
o _ 2 2
A TP(Bm) = { 21-8/52) de <m < 5m
2
1 m > g
(37)
2
ﬁ
1
/\-‘ropt(ﬁ77 {2— 121171 1+52_’I71_1+462
432
T Z 1+4,32
(38)
and
AT (Bm) = 1 (39)

Taking Eq. (36) into consideration, we obtain the cor-
responding optimum success probabilities:

Plojztl(ﬂvnl) m < 1552

P = { P Gm) < < 1 (0
PG m
with
P:ff1 (Bym) =1 —m)(1 - (41)
PP (Bom) = [14 8%(1—n1) — 28y/m (1 —m)](1 —(542))
9

1
PP (B,m) = [1 - gMm =B —m)1=5%)  (43)
where the subscript 1+ of P}’ _’;t means that we have a
priori classical knowledge of one of the two discriminated
states and the absolute value of the inner product of the
two states.

C. Optimal unambiguous discrimination problems
with complete classical knowledge

In this subsection, we recall the result of Ref. [6, 10]
for the A4 case.

If we have complete a priori classical knowledge of
both [11) and |¢)2), the measurement is performed on the
detected qubit. One can select the detection operators
as

I = Aa|oby ) (05 |3 o = Ao | ) (b7 | (44)

Our task is to choose A1 and Ay based on a priori
information such that the average success probability

P =+ da(1—m))(1 - 5%) (45)

is maximized.
To assure that Iy, II; and IIs are positive operators,
we have the following inequality constraints:

L= —Xf2>0 (46)
and
1—X —

where |(¢1¢2)| =

Since we have knowledge of preparing probability 7;
and (3, we will make the following decision

s+ (1= 5%)AA2 >0 (47)

1+72
2,0pt _ = 2
327G = { - 05 < < i
1 T Z 1+162
(19)
2
1 m S 1_€52
2,0pt 2
7 G = { -0/ < < i
0 771 Z 1+1 2
(19)

Furthermore, we can obtain the optimum success proba-
bility for this case (also as per Ref. [6, 10]).

2
P201pt(ﬁ7n1) T S fﬁ

PP (B,m) = {P;j’t(ﬁ’m) 1-15-; < +6 (50)
P;ft(ﬂvnl) m = 1+1,82
with
PP (B,m) = (1 —m)(1 = B?) (51)
onft(ﬁvﬁl) =1-=2yml—m)B (52)
PP (B,m) =m(1 - B°) (53)

where |(11]12)| = 3, the subscript 2 of Py?* means that
we have the classical knowledge of both discriminated
states.



IIT. OPTIMAL UNAMBIGUOUS
DISCRIMINATION PROBLEMS WITHOUT A
PRIORI PREPARING PROBABILITY

In this section, we will discuss various optimal unam-
biguous discrimination problems without a priori prepar-
ing probability. Corresponding to what have been ex-
plored in section III, we have also four cases taken into
consideration as follows: (1) Case B1, without classical
knowledge of either state but with a single copy of un-
known states;(2) Case B2, with classical knowledge of one
of the two states and a single copy of the other unknown
state;(3) Case B3, with classical knowledge of one of the
two states and the absolute value of the inner product
of both states, and also with a single copy of the other
unknown state; (4) Case B4, with classical knowledge of
both states.

The B1 and B4 cases will be investigated in subsection
A and C, respectively, and the B2 and B3 cases will be
studied in subsection B.

A. Optimal unambiguous discrimination problems
without classical knowledge of discriminated states

Since we have the same classical knowledge of discrimi-
nated states in this case as in Section II. A, we can follow
the analysis in Section II. A and choose II; and I1; as Eqs.
(8).

To assure that II;, II; and IIg = I — II; — II5 be semi-
positive operators, the constraints on A\; and Ay described
by Eq.(9) should be satisfied.

However, since we have no knowledge of preparing
probability, we have to design A\; and Ay without a pri-
ori information of n;. Our strategy is to maximize the
minimal performance

T = By (8) = maaxmin 5 s + Ao(1 = )1~ 5

{m
(54)
with the constraints in Eq. (9).
After careful calculations, we obtain that
)\O,wnl _ )\O,wnl _ 2
T (55)
Substituting Eq. (55) into Eq. (54) yields
w 1
Py (B) = 51— 5°) (56)

B. Optimal unambiguous discrimination problems
with partial classical knowledge of discriminated
states

In this subsection, we will discuss the optimal unam-
biguous discrimination problems for the B2 and B3 cases
where partial classical knowledge but none knowledge of

preparing probabilities of discriminated states are avail-
able.

Since we have the same partial classical knowledge of
discriminated states in this section as in Section I1.B, we
can follow the analysis in Section II.B and choose II; and
I, as Egs.(21) and (22).

To assure that Iy, Il and Iy = I — II; — II5 be semi-
positive operators, the constraints on A\; and Ay described
by (26) and (27) should be satisfied.

Our task is to design Ay and Ay such that the average
success probability

P = [P+ hofm + (1 Pl -5 (57)

is maximized.

Subsequently, we will discuss our strategies for the B2
and B3 cases, respectively.

(i) If we have neither the knowledge of preparing prob-
abilities nor the knowledge of (3, our task is reduced to
designing A} ALY and AP to maximize the
minimal performance

J = max {min}[%)\1771—1-/\2(1—771)4-()\3—)\2)(1—ﬁ2)(1—771)}

B,m
(58)
subject to the constraints in Eqs. (26) and (27).
Following some similar calculations in the subsection
II. B, we have the optimal actions as follows

1
A =3 VEN = S (3-VE) AT =1 (59)

By substituting them into Eq. (25), we get the actual
success probability with regard to this strategy:

3—\/5+\/5—1
2 2

(1=61)1 —m)(1 - 5%

(60)
and the optimum success probability in the worst case:
3-V5h

Rty (61)

P1A(6»771) = [

PO () =

where the subscript 1 of P’ means that we just have
a priori classical knowledge of |¢1), one of two discrim-
inated states, and the superscript w(n; implies that the
optimum success probability is defined in terms of the
worst case for both 8 and n;.

(ii) For the B3 case, we have the knowledge of (3, but
no knowledge of preparing probability 7;.

Our task is to design AT (8), A\y™™"(6) and

)\;f’wm (6) to maximize the minimal performance

!
J = max?111]}[5)\11714—/\2(1—n1)+(>\3—)\2)(1—/82)(1—771)]
m
(62)
subject to the constraints given by Eqs. (26) and (27).
After some calculation, we have

e = : p<
' B2 42— \/BT1432 5>

(63)

SN



V3
L5 (64)
2

AT (B) =1 (65)

Furthermore, we obtain the actual success probability:

B+G-20-ma-p) <

(14382 5V/B +45%)(1 - 5) 6(2 2
66
and optimum success probabilities in the worst case

P o) = {

~

wn1 l(1_ﬁ2) 6§ V2
P (B) = { Lg2 1 2 N
(1+38° - 3V/F+aP)(1 - 57) B2

(=)
Jv
—

(

C. Optimal unambiguous discrimination problems
with complete classical knowledge of discriminated
states

This subsection discuss the optimal unambiguous dis-
crimination problem where complete classical knowledge
of discriminated states but none a priori probabilities of
preparing the discriminated states are available.

Here we have the same classical knowledge of discrim-
inated states in this case as in Section II. C, thus we can
follow the analysis in Section II. C and choose II; and Il
as Eq. (44).

In order to assure that II;, Il and Iy = I —1II; —1II5 be
semi-positive, the constraints on A; and Ay given by Eqs.
(46) and (47) should be satisfied where [(¢1]2)| = 5.

And what we shall do here is the same, i.e., to choose
A1 and Mg based on a priori information such that the
average success probability

P = [)\1771 + )\2(1 - "71)}(1 - 62>

with the constraints in Eqgs. (46) and (47).

(68)

When we have no knowledge of preparing probability
n1, our task is to choose A2 (3) and A2 (3) to op-
timize the following performance

J = maXI{niI]}[)\lm + X (1 —m)](1 — 52) (69)

Uh!

with the constraints described by Egs. (46) and (47).
In this case, we have

A G) = N () = 1

=15 (70)

P (8) =1 -4 (71)
where the subscript 2 of P,’" means that we have the
classical knowledge of both discriminated states, and the
superscript wmn; implies that the optimum success prob-
ability is defined in terms of the worst case for ;.

IV. CONCLUSION

From the aforementioned results, we demonstrate that
there are two types of a priori knowledge in optimum am-
biguous state discrimination problems: a prior: knowl-
edge of discriminated states themselves and a priori
probabilities of preparing the states. It is demonstrated
that both types of a priori knowledge can be utilized to
improve the optimum average success probabilities. It
is very interesting to find that both types of discrimina-
tors and the constraint conditions of action spaces are
decided just by the classical knowledge of discriminated
states. This is in contrast to the observation that both
the loss functions (optimum average success probabili-
ties) and optimal decisions depend on two types of a pri-
ort knowledge. The detailed discussion for the role of a
priori knowledge in the optimization of quantum infor-
mation processing can be found in our recent paper[11]
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